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Göteborg, Sweden

P. Helander
EURATOM/UKAEA Fusion Association, Culham Science Centre, Abingdon, Oxfordshire OX14 3DB,
United Kingdom

L.-G. Eriksson
Association EURATOM-CEA sur la Fusion, CEA Cadarache, St. Paul lez Durance, France

~Received 19 February 2001; accepted 21 September 2001!

Relativistic electrons emit synchrotron radiation due to their gyro- and guiding-center motions in a
curved magnetic field. In this article, the kinetic theory of relativistic electron beams is developed
to account for radiation reaction by including the Abraham–Lorentz reaction force in the kinetic
equation. As an application of this theory, the dynamics of runaway electrons is examined and a
steady-state solution is constructed describing a balance between acceleration by the electric field,
pitch-angle scattering, and radiation reaction. Furthermore, it is found that a beam of relativistic
electrons can be slowed down by the combined effects of pitch-angle scattering and radiation
reaction. This damping can be more efficient than ordinary collisional drag, and appears to explain
the decay of post-disruption runaway currents in the Joint European Torus~JET! @R. D. Gill, Nucl.
Fusion33, 1613~1993!#. © 2001 American Institute of Physics.@DOI: 10.1063/1.1418242#
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I. INTRODUCTION

An electron beam passing through a plasma is dam
by collisional friction against the plasma ions and electro
If the plasma is immersed in a magnetic field, so that
electrons execute gyro-motion, the beam can also be dam
by emission of synchrotron radiation, which gives rise to
reaction force on the beam electrons. This mechanism is
erative even if the beam is parallel to the field since co
sional scattering causes individual electrons to acquire
pendicular momentum, leading to gyro-motion a
synchrotron radiation emission. The present article is
voted to the kinetic theory of these processes. We derive
kinetic equation for relativistic electrons experiencing Co
lomb collisions and synchrotron radiation emission, a
solve this equation in physically interesting limits, enabli
us to calculate the damping of electron beam currents
these effects.

Although we keep the analysis as general as possible
apply the theory to a more specific problem: the dynamics
runaway electrons in tokamaks. As is well known, the pr
ence of an electric field in a plasma~such as the induced fiel
in a tokamak! can lead to production of a high-energy ‘‘run
away’’ electron population due to the fact that the frictio
force decreases with increasing velocity for fast electrons1 If
the plasma density is low, runaway production can occu
normal, nondisruptive, tokamak operation due to the Oh
electric field. By constructing a steady-state solution to
kinetic equation where the runaway production is balan
by collisional and radiative damping, we are able to calcul
the distribution function of fast electrons in such discharg

a!Electronic mail: fredrik.andersson@elmagn.chalmers.se
5221070-664X/2001/8(12)/5221/9/$18.00

Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
d
.

e
ed

a
p-
-
r-

-
he
-
d

y

e
f
-

n
ic
e
d
e
s.

Runaway production is particularly virulent during tokam
disruptions, where very large electric fields can be induc
In the Joint European Torus~JET!,2 a large (;1 MA) run-
away current sometimes persists long after a disrupt
showing a smooth decay on a time scale of 1 or 2 s. T
decay cannot be explained by collisional drag alone since
accelerating electric field is induced during the decay wh
almost balances the drag, thus leading to a very slow
damping. It has been proposed that the decay could ins
be caused by emission of synchrotron radiation.2 Our kinetic
analysis allows a quantitative assessment of this hypothe
and suggests that the observed damping is broadly consi
with the theoretical expectation.

The article is organized as follows. In Sec. II the reacti
of synchrotron radiation emission on the motion of a sin
electron is calculated. In the next section this effect is
cluded in the kinetic equation for strongly relativistic ele
tron beams. This equation is then solved in the following t
sections, where the steady-state solution is constructe
Sec. IV, and the damping of an initially collimated beam
calculated in Sec. V. To complement these approximate, a
lytical solutions, numerical Monte Carlo simulations are p
sented in the following section. These results are th
compared in Sec. VII with measurements of postdisrupt
currents in JET, and our conclusions are summari
in Sec. VIII.

II. LOSS OF ELECTRON MOMENTUM DUE TO
RADIATION

In this section we calculate the average reaction force
a relativistic electron caused by its emission of synchrot
radiation. The velocity vector of a beam electron parallel
1 © 2001 American Institute of Physics

cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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the magnetic field need only be scattered slightly to acqui
Larmor rotation that can lead to substantial synchrotron
diation. Since the radiation from a relativistic particle
emitted in a cone centered around its velocity vector,
reaction force is mainly in the direction parallel to the ma
netic field although it is the perpendicular motion that cau
the radiation. The Abraham–Lorentz reaction force is,3

K5
q2g2

6pe0c3 F v̈1
3g2

c2 ~v"v̇!v̇1
g2

c2 S v"v̈1
3g2

c2 ~v"v̇!2D vG , ~1!

where v is the electron velocity vector andg5(1
2(v/c)2)21/2 is the relativistic mass factor. The time ave
age^¯& of the radiated power from an accelerated elect
for which v"v̇50 thus becomes

2^K "v&5
q2g4

6pe0c3 uv̇u2.

