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The nonlinear dynamics of the modulational instability of drift waves
and the associated zonal flows
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The linear and nonlinear dynamics of zonal flows and their interactions with drift wave turbulence
is considered in the simple but illuminating generalized Charney–Hasegawa–Mima model due to
Smolyakovet al. @Phys. Plasmas7, 1349~2000!#. Two positive definite, exact, integral invariants
associated with the full generalized Charney–Hasegawa–Mima system are derived. For an initial
monochromatic drift wave pump with small but finite amplitude, a modulational instability can
occur, characterized by growing zonal flow and sideband perturbations~i.e., a four-wave
interaction!. The pump threshold for instability is readily satisfied, depending on the zonal flow
wave number. The fully nonlinear Charney–Hasegawa–Mima equations are solved with a
numerical scheme which is validated by demonstrating the conservation of the two exact invariants.
The simulations show that the validity of the four-wave model is limited to approximately three
instability growth times. The radial structure of the zonal flow can be ‘‘jet-like’’ or highly oscillatory
depending upon the ratio of the system size to the density scale length and initial conditions. It is
found that zonal flows can be dramatically reduced if the most unstable zonal flow wave number
does not fit into the system. @DOI: 10.1063/1.1416881#
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I. INTRODUCTION

There is a substantial body of evidence from a variety
magnetic confinement experiments1–3 which shows that
sheared radial electric fields and the associated ‘‘zonalEÃB
flows’’ play an important role in influencing turbulent tran
port processes. Such flows are thought to be implicated in
formation and evolution of transport barriers in tokama
and stellarators.2,4 On the theoretical side, a number
researchers5–10 have examined the possibility of suppressi
turbulence by radial decorrelation due to strongly shea
EÃB flow shear and have contributed a variety of mod
which exhibit this effect~some of this work is reviewed in
Refs. 4–11!. Interestingly, ‘‘first-principles based’’ tokama
turbulence simulations of both gyrokinetic12,13 and
two-fluid14–16 plasma equations of motion also suggest t
profile-turbulence interactions are important and lead
strongly sheared radial electric fields. The latter are capa
of being generated by the turbulence itself with significa
radial fine structure~termed ‘‘corrugations’’ in Ref. 14!, and
can, in turn, suppress the turbulence in a complex cycl
process.

Recently, several authors6,8–10 have introduced simpli-
fied models of the full plasma equations in order to elucid
the mechanism by which the radial electric fields can
created by turbulence. The simplest model which seems
pable of yielding genuine insight is given in Ref. 6, where
modified form of the well-known Charney–Hasegawa
Mima equation, involving a nontrivial radial electric field,
5121070-664X/2001/8(12)/5121/13/$18.00
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analyzed. In their analysis, these authors used a wave kin
approach and showed that the ‘‘zonal flow’’ due to the rad
electric field interacts with either a monochromatic ‘‘pump
wave, which is a specified drift wave satisfying the equatio
of motion or with a turbulent sea of such waves, and indu
a modulational instability. The instability causes the rad
electric field to grow at the expense of the pump wave. T
mechanism is laid bare in its simplest form by consider
the four-wave interaction of a pump drift wave, a zonal flo
and two sidebands of the drift wave generated by the bea
of the flow with the pump. In this form, the problem is e
actly analogous to the well-known Benjamin–Feir instabil
in fluid dynamics17,18 and to various modulational instabili
ties in plasmas.19–23

The purpose of the present work is to describe the lin
and nonlinear aspects of the modulational instability mec
nism for generating radial electric fields associated w
zonal flows in this simplest of settings and to point out t
interesting and generic features presented by it. We note
a toroidal model of the excitation of zonal flow by dri
waves has been given in Ref. 9, which also includes a the
of the nonlinear saturation of the four-wave system. The
ear instability has been considered in a special form in R
10. More recently the linear four-wave instability and i
nonlinear development has been discussed in Ref. 24.
analysis is supported by extensive numerical computati
which reveal new features and interesting insights on
problem, not accessible to a wave kinetic approach or
purely linear models of the initial phase. These features b
1
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a striking resemblance to simulations14 using much more
complicated sets of driven, dissipative, global, electrom
netic equations in realistic tokamak conditions. However,
present, simple model appears to contain the essential p
ics and may offer a more readily understood physical pict
of the role and dynamics of zonal flows and their interactio
with drift wave turbulence.

The paper is organized as follows. In Sec. II we pres
a concise account of the governing equations, the assu
tions of the model, and the exact integrals of motion. T
latter are generalizations of the well-known energy and
strophy integrals of the standard Charney–Hasegawa–M
equation. We use the invariants to estimate the numbe
effective degrees of freedom of the system.25,26In Sec. III we
derive the simplest form of the modulational instability of
monochromatic pump drift wave due to a zonal flow pert
bation, directly modeled on the standard modulational ins
bility theory.17–23 The pump wave amplitude is fixed in th
linear description and the dispersion relation leads to
amplitude threshold for the instability. Section IV is devot
to deriving the nonlinear four-wave model, including th
evolution of the pump wave and demonstrating the existe
of two constants of motion for the four-wave system. Sect
V presents the numerical scheme used to solve the full n
linear equations of motion and results obtained from it. D
cussion of the significance of the results and conclusions
presented in Sec. VI.

II. DERIVATION OF THE EQUATIONS OF MOTION
AND THEIR INTEGRAL INVARIANTS

We use a simple, fluid model to study the nonlinear
teraction of drift waves.6,10,11A slab model of plasma is con
sidered in which the ions are assumed to be cold and
electrons have a uniform temperature,Te . The equilibrium
magnetic field,B5Bz, is assumed to be uniform and or
ented along thez axis. For simplicity we consider a two
dimensional problem in which all quantities are independ
of z. The x direction is analogous to the radial and they
direction to the poloidal direction in toroidal geometry. A
quantities are taken to be periodic in these directions, ex
for the equilibrium electron number density,n̄, which is as-
sumed to vary with x over a length scale,Ln(Ln

21

[1/n̄(x)udn̄/dxu). It is convenient to write the full electro
static potential in the form,f5f̄1f̃, where f̄ is the
y-averaged part~equivalently, it is theky50 Fourier compo-
nent of the electrostatic potentialf) and f̃ represents the
‘‘fluctuation’’ ~by definition, a fluctuation must haveky

Þ0). It must be specifically noted however, thatno averag-
ing with respect to the time is required, nor used. Furth
more, we do not restrict thex variation of f̄(x,t) to be
‘‘slow’’ in any sense. Thus, in principle,f̄(x,t) andf̃(x,y,t)
can vary withx arbitrarily ~subject only to the general limit
of validity of fluid models, discussed in the following!.