Writing the electron position vector asr5R1r, whereR
represents the location of the gyro-center andr the gyro-
motion, gives

uv̇u25ur̈u21uR̈u212R̈"r̈, ~2!

where we assume that the Larmor radius is small,r!R. By
taking the time average of this expression and introduc
the transit frequencyv t5v i /R, whereR is the average mag
netic field radius of curvature and the gyro-frequencyV
5eB/gme , we are able to estimate the relative magnitude
the terms. SincêuR̈u2&5(v t

2R)2 and^ur̈u2&5(V2r)2, these
become

uR̈u2

ur̈u2 5S v i
2

v'
2

r

RD 2

,

^R̈•r̈&

^uR̈u2&
5

^~d4R/dt4!•r&

^uR̈u2&
;

r

R
!1.

It is clear that the curvature of the magnetic field only cau
a small contribution to the reaction force unlessv' /v i is
very small. The subscripts' and i indicate directions per-
pendicular and parallel to the magnetic field, respectively

The energy of the particle isE5gmec
25mec

2A11p2

wherep5gv/c is the normalized momentum, and the m
mentum loss can be calculated from the relationĖ5K "v
5mec

2pṗ/g,

^ ṗ&5K g Ė
mec

2pL 52
q2g5

6pe0mec
5

^uv̇u2&
p

.

When r!R the average rate of change of momentum
comes

K dp

dt L
rad

52
A11p22

t r
S p'

2 1
r0

2

R2 pi
4D , ~3!

wheret r56pe0(mec)3/e4B2 is the radiation time scale, an
r05mec/eB. We observe thatṗi5vv iṗ/c2, and by defining
the pitch-angle variablej[pi /p5cosu we obtain
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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For a beam electronj is very close to unity, and its averag
rate of change thus becomes

K dj

dt L
rad

5
1

g2p

A11p22

t r
S p'

2 1
r0

2

R2 pi
4D . ~4!

Equations~3! and~4! summarize the average effect of radi
tion reaction on beam electrons.

III. KINETIC EQUATION FOR RELATIVISTIC
ELECTRONS

The kinetics of the distribution function of supertherm
electrons is governed by the relativistic Fokker–Plan
equation,4,5

] f

]t
1

2eEi

mec
S j

] f

]p
1

12j2

p

] f

]j D2~12j2!
cp

A11p2

3
¹ iB

2B

] f

]j
1 K dp

dt L
rad

] f

]p
1 K dj

dt L
rad

] f

]j

5
1

t F 1

p2

]

]p
~11p2! f 1

~11Z!

2

3
A11p2

p3

]

]j
~12j2!

] f

]jG , ~5!

wheret54pe0
2me

2c3/nee
4 ln L is the collision time for rela-

tivistic electrons,ne is the plasma electron density, andZ is
the effective ion charge. This equation describes the effe
of accelerating electric field, mirror force, radiation reactio
collisional drag and pitch-angle scattering. For strongly re
tivistic runaway electrons withp@1 and 12j!1, it is con-
venient to change the independent variables to (pi ,p'), so
that acceleration by the electric field is described by

2eEi

mec
S j

] f

]p
1

12j2

p

] f

]j D5
2eEi

mec

] f

]pi
,

and the radiation reaction terms become

K dp

dt L
rad

] f

]p
1 K dj

dt L
rad

] f

]j
'2

1

t r
S p'

2 1
r0

2

R2 pi
4D ] f

]pi
,

where we have used Eqs.~3! and ~4!. When expressed in
these variables, the slowing down operator can be appr
mated as

1

p2

]

]p
~11p2! f 5

]

]pi
S S 11

1

p2D pi

p
f D

1
1

p'

]

]p'
S S 11

1

p2D p'
2

p
f D'

] f

]pi
.

This approximation is valid whenp'!pi and f p' /p
!] f /]p' since then the discarded terms are much sma
than that retained from pitch-angle scattering, which b
comes
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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]

]j
~12j2!

] f

]j
'pi

p

p'

]

]p'

pi

p'

p

] f

]p'

'p2
1

p'

]

]p'

p'

] f

]p'

,

if terms of orderO( f E/pi) are neglected. This approxima
tion can be justifieda posteriori.