With these conventions, V05czÃ¹f̄/B is the
y-averagedEÃB drift ~this will be consistently referred to in
this paper as the ‘‘zonal flow’’!, while ṼE5czÃ¹f̃/B rep-
resents the fluctuatingEÃB drift, and Vd5Vdy is the dia-
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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magnetic drift. The nonlinear behavior of the electrosta
potential is described by the following well-know
equation:6,11

S ]

]t
1V0 .¹1Vd "¹D ef̃

Te

2S ]

]t
1V0 "¹1ṼE "¹D rs

2¹'
2 ef

Te
50, ~1!

wherers5cs /Vci , andcs5(2Te /mi)
1/2, Vci5eB/mic. We

note that the fluid model is nominally valid in the prese
‘‘cold-ion’’ approximation even for high perpendicular wav
numbers,k' such that (k'rs>1). However, we conside
initial conditions for which all perturbations satisfy the ‘‘lon
wavelength ordering,’’k'rs!1, noting that typical experi-
mental values of this parameter lie in the range, 0.1–0.5.
integral invariants which we derive guarantee that the ini
wave number ordering assumed is preserved for all su
quent times. We shall also find that the modulational ins
bility is limited to relatively small wave numbers in genera

We take the system dimensions in thex,y directions to
be given, respectively, bya and Ly . Usually, these lengths
are of the same order, and it is convenient in calculations
set them equal. The averaged electrostatic potential,f̄, is
related to the total potential,f, as follows:

f̄5~1/Ly!E
0

Ly
f dy5^f&y . ~2!

The following standard normalizations are use
r̂[rs /a,f→ef/Te , x→x/a, y→y/Ly , t→(rscs /a2)t,
vE3B5(rscs /a)zÃ¹f, Vd5arscs /a, wherea[a/Ln is a
nondimensional measure of the equilibrium density gradi
in the x direction.

It is then easy to cast Eq.~1! into a pair of dimensionless
nonlinear, coupled equations forf̄(x,t) and f̂ [(1
2 r̂2¹'

2 )f̃:

]f̄xx

]t
1^~zÃ¹f̃!"¹¹'

2 f̃&y50, ~3!

] f̂

]t
1V"¹ f̂ 1 r̂2^~zÃ¹f̃!"¹¹'

2 f̃&y

1 r̂2Fa
]¹'

2 f̃

]y
1

]f̃

]y

]f̄xx

]x
G50, ~4!

whereV[ṼE1V01Vd . Note that¹"V50.
We now derive two important integral invariants asso

ated with this system. They generalize well-known resu
for the original Charney–Hasegawa–Mima equation, a
throw light on the nonlinear evolution properties of the s
lutions to the equations of motion given earlier.

The preceding equations can be rewritten as follows.
may multiply Eq.~3! by 2 r̂2 and use the following simple
relations:
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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~zÃ¹f̃!"¹¹'
2 f̃5z"~¹f̃3¹¹'

2 f̃ !

5
]~f̃,¹'

2 f̃ !

]~x,y!
, ~5!

]~f̃,f̃ !

]~x,y!
50.

We introduce the ‘‘mean vorticity,’’F:

F~x,t !52 r̂2f̄xx . ~6!

It then follows @from Eq. ~3!# that F satisfies,

]F

]t
1K ]~f̃, f̂ !

]~x,y!
L

y

50,

i.e.,

]F

]t
1K ]

]x
S 2

]f̃

]y
f̂ D 1

]

]y
S ]f̃

]x
f̂ D L

y

50. ~7!

Averaging overy, using the periodicity, the equation be
comes~here,R is the Reynolds stress due to the fluctuatio
which drive the zonal flows!

]F

]t
1

]R

]x
50, ~8!

R~x,t !52E
0

1]f̃

]y
f̂ dy. ~9!

The expression forR can be usefully simplified by substitu
ing for f̂ :

R5 r̂2E
0

1]f̃

]y F ]2f̃

]x2
1

]2f̃

]y2 Gdy5
]

]x F r̂2E
0

1]f̃

]y

]f̃

]x
dyG .

~10!

Equation~10! may be integrated with respect tox over the
domain using periodic boundary conditions~in x) and gives
the exact relation of subsequent importance,

E
0

1

R dx50. ~11!

Next we transform Eq.~4! introducing the above-
mentioned definitions forR,F as follows:

] f̂

]t
1V"¹ f̂ 2

]R

]x
2a

] f̂

]y
1a

]f̃

]y
2

]f̃

]y

]F

]x
50.

Using the definitions ofV, V0 , Vd and f̂ , we may put this
equation in the form

] f̂

]t
1V0"¹ f̂ 1ṼE"¹ f̂ 2

]R

]x
1a

]f̃

]y
2

]f̃

]y

]F

]x
50. ~12!

Noting that V0"¹F[0, Eq. ~8!, and the relation
ṼE "¹F52(]f̃/]y)(]F/]x), Eq. ~12! for the time evolu-
tion of f̂ may be written in the remarkably simple form,

]~ f̂ 1F !

]t
1V0"¹~ f̂ 1F !1ṼE"¹~ f̂ 1F !1a

]f̃

]y
50. ~13!
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
s

We now derive exact invariant integrals for the syste
Integrating Eq.~12! overy, we obtain the ‘‘trivial’’ invariant,

]

]tE0

1

f̂ dy50. ~14!

This follows from periodicity iny and the definition ofR.
Fluctuations are defined by the condition,*0

1 f̂ dy50. The
invariant guarantees the consistency of this definition for
times, provided it is applied att50. It is easily verified that
this also implies the consistency of*0

1 f̃ dy50 for all time.
Turning to Eq.~13!, we multiply by the functionf̂ 1F and
integrate over the whole~periodic! x,y domain. The advec-
tive terms may all be disposed off by suitable applications
the divergence theorem, leaving us with

d

dtE E ~ f̂ 1F !2 dx dy12aE E ~ f̂ 1F !
]f̃

]y
dx dy50,

~15!

d

dtE E ~ f̂ 1F !2 dx dy522aE E f̂
]f̃

]y
dx dy50

by virtue of periodicity, independence ofF on y, and Eq.
~11!. Since it follows from Eq.~14! that** F f̂ dx dy50 for
all time, we obtain the invariance of the positive defin
integral,

I[E E ~ f̂ 21F2!dx dy, ~16!

whereI represents the total~i.e., integrated! enstrophy of the
system. It clearly depends on the second-order derivative
the potential. Furthermore, this invariant demonstrates
no motion of this system can beunbounded~i.e., the system
is Lagrange stable in the sense of Refs. 25 and 26! even
though linear stability may fail to hold; all linearly unstab
modesmustbe nonlinearly saturated.