The kinetic equation for a beam-like (p'!pi) distribu-
tion of strongly relativistic electrons experiencing an elect
field, Coulomb collisions and synchrotron radiation react
thus becomes

t
] f

]t
1S E212sS p'

2 1
r0

2

R2 pi
4D D ] f

]pi

5
11Z

2p'

]

]p'
S p'

] f

]p'
D , ~6!

wheres5t/t r , E5uEiu/Ec5uEiuet/mec, and we have as
sumedEi to be negative.Ec is the electric field correspond
ing to the friction on strongly relativistic electrons. Thus,Ec

is the critical electric field in the sense that electron runaw
is possible whenE5uEiu/Ec.1, but not whenE,1.4 Ec

should not be confused with the Dreicer fieldED

5(mec
2/Te)Ec , which is much larger thanEc and corre-

sponds to the friction on thermal electrons.1,6 When uEiu
.ED , the entire electron population runs away, but in pr
tice ED is so large that this rarely occurs in tokamaks.

IV. STEADY-STATE DISTRIBUTION

When a tokamak is operated at low density, the Ohm
electric field used to drive plasma current can be large in
sense thatE.1, so that small amounts of runaway electro
are produced. Traditionally, the problem that has attrac
most attention in runaway theory is that of calculating t
rate at which the number of runaway electrons increases4–7

In these calculations the runaway distribution never reach
steady state. Our inclusion of radiation reaction in the kine
equation allows us to consider the saturation of the runa
process and to calculate the distribution function of fast e
trons in tokamak discharges withE.1. Thus, in this section
we construct steady-state solutions to the kinetic equation~6!
arising as a balance between acceleration by the ele
field, pitch-angle scattering, and radiation reaction. Equa
~6! is only valid in the high-energy regionp' /p!1!p. The
runaway mechanism feeds electrons from lower energies
this region, thus providing a boundary condition at smallpi ,
where the distribution function should be proportional
d(p'), reflecting the circumstance that runaway electro
are generated with small perpendicular momenta.

As we shall discuss later, there are two mechanisms
pable of generating runaway electrons, primary and seco
ary generation. The results presented in this section do
depend on which of these is operative since we only so
the kinetic equation in the high-energy region where ene
diffusion, which is responsible for primary generation, a
the Mo” ller scattering source term causing secondary gen
tion ~see below! are both small. The source of runawa
instead enters as a boundary condition.
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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As we shall also see, the character of the steady-s
solution to Eq.~6! depends on the curvature of the magne
field, which controls the relative importance of the two term
in the energy loss rate~3!. Accordingly, we shall conside
three different limits: those of a straight, a weakly curve
and a strongly curved magnetic field.

A. Straight magnetic field

The simplest situation occurs when the radius of cur
ture R is infinite, so that the energy loss is entirely due
gyro-motion. Thus neglecting the term proportional topi

4 in
Eq. ~6! gives

~E212sp'
2 !

] f

]pi
5

11Z

2p'

]

]p'
S p'

] f

]p'
D . ~7!

This is a so-called two-way diffusion equation sinceh(p')
[2p'(E212sp'

2 )/(11Z) changes sign in the interval o
interest.8 Such equations have the general form

h~p'!
] f ~pi ,p'!

]pi
5

]

]p'

D~p'!
] f ~pi ,p'!

]p'

, ~8!

with independent variables in the domaina,p',b, 0,pi

,L and with D(p') assumed positive. Ifh(p') had re-
mained positive throughout the intervala,p',b, then Eq.
~8! would represent the usual type of diffusion equatio
which is well posed when initial conditions are given atpi

50 and boundary conditions are given atp'5a and p'

5b. ~The variablepi plays the role of time.! However,
h(p') changes sign in the interval (a,b) and Eq.~8! de-
scribes diffusion with a variable sense of time. Whenh(p')
is positive diffusion takes place with increasingpi , and
whenh(p') is negative diffusion occurs with decreasingpi .
This type of equation is well posed only when initial cond
tions are given whereh(p') is positive and final conditions
are given whereh(p') is negative. That is, the usual initia
conditions are replaced by a combination of initial and fin
conditions,8

f ~0,p'!5 f 1~p'!, where h~p'!.0,

f ~L,p'!5 f 2~p'!, where h~p'!,0.

Physically, this means that boundary conditions are impo
where particles flowinto the domain under consideration
Solving this type of equation by separation of variables
sults in an eigenvalue problem

]

]p'

D~p'!
]gl

]p'

5lh~p'!gl~p'!,

which cannot be analyzed by usual Sturm–Liouville theo
Sinceh(p') vanishes in the interval (a,b), the eigenfunc-
tions gl do not necessarily form a complete set. Howev
Fisch and Kruskal8 proved completeness on the interv
(a,b) of these eigenfunctions when they are supplemen
by the ‘‘diffusion solution’’ f (pi ,p')5pi2g(p'), where
g(p') satisfies

]

]p'

D~p'!
]g

]p'

1h~p'!50.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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It was later shown by Beals9 that the eigenfunctionsgl hav-
ing negative eigenvalues form a complete set on the pa
the domain where initial conditions are imposed, while tho
with positive eigenvalues are complete where final con
tions are imposed. Beals also gives an iterative procedure
constructing solutions on finite intervals, based on
partial-range completeness result. Since the eigenfunct
do not have the usual orthogonality property on these in
vals, this procedure is nontrivial.