A second invariant, quadratic in the potentials, can
derived as follows: Eq.~12! can be expanded out~using the
definitions!:

]f̃

]t
2 r̂2

]¹2f̃

]t
1

]f̄

]x

] f̂

]y
52

]~f̃, f̂ !

]~x,y!
1

]R

]x
2a

]f̃

]y

1
]f̃

]y

]F

]x
. ~17!

Multiplying Eq. ~17! by f̃ and integrating over the whole
x,y domain, we see that the terms on the right vanish
virtue of the periodicity off̃ in y and Eq.~14!. The first two
terms on the left-hand side are readily transformed by
judicious use of the divergence theorem, and take the fo

(d/dt)** 1
2@f̃21 r̂2f̃x

21 r̂2f̃y
2#dx dy. The third term on the

left-hand side is transformed as follows:
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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E E f̃
]f̄

]x

] f̂

]y
dx dy5E ]f̄

]x
dxE S 2 f̂

]f̃

]y
D dy

5E ]f̄

]x
R dx

52E ]R

]x
f̄ dx

5E f̄
]F

]t
dx

52 r̂2E f̄f̄xxt dx

5
d

dtE E 1

2
r̂2f̄x

2 dx dy, ~18!

where we have made use of Eqs.~6!, ~8!, and~9!.
These manipulations lead to the establishment of a

ond, positive definite quadratic integral invariant,

d

dtE E @f̃21 r̂2~f̃x
21f̃y

21f̄x
2!#dx dy50. ~19!

Thus, denoting this ‘‘energy integral’’ byJ, the second con-
stant of motion for the system is

J5E E @f̃21 r̂2~f̃x
21f̃y

21f̄x
2!#dx dy. ~20!

Unlike the enstrophy integralI, the energy integralJ only
involves the first order partial derivatives of the potential

It is entirely reasonable to expect this system to ha
effectively a finite number of degrees of freedom~cf. Refs. 25
and 26!. In order to estimate this number, we consider
invariant,Q5(I 2J)/ r̂2J. Evidently,Q does not depend on
the normalization of the fluctuation level,f̃. The numerator
can be simplified and becomes, after suitable integration
parts,

I 2J5 r̂2E E @~f̃x
21f̃y

22f̄x
2!1 r̂2~¹'

2 f̃ !2

1 r̂2f̄xx
2 #dx dy. ~21!

We first note thatf̄ is driven by the fluctuations in this
model, and is hence formallyO(f̃2). For this reason,I .J in
all practical cases, sincef̃!1. Utilizing our wave number
ordering, we find that~since the terms involvingr̂ are small
compared with the others in this ordering!, I 2J. r̂2**@f̃x

2

1f̃y
2#dx dy, and by the same token,J.** f̃2 dx dy. It fol-

lows that

Q5~ I 2J!/Jr̂2.
**@f̃x

21f̃y
2#dx dy

** f̃2dx dy
. ~22!

According to Refs. 25 and 26, thenumber of effective de
grees of freedom, Neff , is given by

Neff5Q1/2/2p. ~23!
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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It is important to observe that these invariants are ex
consequences of the nonlinear equations of motion. They
also be readily derived for homogeneous boundary con
tions inx ~periodic iny!. The structure of the system sugges
that there are no otherquadraticinvariants, although this fac
and the nonexistence of other, nontrivial, independent inv
ant integrals has not been conclusively established. Note
the existence of these positive definite integral invaria
doesnot precludeLyapunov instabilityor ‘‘sensitive depen-
dence’’ of solutions to the initial value problem on the initi
data. Thus the motion, although bounded and he
Lagrange stable and recurrent, could be ‘‘chaotic’’~i.e., pos-
sess nontrivial frequency power spectra with both ‘‘cohere
quasiperiodic’’ and ‘‘broadband/turbulent’’ components!.

III. MODULATIONAL INSTABILITY OF DRIFT WAVES
IN A SLAB

In this section we consider the relationship of the mod
lational instability of a monochromatic drift wave to the ge
eration of a zonal flow. We have already identified t
y-averaged potentialf̄(x,t) with a zonal flowV0 . Notice
that the time evolution of the zonal flow@Eq. ~3!# is due
entirely to the nonlinear coupling of drift wave fluctuation
The nonlinear dynamics of the drift wave fluctuations in t
presence of zonal flow is described by Eq.~4!. In general, a
turbulent spectrum of drift wave fluctuations will be prese
in a plasma. Here, we simplify the problem by assuming t
there is just a single, finite amplitude, monochromatic d
wave present initially, whose frequency and wave num
are given by (v0 ,k0), wherek05(kx ,ky,0), and

v05
aky

11 r̂2k0
2

, ~24!

with

k0
25kx

21ky
2 . ~25!

Now assume the presence of a zonal flow fluctuation (v,q)
with wave numberq5(q,0,0), which varies on a time scal
much longer thanv0

21 and is to be determined. The zon
flow fluctuation can then beat with the finite amplitude pum
wave to generate drift wave sidebands with wave numb
k65k06q5(kx6q,ky,0). The sidebands, in turn, can be
with the pump wave to reinforce the zonal flow fluctuatio
thus closing the feedback loop. This is the mechanism un
lying modulational instabilities which have been studied
the fields of fluids, laser plasma interactions, and magnet
plasmas~cf. Refs. 17–23!.

Let us now obtain the equations for the two sideba
amplitudes from Eq.~4!. The pump wave is assumed to ha
the following form:

f̃05A0~ t !exp~ ikxx1 ikyy2 iv0t !1c.c., ~26!

and the sidebands

f̃65A6~ t !exp~ i ~kx6q!x1 ikyy2 iv6t !1c.c. ~27!

In this expression, the unperturbed drift wave frequenc
v6 , are given by
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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v65
aky

11 r̂2k6
2

, ~28!

wherek6
2 5(kx6q)21ky

2 .The zonal flow perturbation is as
sumed to be of the following form:

V05 r̂csy@ iqB~ t !exp~ iqx!1c.c.#, ~29!

where q is the dimensionless ‘‘radial’’ wave number, an
B(t), the amplitude. The equations for the sideband am
tudesA6 can be obtained by substituting Eqs.~26!–~29! into
Eq. ~4! and keeping only the terms which satisfy perfe
wave number matching. The equations are

dA1

dt
5V0L1A0B exp~ id1t !, ~30!

dA2

dt
52V0L2A0B* exp~ id2t !, ~31!

where

d65v62v0 . ~32!

The interaction coefficients,V0 , L6 , are given by

V05qky , ~33!

L65
11 r̂2~k0

22q2!

11 r̂2k6
2

, ~34!

and we emphasize that wave numbers and amplitudes
pearing in Eqs.~30! and ~31! are normalized as defined be
low Eq. ~2!.

The equation forB can be obtained by substituting Eq
~26!–~29! into Eq. ~3! and again using perfect wave numb
matching. We thus obtain

dB

dt
5V0@m1A1A0* exp~2 id1t !2m2A2* A0 exp~ id2t !#,

~35!

where

m65
~k6

2 2k0
2!

q2
. ~36!

The set of equations~30!, ~31!, and~35! allows us to obtain
the conditions for modulational instability of a finite amp
tude drift wave,f̃0 . If the nonlinear coupling terms in Eqs
~30!, ~31! and Eq.~35!, are neglected, thenA6 represents
infinitesimal drift waves oscillating at their natural freque
cies,v6 . It is helpful to introduce modified amplitude func
tions by the relations,

A6~ t !5a6~ t !exp~ id6t !. ~37!

The coupled equations,~30!, ~31!, and ~35!, then take the
form,

da1

dt
1 id1a15V0L1A0B, ~38!

da2

dt
1 id2a252V0L2A0B* , ~39!
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dB

dt
5V0~m1a1A0* 2m2a2* A0!. ~40!

The coupled equations~38!–~40! describe the nonlinear in
teraction of a finite amplitude drift wave to two other, sid
band drift waves through a zonal flow perturbation w
wave numberq5(q,0,0). This coupling is less restrictiv
than the resonant decay of a drift wave into two other d
waves and there is no constraint onq. Since the ‘‘pump
amplitude’’ A0 has been assumed large compared with
sideband amplitudes, it can be assumed to remain cons
during the initial phase of the interaction. Hence Eqs.~38!–
~40! are linearized, and since the coefficients are all indep
dent of the time, we may solve the system by assuming
a1 ,a2* andB all vary as exp(2ivt). Substituting this varia-
tion into Eqs.~38!–~40!, we obtain the dispersion relation:

2v5V0
2uA0u2Fm1L1

v2d1
1

m2L2

v1d2
G . ~41!

Although formally this is a cubic, we can show easi
that v50 is a root~a marginal mode!. To see this, we se
v50 in both sides of Eq.~41!. Consistency demands that th
terms on the right-hand side must also vanish. This hold
and only if the following identity applies:

m1L1

d1
5

m2L2

d2
. ~42!

Making use of the definitions ofm6 , L6 , and d6 , it is
easily shown that the identity given by Eq.~42! does apply.
Hence the dispersion relation reduces to the quadratic:

v21v~d22d1!2d1d2

2V0
2uA0u2F0~k0 ,q!~d11d2!50, ~43!

whereF0(k0 ,q)5@11 r̂2(k0
22q2)#/v0r̂2q2. The solution of

this equation is

v5 1
2$d12d26@~d11d2!2

14V0
2uA0u2F0~k0 ,q!~d11d2!#1/2%. ~44!

With the aid of Eqs.~24!, ~28!, and~32! we find that

d11d252
2v0r̂2q2@11 r̂2~ky

21q223kx
2!#

~11 r̂2k1
2 !~11 r̂2k2

2 !
, ~45!

d12d252
4v0kxr̂

2q~11 r̂2k0
2!

~11 r̂2k1
2 !~11 r̂2k2

2 !
. ~46!

These expressions may be simplified in the long wavelen
ordering: r̂2k0

2!1, r̂2k6
2 !1,r̂2q2!1. The solution to the

dispersion relation can then be approximated by the follo
ing form:

v.22v0kxqr̂26v0r̂2q2F12
2ky

2uA0u2

v0
2r̂4q2 G 1/2

. ~47!

Hence, the finite amplitude drift wave will be modula
tionally unstable if
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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uA0u2.
v0

2q2r̂4

2ky
2

.~rsq!2
Vd

2

2cs
2

, ~48!

where we revert to dimensional variables on the right ha
side of the last inequality for clarity. Clearly the threshold
very low sinceVd

2!cs
2 , and (rsq)2!1. We note that the

threshold amplitude is proportional to the ‘‘drift Mach num
ber’’ defined byMd5uVdu/cs and touqu. Using Eq.~47!, the
growth rate can be written as

g2'ky
2a2q2S 2A0

2

a2r̂2
2q2r̂2D . ~49!

Sinceg2 is parabolic inq2, it is straightforward to show tha
the maximum growth rate occurs for

qmax'
A0

ar̂2
. ~50!

The threshold condition also implies that for modulation
instability, q ~the dimensional radial wave number of th
zonal flow! must be in the unstable band given by

0,rsq,A2~cs /Vd!uA0u. ~51!

Furthermore, the wave number corresponding to maxim
growth is

~rsq!max5~cs /Vd!uA0u. ~52!

While the threshold amplitude is higher for largerq2, the
growth rate is also larger. This can be seen by the follow
expression for the growth-rateg, well above the threshold:

g'kyqA2uA0u. ~53!

The instability results in growing sideband drift waves w
radial wave numberskx6q and a growing zonal flow pertur
bation with a radial wave numberq. The kx1q and kx2q

sidebands~i.e., f̃6) oscillate at frequenciesv06v r , respec-
tively, while the zonal flow oscillates atv r , where
v r.22v0kxqrs

2 . These results are in agreement with tho
of Refs. 6, 10, and 24 for the appropriate orderings.

IV. NONLINEAR EVOLUTION AND INVARIANTS IN THE
REDUCED FOUR-WAVE MODEL

In Sec. III we described the modulational instability of
finite amplitude drift wave due to nonlinear coupling to
single pair of sideband drift waves and a low frequency zo
flow perturbation. The properties of the instability were o
tained by assuming that the amplitude of the finite amplitu
drift wave ~the pump wave! was much larger than the side
band amplitudes so that the reaction of the other waves
the pump wave was neglected and the pump itself was
sumed to remain constant. This enabled us to linearize
coupled equations and the resulting modulational instab
represents the initial phase of the development of this n
linear interaction.