We now proceed to solve the kinetic equation~7! in two
opposite limits, of large and small values ofpi . The bound-
ary and initial/final conditions are

f ~p'→`!50,

f ~pi→0,h~p'!.0!}d~p'!, ~9!

f ~pi→`!50,

since we expect runaways to be generated with smallp' , so
that the distribution functionf is concentrated at smallp'

whenpi is small. Because of this condition, radiation can
ignored altogether for sufficiently smallpi , in which case
the kinetic equation~7! reduces to a simple diffusion equa
tion with a well-known solution,4,6,7

f ~pi ,p'!5C1

1

pi
expS 2

E21

2~11Z!

p'
2

pi
D , ~10!

whereC1 is an arbitrary constant. Our neglect of the rad
tion reaction term is justified ifsp'

2 !E21, which is true for
most electrons ifpi!(E21)2/2s(11Z).

To find the distribution of electrons with larger mo
menta, we separate variables in the kinetic equation~7! as
outlined earlier. By introducingp'

2 5px
21py

2 , pz5pi(1
1Z)/2(E21), and seeking a solution of the form
f (px ,py ,pz)5X(px)Y(py)Z(pz), the kinetic equation be
comes

1

Z

dZ

dpz
5S 12

s

E21
~px

21py
2! D 21S 1

X

d2X

dpx
2 1

1

Y

d2Y

dpy
2D 52z.

It is clear thatZ(pz)5exp(2zpz), and

d2X

dpx
2 1zS h2

s

E21
px

2DX50,

d2Y

dpy
2 1zS n2

s

E21
py

2DY50,

whereh1n51. This type of eigenvalue problem is equiv
lent to the Schro¨dinger equation for a one-dimensional ha
monic oscillator whose eigenfunctions involve Hermite po
nomialsHn . The eigenfunctions and eigenvalues are

Xk~px!5expS 2
Az s/~E21!

2
px

2DHkS pxS z
s

E21D 1/4D ,

hk5As/~E21!

z
~2k11!, k50,1,...,

and analogously forYl(py) andn l . The eigenfunctions and
eigenvalues to Eq.~7! thus become
Downloaded 08 Aug 2012 to 194.81.223.66. Redistribution subject to AIP li
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f kl~pi ,px ,py!5expS 2gkl

~11Z!

2s
pi2

Agkl

2
~px

21py
2! D

3Hk~pxgkl
1/4!Hl~pygkl

1/4!,
~11!

gkl5zkl

s

E21
5S 2s

E21D 2

~k1 l 11!2, k,l 50,1,... .

Since the eigenfunctions form a complete set~the diffusion
solution does not contribute since it is linear inpi!, the
boundary condition can be satisfied by a sum

f 5 (
k50

`

(
l 50

`

ckl f kl .

However, as has already been mentioned, these eigenf
tions, although complete, do not form an orthogonal set
it is therefore difficult to use them to represent an arbitra
function, even for our simple delta function boundary con
tion. Instead, we observe that for largepi the dominant be-
havior of f is found from the eigenfunction with the lowes
eigenvalue since the eigenfunctions decay exponentiallyf kl

}exp(2gkl(11Z)pi/2s).
In the regionpi@(E21)2/2s(11Z) the solution to the

kinetic equation~7! can therefore be written as

f ~pi ,p'!5c00f 005C2 expS 2
s

E21 S 2~11Z!

E21
pi1p'

2 D D ,

~12!

whereC2 is an undetermined constant.
The approximations made in reaching the kinetic eq

tion ~6! can now be justified by estimating the magnitude
the discarded terms. One finds that the terms retained in
~6! are all of orderO( f s/E), while the largest term among
those discarded ist ṗ'] f /]p' which is of orderO( f E/pi) if
g@1. Sincepi@(E21)2/2s(11Z) we find an upper limit
to the latter term,O( f E/pi)!O( f s/E), which justifies its
neglect. In these estimates we used the fact that in the ra
of validity of solution ~12!, p'

2 5O(E/s), g25O(pi
2) for

largep, and 12j'p'
2 /2pi

2!1.