In this section we analyze the nonlinear evolution of t
four-wave interaction in which the pump wave is treated
the same footing as the sideband drift waves. In order to
this we must obtain an equation for the pump wave. This
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be derived using Eqs.~4! and~26! in a manner similar to tha
used to obtain the equations for the sidebands. Thus retai
only terms which satisfy perfect wave number matching,
obtain an equation for the pump wave amplitudeA0(t), in-
troduced in Eq.~26!. The equation is

dA0

dt
52V0~n1a1B* 2n2a2B!, ~54!

wheren6 are defined as follows:

n65
11 r̂2~k6

2 2q2!

11 r̂2k0
2

. ~55!

The nonlinear evolution of the modulational instability for
given perturbed wave numberq ~say that corresponding to
the maximum growth rate! is described by Eqs.~38!–~40!
and Eq.~54!. It should be understood that these equatio
together with their conjugate complex ones, govern the
namics of the fourcomplex amplitudes, a6 , A0 , B. We note
that all the parameters appearing in the above-mentio
equations arereal. It is not evident from the existence of th
exact integral invariants that the four-wave equations m
have any invariants of their own. However, we now sho
that two such invariants do indeed exist, and give a deri
tion of them directly, without reference toI , J derived ear-
lier.

To find the invariants, we use Eqs.~38!–~40! and Eq.
~54! to obtain the time evolution of linear combinations
the wave intensities, giving

1

V0

d

dt
~ uA0u21lBuBu21l1ua1u21l2ua2u2!

5A0* a1B* @2n11lBm11l1L1#

1A0a2* B* @n22lBm22l2L2#1c.c., ~56!

wherelB , l6 are arbitrary, real, and constant multipliers.
Evidently we can make the right-hand side of Eq.~56!

vanish by choosing the multipliers to satisfy the followin
relations:

n15lBm11l1L1 , ~57!

n25lBm21l2L2 . ~58!

These relations can be solved forl6 in terms oflB and the
other parameters of the problem:

l65~n62lBm6!/L6 . ~59!

This result implies that the following quadratic functio
W(A0 ,B,a6) of the amplitudes, containing the paramete
appearing in the equations of motion and the ‘‘free para
eter’’ lB , is a constant of the motion of the system of no
linear equations, Eqs.~38!–~40!, ~54!, for arbitrary values of
lB :

W[@ uA0u21~n1 /L1!ua1u21~n2 /L2!ua2u2#

1lB@ uBu22~m1 /L1!ua1u22~m2 /L2!ua2u2#.

~60!
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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It is clear that we have derived in this way, the only tw
functionally independentconstants of the motion of the sys
tem which are quadratic in the amplitudes. These are, res
tively, the term independent oflB and the coefficient oflB

in Eq. ~60!:

I 0[uA0u21~n1 /L1!ua1u21~n2 /L2!ua2u2, ~61!

I B[uBu22~m1 /L1!ua1u22~m2 /L2!ua2u2. ~62!

It is obvious that an arbitrary function of these invarian
is also an invariant. Thus,W itself is a linear function of
I 0 , I B , and is therefore not independent of these. It is c
jectured but not proven that for generic values of the para
etersL6 , m6 , n6 appearing in the governing equations, t
system possesses no other invariants functionally inde
dent of I 0 , I B . Observe that the four-wave system govern
by Eqs.~38!–~40! and Eq.~54! is represented by four com
plex amplitudes~equivalent to eight real functions of time!.
The existence of two real constants of the motion reduce
number of independent real functions required to repres
the system from eight to six. It is also of interest to obse
that I 0 is an invariant solely involving the ‘‘pump’’ wave an
its two sidebands, whilstI B involves only the ‘‘zonal flow’’
and the two sidebands. The pump and the zonal flow
obviously coupled to each other via the sidebands.

V. NUMERICAL SIMULATIONS OF THE GENERALIZED
CHARNEY–HASEGAWA–MIMA EQUATIONS

We now proceed to an investigation of the fully nonli
ear behavior of the generalized Charney–Hasegawa–M
equations, beyond the four-wave system discussed in S
III and IV. For example, a nonlinear term not included in t
four-wave model isa1a2* , which would drive a zonal flow
perturbation with a wave number 2q. Oncea1 anda2 grow
to significant levels, a zonal flow perturbation with wa
number 2q would be generated and hence new sideban
kx62q, would start to appear. This process of nonlinear g
eration of harmonics of the zonal flow perturbation and th
associated sidebands would spread to the whole spectru
wave numbers and modes allowed by the exact invarian

In order to develop a more complete understanding
the nonlinear behavior of this system, we solve Eqs.~3! and
~4! using a two dimensional finite difference code. This co
employs a second-order accurate, explicit time stepping
cedure. All spatial derivatives are evaluated using a fi
point finite difference scheme that is accurate toD2, whereD
is the grid spacing. The convective derivatives are stabili
with a velocity dependent hyperviscosity as in Ref. 27. T
is similar to a typical upwind differencing technique. How
ever, the hyperviscosity is also evaluated using a five-p
differencing scheme, resulting in the overall method havin
high degree of accuracy and stability. The time stepping p
cedure uses an explicit trapezoidal leapfrog scheme, whic
accurate to (Dt)2, whereDt is the time step. The details o
these numerical algorithms are discussed in Ref. 27. The
variables evolved weref̂ 5(12 r̂2¹'

2 )f̃ and f̄xx , which
were then inverted using Fourier transforms to findf̃ andf̄,
respectively. We have checked the basic schemes used i
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code by solving the equations of motion separately, when
nonlinear coupling terms are specified functions, effectiv
linearizing the equations.

We write Eqs.~3! and ~4! in the following form:

]f̄xx

]t
1^Ŝ~x,y!&y50, ~63!

] f̂

]t
1“"~V0 f̂ !2 r̂2@Ŝ~x,y!2^Ŝ~x,y!&y#

1a
]f̃

]y
1 r̂2

]f̃

]y

]f̄xx

]x
50, ~64!

where we have used¹"V050, the expression forṼE , and
the definitionŜ(x,y)[ ẑ3¹f̃"“¹'

2 f̃. In Eq. ~63! we pre-
scribe the function̂ Ŝ(x,y)&y and show that the numerica
solution agrees with the analytic result. Similarly, in E
~64!, we neglect theŜ terms and verify that the linearize
Eq. ~64! simply propagates the solution in they direction at a
velocity given by

Vy5
v

ky
5V01

a1 r̂2f̄xxx

11 r̂2k0
2

. ~65!

The next important test was to make sure that at ea
times, the code results agreed with the ‘‘four-wave’’ line
theory when the pump wave amplitude was kept fixed.
did this by plotting the logarithm of the amplitude of th
averaged potential (f̄) against time and evaluating the slop
Since we were testing for accuracy, it was important that
compare the growth rates obtained from the code to the e
expression for the growth rate as given by Eq.~44!. Rewrit-
ing the imaginary part of Eq.~44! in terms of the dimension-
less parameters, we have

g5kyaq2r̂G~k,q!

3F2S A0

aqr̂2D 2
~11~k0

22q2!r̂2!~11k0
2r̂2!

G~k,q!
21G 1/2

,

~66!

where

G~k,q!5
11 r̂2~ky

21q223kx
2!

~11 r̂2k1
2 !~11 r̂2k2

2 !~11 r̂2k0
2!

.

We can simplify this relation by taking the usual zonal flo
condition that the sidebands have a radial wave vector
slightly shifted from the pump wave, i.e.,q!kx ,ky . This
allows us to writeG(k,q)'(11 r̂2(ky

223kx
2))/(11k0

2r̂2)3.
Therefore in the limit of smallq, Eq. ~66! reduces to

g5A2ukyquuA0uS 11~ky
223kx

2!r̂2

~11k0
2r̂2!

D 1/2

. ~67!

In order to compare our results with earlier work, Ref. 6, it
important to compare thereduced growth rateg/v0 . This
quantity is independent of the normalization conventions
volving cs , rs , etc. Upon evaluation, we find that our ex
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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FIG. 1. A plot of the normalized

growth rate as a function of~a! r̂, ~b!
A0 , ~c! mx , and ~d! my . The un-
marked line denotes the theoretica
growth rate as given by Eq.~66!, the
line marked with squares shows th
approximate growth rate as given b
Eq. ~67!, and the line marked with
circles is the code result. The basic p

rameters for each run werer̂50.01,
A050.01, mx5my54, anda51.0.
Fi

an

q
o

ify
r

ra
a

t
x
d
th
of
t

ic

es

u

en-
.
me
em
he
as
So

tem
be
e

of
hy
ark
pressions agree exactly with the earlier results. Shown in
1 are plots of the growth rates from the code~denoted by the
line marked with circles! plotted with the growth rates from
Eq. ~66! ~unmarked line! and Eq. ~67! ~line marked with
squares! as a function of r̂, A0 , mx , my , where mx,y

5kx,y /2p. The agreement between the numerical results
Eq. ~66! is excellent~within a few percent for all cases!, but
more importantly, the simplified dispersion relation from E
~67! shows good qualitative agreement, and only min
quantitative differences.

In the nonlinear evolution problem, a key test is to ver
the conservation properties. We first consider the behavio
the ‘‘four-wave’’ invariants,I 0 , I B @cf. Eqs.~61! and~62!#. It
is clear that since the exact equations involve many inte
tions neglected in the four-wave theory, these quantities
not expected to be true invariants~unlike I ,J derived in Sec.
II !. Rather, their invariance over a certain epoch denotes
time interval over which the four-wave theory can be e
pected to provide a reasonable description of the system
namics. On the other hand, a very sensitive check on
‘‘faithfulness’’ of the numerics is provided by the degree
accuracy and length of time over which the exact invarian
I , J are demonstrably maintained constant in the numer
solution of the nonlinear equations of motion.

Shown in Fig. 2 is the time evolution of the amplitud
uA0u2 ~line with the circles!, ua1u2 ~denoted by squares!,
ua2u2 ~denoted by triangles!, and the four-wave invariantI 0

~denoted by the bold solid line! for the parametersa51, r̂
50.01, A050.001, mx5my54, and mq5q/2p52. Also
plotted on this graph is the enstrophy integralI, which is
denoted by the line with the closed circles. Note thatI quite
clearly remains constant over the entire period of the sim
lation. The growth time for this case is aboutt53.3 in our
normalized units. In contrast toI, the quantityI 0 remains
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constant for about three growth times, while the mode int
sities~‘‘energies’’! depart markedly from their initial values
It follows that beyond this time, many other modes beco
significant so that the four-wave description of the syst
loses its validity. The important point, however, is that t
quantity I 0 keeps its value even after the pump wave h
transferred about 25% of its energy to the sidebands.
clearly, I 0 can be considered to be a constant of the sys
so long as the four-wave model remains valid. It should
noted that althoughI 0 only remains constant over about thre

FIG. 2. A plot of the first four-wave invariantI 0 , the pump wave amplitude
squared, the sideband amplitudes squared, and the enstrophy integralI as a
function of time. All quantities have been divided by the initial value
uA0u2 so as to normalize the initial invariant to unity, and the enstrop
integral has been normalized so as to give it an initial value of 0.5. The d
solid line is I 0 , the line with the circles isuA0u2, the line with the triangles
is ua2u2, the line with the squares isua1u2, and the line with closed circles

is I. The parameters werer̂50.01, A050.001, mx5my54, mq52, anda
51.0.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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growth times, the more important time scale here is the d
period of the pump wave,td;1/v0 . If we compare the drift
frequencyv0;kyVD to the growth rate, which from Eq.~67!
scales asg;kyqrscsA0 , we find thatv0 /g;1/(qLnA0),
which for a small pump wave amplitude is much greater th
unity. Therefore, the quantityI 0 remains a constant for hun
dreds of drift times. We find a similar behavior for the se
ond four-wave invariant,I B . Shown in Fig. 3 is the time
evolution of uBu2 ~denoted by circles!, ua1u2 ~denoted by
squares!, ua2u2 ~denoted by triangles!, I B ~denoted by the
bold solid line!, and the energy integralJ ~line with closed
circles! for the same parameters as for Fig. 2. As was
case forI 0 , the quantityI B remains constant while the othe
quantities show significant growth for about three grow
times when the four-wave model ceases to be valid du
generation of other modes. As expected, the integral inv
ant J remains constant for as long as the simulation w
continued, showing that our numerical scheme ‘‘faithfull
conserves the exact integrals of motion of the system o
many linear growth times, thereby providing an excelle
check on the numerical scheme employed.

We next address the issue of how this system beha
nonlinearly. For the runs, we choose parameters typical
tokamak edge plasma;LN;2 – 5 cm,rs;0.5– 1 cm, which,
for a box size (a5Ly) of 10 cm gives usr̂50.005– 0.01 and
a52 – 5. Therefore, unless otherwise stated, the basic va
of the parameters that we shall use will ber̂50.0075, a
53, mx5my54, andA050.01. As a starting point, we sha
discuss the nonlinear evolution of this case.