B. Weakly curved magnetic field

In a curved magnetic field, not only gyro-motion but al
guiding-center motion gives rise to radiation. By introduci
the normalized variablesp̃i5pi /pi0 and p̃'5p' /p'0 , with
pi052(E21)2/s(11Z) andp'0

2 5(E21)/s, we can write
the kinetic equation~6! as

~12 p̃'
2 2sp̃i

4!
] f

] p̃i
5

1

p̃'

]

] p̃'

p̃'

] f

] p̃'

, ~13!

where the parameter

s[
r0

2

R2

pi0
4

p'0
2 5S 2

11ZD 4 ~E21!7

s3 S r0

R D 2

~14!

governs the relative importance of the two radiation term
There is an interesting qualitative difference between

radiation reaction caused by these two terms. Since we h
assumedE.1, s is positive and 12 p̃'

2 2sp̃i
4 can thus only

be positive if p̃i,s21/4, which implies thatf vanishes for
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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sufficiently largep̃i . The physical reason for this is that ele
trons cannot be accelerated beyond the synchrotron limi

pi,S R

r0
D 1/2S E21

s D 1/4

, ~15!

at which the radiation reaction force associated with m
netic field curvature equals the force from the electric fie
Thus, while electrons in a straight field can reach arbitra
high energies, there is an absolute upper limit to the att
able energy of electrons in a curved magnetic field.

If s!1, synchrotron radiation produced by gyro-motio
is more important than that from curved guiding-center m
tion for most particles. The analysis presented in the previ
subsection then applies for most of the fast electrons. H
ever, it is clear that sufficiently fast electrons will alwa
suffer strong energy losses caused by magnetic field cu
ture, since this term is proportional topi

4 . Thus, to calculate
the distribution of electrons at the highest end of the ene
spectrum it is necessary to include this term in the anal
even if s is small. This is the subject of the present subs
tion, while the opposite limit,s@1, is treated in the nex
section.

In order to solve the kinetic equation~13! in the limit
s!1, we introduce

x~ p̃i![E
0

p̃i dp̃i8

~12sp̃i8
4!2

5
1

4

p̃i

12sp̃i
4 1

3

16
s21/4 lnS 11 p̃is1/4

12 p̃is1/4D
1 3

8 s21/4arctan~ p̃is1/4!,

so that 12sp̃i
4→0 and x→` at the synchrotron limit,

p̃i→s21/4. Equation~13! thus becomes

S 12
p̃'

2

12sp̃i
4D ] f

]x
5

12sp̃i
4

p̃'

]

] p̃'

p̃'

] f

] p̃'

, ~16!

which suggests a change of variables (x,p̃')→(x,y) where
y[ p̃' /A12sp̃i

4(x), so that

]

] p̃'

→ 1

A12sp̃i
4

]

]y

and

]

]x
→ ]

]x
12sp̃i

3y
]

]y
, ~17!

where the second term in Eq.~17! is smaller than the firs
one if y5O(1) and 2sp̃i

3!1. Sincep̃i<s21/4 this condition
is automatically satisfied ifs1/4!1. We thus obtain the two
way diffusion equation

~12y2!
] f

]x
5

1

y

]

]y
y

] f

]y
, ~18!

which can be treated by the same method as used in
previous subsection. The eigenfunction corresponding to
lowest eigenvalue, and therefore representing the domi
behavior off for largepi , is
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f 00~x,y!5exp~24x2y2!. ~19!

This eigenfunction is dominant when 4x( p̃i)@1, which im-
plies a lower bound onpi for the solution to be valid. The
distribution function thus becomes

f ~ p̃i ,p̃'!5C3S 12 p̃is1/4

11 p̃is1/4D 3/4s21/4

expS 2
1

12sp̃i
4 ~ p̃i1 p̃'

2 !

2
3

2
s21/4arctan~ p̃is1/4! D , ~20!

whereC3 is an undetermined constant. Since the synchrot
limit p̃i<s21/4 defines an upper bound onpi , we find thatpi

lies in the following region,

~E21!2

2s~11Z!
!pi<S R

r0
D 1/2S E21

s D 1/4

.

As long aspi is well below the synchrotron limit, so tha
p̃i!s21/4, the distribution function~19! coincides with that
in a straight magnetic field~12! since thenx' p̃i and y
'p's1/2. When pi approaches the synchrotron limit,p̃i

→s21/4, the distribution function decays very rapidly sinc
x→`, and the electron beam becomes very narrow~in p'!
since 12sp̃i

4→0.

C. Strongly curved magnetic field

We finally turn our attention to the limits@1 of a
strongly curved magnetic field, where most synchrotron
diation is emitted as a consequence of guiding-center mo
rather than gyro-motion. This limit is rarely realized und
normal tokamak conditions but is presented here for co
pleteness.

Sincep̃'
2 !sp̃i

4 whens@1 this term can be neglected i
the kinetic equation~13!, and by introducing

x~ p̃i![E
0

p̃i dp̃i8

~12sp̃i8
4!