Shown in Fig. 4 is a plot off̄ vs x at a late nonlinear
time. Clearly the averaged potential has a pronouncedmq

510 structure, and sinceV0;mqf̄, this suggests that th
averaged flow will be dominated by themq510 mode. It is
of interest to note that using the formula, Eq.~23!, we find
that the estimated value of the number of effective degree

FIG. 3. A plot of the second four-wave invariantI B , the averaged potentia
amplitude squared, the sideband amplitudes squared, and the energy in
J as a function of time. All quantities have been divided by the initial va
of uA0u2, and the energy integral has been normalized so as to give
initial value of 0.15. The dark solid line isI B , the line with the circles is
uBu2, the line with the triangles isua2u2, the line with the squares isua1u2,
and the line with closed circles isJ. The parameters used are the same
those used for Fig. 2.
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freedom of the system for the chosen conditions to beNeff

.10– 15. Thus the numerical evidence is in agreement w
the theoretical estimate based on the exact invariants.
simulations show that this is a case of a zonal flow vary
on ‘‘radial’’ spatial scales comparable to or more rapidly th
the pump wave. In order to get a better feel for the act
evolution of the mode structure, Fig. 5~a! shows the time
dependence of themq51 – 5 Fourier components off̄, and
Fig. 5~b! the time dependence of themq56 – 10 modes. It is
clear from these plots that since themq51 and mq52
modes~denoted by the two boldest lines, respectively! satu-
rate at an amplitude comparable to themq510 mode~de-
noted by the line with circles!, the zonal flow (V0.mqf̄)
will be dominated by themq510 mode, confirming the
above-mentioned conjecture.

The reason for this can be understood if we examine
dependence of the growth rate given by Eq.~66! uponmq .
Plotted in Fig. 6 isg as a function ofmq for a51,3,5,7,9.
For a53 @the value corresponding to Figs. 4, 5~a!, and 5~b!#
the growth rate peaks at aboutmq;10, while for increasing
a ~which corresponds physically to a shorterLn), the peak
of the growth rate shifts to lowermq . This can be seen from
the approximate dispersion relation which is given in E
~47!, which also demonstrates that the shorter waveleng
stabilize for largea. The question then arises as to whethe
zonal flow does form for largera.

Shown in Fig. 7~a! is a plot similar to Fig. 4, except tha
we now have,a57. The averaged potential for this case h
a decided sawtooth-like structure, which indicates that
averagedEÃB flow will be a highly localized, jet-like struc-
ture ~cf. Refs. 14 and 28! with a weaker reverse zonal flow
away from this region. Recalling that the Fourier series o
sawtooth wave is given by

f̄~x!; (
m51

mmax

sin~2pmx!/m,

we can gain understanding as to why such a structure

gral

n

s

FIG. 4. The averaged potential (f̄) as a function ofx at a late nonlinear

time. The parameters for this run werea53, r̂50.0075,mx5my54, and
A050.01. Themq510 structure is apparent.
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FIG. 5. The time evolution of the Fourier amplitudes off̄ as a function of
time for the same system as in Fig. 4.~a! The mq51 – 5 modes, which are
denoted by the unmarked line, the line with inverted triangles, the line w
triangles, the line with squares, and the line with circles, respectively.~b!
Themq56 – 10 modes, which are denoted in the same way as the mod
~a!. Themq510 mode dominates the zonal flow.

FIG. 6. A plot of the growth rate as given by Eq.~66! as a function ofmq for
a51,3,5,7,9. The lines corresponding to each value ofa are labeled.
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
form if we refer back to Eq.~64!. In steady state, we ca
neglect the time derivative, and also neglect the termŜ, as it
is nonlinear inf̃, and can be neglected for small pump wa
amplitude. The equation now reads

]f̃

]y

]f̄

]x
~11k'

2 r̂2!1a
]f̃

]y
1 r̂2

]f̃

]y

]f̄xx

]x
50, ~68!

which if we take ]/]x; iq, leaves us with the following
algebraic relation:

f̄;
ia

q

1

~11~k'
2 2q2!r̂2!

. ~69!

This qualitative argument suggests that the averaged po
tial tends to saturate so that the amplitude of each harm
depends upon the reciprocal of the harmonic number, res
ing in a ‘‘sawtooth’’ wave form.

Another interesting feature of the saturation amplitud
that we observed from the simulations is that ifa gets too

h

in
FIG. 7. A similar plot to Fig. 4, excepta has a value of 7 in~a! and a
59 in ~b!. The sawtooth structure is evident, and note the dramatic dro
the saturated amplitude for case~b!.
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FIG. 8. Fourier spectrum off̄ at ~a!
early and~b! late times, and the Fou-

rier spectrum off̃ at ~c! early and~d!
late times.~a! and~c! clearly show the
four-wave structure of the system a
early times, and~b! and ~d! show the
sawtooth-like spectrum of the aver
aged potential and the excitation o
higher modes by wave–wave couplin
of the potential.
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The
the
large, then the amplitude of the saturated averaged pote
drops dramatically. Shown in Fig. 7~b! is a plot of f̄(x) for
a59. The potential is still sawtooth-like~although not as
dramatic as fora57), however, the saturated amplitude
the averaged potential is nearly an order of magnitu
smaller. This may be due to the fact that for largea ’s, the
longest wavelength mode which can be ‘‘fitted’’ into the b
falls outside the unstable range of wave lengths.

As a final example of how the modes vary in tim
shown in Fig. 8 are plots of the Fourier spectrum off̄ at
early @Fig. 8~a!# and late@Fig. 8~b!# times and a surface plo
of the Fourier spectrum off̃ in kx andky space at early@Fig.
8~c!# and late@Fig. 8~d!# times. The parameters used for th
run werea55, r̂50.002,A050.001,mx54, andmy53. At
early times, the four-wave description is quite apparent, w
only themq51 mode in the spectrum off̄, and f̃ is quite
obviously dominated by the pump wave. The two side ba
are visible in the graph as well. At later time, the averag
potential has developed thef̄(kx);1/kx behavior indicative
of a sawtooth. From Fig. 8~d!, it is quite obvious that the
energy has been spread to many other radial modes in
system which shows why the higher order modes in
zonal flow are driven.

We have also varied the value ofr̂ and found results
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
ial
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similar to those obtained whena was varied. Thus, for smal
r̂(,0.01), the averaged potential was dominated by the f
est growing short wavelength modes. Asr̂ increased, how-
ever, the jet-like zonal flow occurred for lower values ofa,
for example, whenr̂50.015, a jet formed fora54. This
observation is consistent with the argument that in order
a zonal flow to form, the maximum growth rate must occ
for low radial mode numbers, and as we showed ear
qmax'A0 /(ar̂2). Likewise, when we varied the pump wav
amplitude, we found a similar behavior: thus, forA0 very
small (,0.005), the jet formed for experimentally typica
values ofa andr̂, while for largerA0(.0.02), the averaged
potential was dominated by the shorter wavelengths, and
jet only formed for unrealistically large values ofa and r̂.

VI. DISCUSSION AND CONCLUSIONS

The generalized Charney–Hasegawa–Mima model
troduced by Smolyakovet al. and others is clearly the sim
plest one which explicitly exhibits the modulational instab
ity mechanism of ‘‘self-generated’’ zonal flows by dri
waves. This mechanism itself has long been implicated
many problems in fluid mechanics and plasma physics.
discussion in Sec. III shows that through the medium of
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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‘‘sidebands,’’ a zonal flow~i.e., a purely ‘‘radial’’ electric
field perturbation with zero linear frequency! is able to ex-
tract energy from a typical drift wave~‘‘pump’’ !, provided
some rather mild threshold conditions are met. What is in
esting about this dissipationless system is that, at least f
few initial growth times, the pump is ‘‘drained’’ of energy b
the growing zonal flow and the drift wave sidebands. This
the start of a typical ‘‘inverse cascade’’ process which
known to play a fundamental role in much more elabor
tokamak simulations.14 In effect, ‘‘pump draining’’ by the
growing zonal flow and the sidebands provides a nonlin
saturation mechanism for drift modes driven unstable
some unspecified source. The energy of the pump drift w
is thereby distributed over a much wider spectrum of d
wave frequencies through the mediation of the zonal fl
Although this is a typical ‘‘profile-turbulence interaction,’’ i
is distinct from more usual ‘‘quasilinear’’ saturation mech
nisms which rely on the turbulence-generated transp
modifying the equilibrium gradients which drive the linea
modes, and those in which the sheared zonal flow dire
‘‘decorrelates’’ the turbulent fluctuations radially by breakin
up turbulent eddies.

During thenonlinearphase of the four-wave interactio
between a specific ‘‘pump wave,’’ its sidebands, and an
sociated zonal flow, it is remarkable that two ‘‘invariants
I 0 , I B exist for many drift periods. However, due to the eve
tual nonlinear generation of other modes permitted by
threshold conditions~but not initially present!, the four-wave
model loses its validity. This happens because the syste
not well described by four coupled modes since other fo
wave groups can also occur. These can all interact with e
other in the fully nonlinear stage. The full system howev
was shown to have two positive definite invariants wh
permit the following deductions: the linear growth of th
zonal flowmustbe saturated eventually; the total number
new ‘‘modes’’ generated nonlinearly cannot increase ind
nitely, but is in fact determined by the initial conditions~via
the values ofI ,J at t50). In the long run, the system motio
must be ‘‘recurrent.’’25,26 The last statement implies that th
pump must eventually reconstruct itself, although un
practically relevant conditions, the recurrence times may
too long to be of interest. This type of ‘‘cyclic’’ relaxation
behavior of zonal flows and turbulence, is, in the pres
simple model, a consequence of energy and enstrophy
servation. However, it is remarkable that in driven, dissip
tive systems such as those considered in more elabo
simulations of tokamak turbulence~e.g., Ref. 14! very simi-
lar behavior is found, suggesting that the conservative mo
captures in some sense the essence of the phenomen
continual cyclical relaxational exchange of energy and
strophy between zonal flows and plasma turbulence~the
losses being compensated by the external drives! in more
realistic systems.

The numerical simulations presented in Sec. V dem
strate the following noteworthy features. The linear phase
the four-wave model accurately represents the initial sys
behavior. The four-wave nonlinear model, while not va
over more than a few linear growth times, nevertheless g
a good qualitative account of the ‘‘stabilization’’ of the tu
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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bulence by the inverse cascading of energy into the zo
flow ~of course the sidebands are also involved in this p
cess!. The four-wave ‘‘invariants’’ (I 0 ,I B) are good indica-
tors of how long the reduced model remains valid. Unlike t
‘‘wave kinetic’’ formalism6 which does not represent the fu
nonlinearities inherent in the system, the exact invariants
clearly conserved in the present simulations over mu
longer time scales. Furthermore, the estimated numbe
effective modes25 is substantially in agreement with the pr
dictions of the code. The full numerical simulations al
show that not only can zonal flows develop ‘‘corrugation
and/or ‘‘jet-like’’ structures~cf. Ref. 14!, they can also be
dramatically reduced in some conditions. These differ
structural forms appear to be controlled by thea parameter,
the dimensionless Larmor radius parameterr̂, and the initial
data, i.e., the initial pump wave amplitude. In particular, t
dramatic reduction of zonal flows~and consequent loss of
stabilizing mechanism for the turbulence! whena exceeds a
certain threshold, is suggestive of a possible route fromH to
L modes, although one must be cautious about drawing
finitive conclusions from such a simplified two-dimension
model. What is clear is that the radial electric field structu
obtained in Ref. 14 exhibit many of the features presen
here. It is of interest to note that the present model exem
fies systems where the zonal flows areentirely generated by
the turbulence without any assistance from neoclassica
fects, and/or externally driven flows. In power plant con
tions, it is probable that most of the zonal flows in the plas
could be of this type.

The dynamics of zonal flow-turbulence interactions stu
ied here suggest the possible existence of much more ge
mechanisms which remain to be explored. Is there a co
sponding ‘‘inverse cascade’’ via modulational instabilities
short wavelength modes to the entire long wavelength~i.e.,
small kx ,ky) spectrum? The existence of such a mechan
would serve to illuminate many features of the turbulen
calculated by ‘‘first-principles’’ codes, and may also expla
why experimentally there never has been any conclusive
servation of significant turbulence in the really ‘‘high
(k'rs>0.3,v/2p.1 MHz! part of the spectrum. The ques
tions of relationship between purely electrostatic, flu
based, two-dimensional models like the present one
more realistic models have yet to be elucidated. The pre
investigation forms a basic starting point from which w
hope to pursue these matters more systematically in
future.
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