5
1

4s1/4S 2arctan~ p̃is1/4!1 lnS 11 p̃is1/4

12 p̃is1/4D D ,

so that x→` as p̃i→s21/4, the equation become
approximately

] f

]x
5

1

p̃'

]

] p̃'

p̃'

] f

] p̃'

, ~21!

which is a simple diffusion equation with the solution

f ~x,p̃'!5
1

x
expS 2

p̃'
2

4xD .

The solution to the kinetic equation~13! when s@1 thus
becomes
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f ~ p̃i ,p̃'!5C4s1/4S 2 arctan~ p̃is1/4!1 lnS 11 p̃is1/4

12 p̃is1/4D D 21

3expS 2s1/4p̃'
2 S 2 arctan~ p̃is1/4!

1 lnS 11 p̃is1/4

12 p̃is1/4D D 21D , ~22!

whereC4 is an undetermined constant andpi is below the
synchrotron limit~15!. As this limit is approached from be
low, the distribution function decays rapidly while the wid
of the electron beam grows explosively. The width is u
mately limited atp̃'

2 ;sp̃i
4;s1/2, by the radiation term from

gyro-motion, which we neglected in the approximate E
~21!.

V. NUMERICAL SOLUTION OF THE KINETIC
EQUATION

The orbit-averaged kinetic equation~5! is not separable
and to find solutions to this full equation a numerical sche
is required. A Monte Carlo code, ARENA~Avalanche of
Runaway Electrons, Numerical Analysis code!,10 has been
constructed for this purpose. It numerically solves Eq.~5! by
representing a number of real particles by a so-called Mo
Carlo particle which is periodically moved in phase space
the Monte Carlo operators. The code monitors a large n
ber of such Monte Carlo particles when acted upon by
erators representing collisions, accelerating electric field
radiation reaction. The code also includes the effect of s
ondary generation of runaway electrons by close collisi
through the source termS given by Eq.~23! and added to the
right-hand side of Eq.~5!. In the ultrarelativistic region,p
@1, the runaway electrons are expected to move nearly
allel to the magnetic field, while newly born runaways a
generated with a relatively small amount of momentump
!1) directed mainly in the perpendicular direction. In th
approximation, calculating the source term by retaining o
the leading order term in the quantum-mechanical Mo” ller
scattering formula11 gives

S5
nr

4pt ln L
d~j2j2!

1

p2

]

]p S 1

12A11p2D , ~23!

wherej25p/(A11p211) andnr is the density of runaway
electrons. The accuracy of this approximation5 was con-
firmed numerically in Ref. 12.

To verify the accuracy of the Monte Carlo code AREN
an analytical solution of Eq.~6! is calculated in the following
section. The code is put to full use in Sec. VII where it
compared to experimental measurements in JET.

VI. DAMPING OF RUNAWAY ELECTRON BEAMS

In this section we calculate the rate at which collisio
and synchrotron radiation emission damp a relativistic e
tron beam. Thus, we seek solutions to the initial value pr
lem given by Eq.~5! when the distribution function of fas
electrons is specified at some initial time,t50. One motiva-
tion for this is to try to explain the damping of postdisruptio
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currents in JET. As already mentioned in the Introduction
large runaway current sometimes survives the disruption
JET and then decays on a time scale of 1 or 2 s. The res
presented in this and the following section suggest that
decay is mainly caused by the emission of synchrotron
diation, while ordinary collisional friction only plays a mino
role.

We begin by choosing an appropriate initial conditio
for the kinetic problem, which is given as the distributio
function of runaway electrons immediately following the di
ruption. Of course, this distribution is not known in gener
and its form depends on the mechanism by which the r
aways were generated. In general, there are two way
producing runaway electrons in a tokamak disruption: p
mary generation, where thermal electrons diffuse through
high-energy tail of the thermal electron population to i
creasingly higher energy;4,6,7 and secondary generation
where close collisions between existing runaways and th
mal electrons knock the latter over the runaw
threshold.5,10,13,14 The relative importance of these tw
mechanisms depends on the plasma current and the spe
the disruption. The secondary generation mechanism is o
important in tokamaks with large enough current~such as
JET!, and produces runaways with a distribution function5,13

f 0~pi ,p'!}d~p'!e2pi /p0, ~24!

where p052 lnL. Although the generation mechanism
usually not known in JET, we shall take this to be our init
condition. There are at least two reasons for this: second
generation probably occurs in at least some JET disruptio
and even if primary generation is the dominant mechan
this ansatzis still reasonable as it agrees broadly with t
observed energy of runaways. The steady-state solut
found in the previous sections are not applicable to disr
tions since the disruption time scale is much too short for a
radiation effects to matter.

If collisional friction alone were responsible for th
damping, one might be forgiven for thinking that this wou
occur on a time scale equal top0t, which is typically about
2 s and thus consistent with the observations. However,
important to realize that because of the large inductance
JET, the current decay must be accompanied by a siz
induced electric field. If the thickness of the current chan
is neglected, this field is equal to

E52
l t

I A

dI

dt
, ~25!

where I is the runaway current, I A54pmec/m0e
50.017 MA is the Alfvén current, andl is proportional to the
plasma inductance, which we write asL5m0lR/2. ~In the
ARENA code, the induced electric field is calculated mo
carefully from Maxwell’s equations, and then varies acro
the current channel.! As we shall see later in this section
since typicallyE.1 the electric field is large enough to re
duce the current decay to a level far slower than wha
observed. Friction therefore cannot be the principal agent
damping the runaway current.

Instead, we seek to explain the damping by the co
bined effect of Coulomb collisions and radiation reaction.
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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do this to the necessary accuracy, a full solution of the
netic equation~5! is required. This can only be found nu
merically and will be presented in the next section. In t
section, we find an analytical solution to the simpler equat
~6!, which captures most of the physics correctly and can
used to benchmark the Monte Carlo code. However, un
the situation in the previous sections, Eq.~6! is not strictly
correct when the distribution function is time-dependent. T
reason for this is that it neglects the contraction of the be
caused by radiation reaction, which is represented by a t
t ṗ'rad] f /]p' . For the problem at hand, this term represe
an ‘‘order unity effect’’ and is therefore kept in the numeric
solution although it turns out not to affect the basic tim
scale of the current decay. By excluding it, we are able
solve analytically the kinetic problem~6!, including the ef-
fect of the self-consistent induced electric field~25!, and thus
to verify the correctness of the code.

We now proceed to solve Eq.~6! by considering the cas
where the induced electric field is so small,E,1, that it is no
longer a two-way diffusion equation. Physically, this mea
that the electric field is too weak to generate new runaw
electrons. Radiation reaction from magnetic field curvat
can be neglected since the electric field for JET parame
makes the relevant parameters!1. It is possible to separat
variables in Eq.~6!, as in the case of a straight magne
field, and its solution can thus be written as a superposi
of eigenfunctions

f mnl~x,y,pi ,t !5e2lpi2(x21y2)Al/2

3Hm~xl1/4!Hn~yl1/4!Tmn~ t,l!,

where p'
2 5@(11Z)/2s#1/2(x21y2) and Hn are Hermite

polynomials. The functionsTmn(t,l) are determined by Eq
~25!,

Tmn~ t,l!5C5 expH F S 11Z

2tt r
D 1/2

gmn2
1

t Glt2
l

I A
lI ~ t !J ,

where C5 is an integration constant andgmn522(m1n
11)/Al. The coefficients in the expansion off in these
eigenfunctions are determined by the initial condition~24!.
The distribution function thus becomes

f ~x,y,pi ,t !5
e2pi /p0

pT~0!Ap0

3(
jk

S 21

4 D j 1k 1

j !k!
e2(x21y2)/2Ap0

3H2 j~xp0
1/4!H2k~yp0

1/4!T2 j ,2k~ t,p0
21!.

~26!

For simplicity, we assume that the radial current density
uniform in the runaway current channel which gives the c
rent

I ~ t !52eE
0

a

2prdr E v i f d3p.

By substituting Eq.~26! in this integral we obtain an implici
expression for the runaway current damping,
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I ~ t !

I 0
expF l

2I A ln L
~ I ~ t !2I 0!G

5sechS tA ~11Z!

tt r ln L D expS 2
t

2t ln L D . ~27!

I 05I (t50) is the runaway current immediately after the d
ruption. The exponential on the left describes the effect
the plasma inductance, which is to slow down the curr
decay by a factor of approximately

a5
l I 0

2I A ln L
,

which is about 5 for typical conditions in JET (I 0.1 MA, l
.2). The sech factor on the right of Eq.~27! accounts for
the effect of radiation damping, while the exponential it mu
tiplies describes ordinary friction. Evidently, the time sca
associated with radiative damping is

t rad5aAtt r ln L

11Z
,

while that of the friction is

t fric52at ln L.

Their ratio is equal to

t fric

t rad
5

3.2BT

A~11Z!n19

,

whereBT5B/(1 T) andn195ne /(1019m23), indicating that
synchrotron radiation is more important than friction in JE
sinceB.3 T, Z51 and 1019m23,ne,1020m23 following
a disruption. As has already been mentioned, because o
factor a caused by the large inductance of the JET plasm
the friction time scalet fric is too long to explain the observe
decay in JET. On the other hand, the time scale associ
with damping by the emission of radiation,t rad, agrees
broadly with the observations.

It is not difficult to understand the physics behind t
time scalest fric and t rad. The former simply reflects the fac
that friction causes a particle to decelerate according
dp/dt52t, so that it takes the timep0t to slow down a
population of electrons with mean momentump052 lnL.
Multiplying this by the factora by which plasma inductance
resists the damping givest fric5ap0t. The time scalet rad is
associated with the combined action of pitch-angle scatte
and radiation reaction. As indicated by the form of the sc
tering term in the kinetic equation~6!, pitch-angle scattering
makes an average electron acquire a perpendicular mom
tum p' in the time

t15tp'
2 /~11Z!.

According to Eq.~3!, emission of radiation then causes th
particle to slow down on a time scale

t25t rp0 /p'
2 ,

if the initial momentum wasp0 . Equatingt1 and t2 finally
gives the time scalet rad;at15at2 .
cense or copyright; see http://pop.aip.org/about/rights_and_permissions
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The existence of the analytical solution~27! gives a
valuable opportunity to benchmark the ARENA code. If t
latter is modified mildly so that it solves Eq.~6! rather than
the full kinetic equation, it agrees nicely with Eq.~27! as
shown in Fig. 1.

VII. EXPERIMENTAL COMPARISON

Disrupting discharges in JET showing a slow decay
the postdisruption plasma current have a generic behavio
exponential-like decay with a characteristic decay time
about 1 or 2 s. This plasma current is most likely exclusiv
carried by runaway electrons and its damping can be c
pared to the predictions from numerical simulations p
formed with the Monte Carlo code ARENA.

After a disruption there is usually a lack of reliable e
perimental measurements. Consequently, it is difficult
make detailed comparisons between experimental results
simulations of postdisruption runaway currents, and suc
detailed comparison is beyond the scope of the presen
ticle. Nevertheless, it is of interest to see if the essen
features of the runaway currents can be reproduced.

A typical example of a long-lived post-disruption plasm
is discharge 14248, which has an exponential-like decay
an initial runaway current of about 0.6 MA~see Fig. 2!. The
disruption occurs shortly beforet550 s, and the current the
decays smoothly and approximately exponentially for ab
8 s. As in many other discharges, immediately following t
disruption the current exhibits some intermediate nonex
nential behavior, in this case att.50 s. This indicates tha
there are other mechanisms involved at this early stage o
current damping, and we only endeavor to model the smo
current decay fort.50 s.

Owing to the disruption, there are no reliable measu
ments of the effective ion charge or the electron density
the postdisruption phase in this discharge. It is likely that
density increases significantly following the disruption d
to a large influx of neutral atoms and impurities,15 but it is
difficult to know what the density and effective ion char

FIG. 1. Plasma current versus time. Comparison between analytical ex
sion ~27! and Monte Carlo simulation.
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are long after the disruption. We have therefore carried
simulations with a range of different assumptions for the
quantities. Three examples are shown in Fig. 3. In the fi
curve ~a!, the density and effective ion charge have be
chosen so as to give good agreement with the observed
rent decay. The initial density~just aftert550 s! was taken
to be equal to six times its predisruption value,ne051.4
•1019m23, and then falling exponentially with a time con
stant of 5 s toone-fifth of the initial value. The effective ion
charge was taken to be equal to 2 just after the disruption
then falling exponentially to 1 with a time constant of 0.5
Clearly these assumptions are fairly arbitrary, but app
quite realistic. The other two curves@~b! and ~c!# show the
current decay obtained with constant density and ion cha
The density wasne56ne0 andne5ne0 , respectively, while
the effective ion charge was equal to unity in both cas
This lower choice ofZeff makes the current decay mor
slowly than in case~a!.

es-

FIG. 2. Postdisruption plasma current in JET discharge 14248.

FIG. 3. Postdisruption plasma current in JET discharge 14248 and num
cal results from the Monte Carlo code ARENA. Curve~a! shows a simula-
tion where the density just after the disruption is six times higher than
predisruption value (6ne0) and decreases exponentially, while the effecti
ion charge is initially equal to 2 and then decreases exponentially to
Curves~b! and~c! show simulations where the density is kept fixed at 6ne0

andne0 , respectively, andZeff51.
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These simulations suggest that the observed curren
cay can be explained by the emission of synchrotron ra
tion if the density increases significantly after the disrupt
@curves~a! and ~b!#. Such an increase has also been conj
tured for other reasons.15,16 If the density remains the sam
@curve ~c!#, synchrotron damping is less efficient and c
only cause significant damping if the effective ion charge
exceeds unity. The reason for this is that if the density
mains near its predisruption value, the critical electric el
tric field Ec is lower than that induced by the current deca
so that new runaways are created long after the disrupt
This is illustrated by Fig. 4, which showsE5uEiu/Ec in the
three cases. Only in case~c! is E.1, so that new secondarie
are generated. Of course the current decay also depen
some extent on the assumed initial condition Eq.~24!, which
is the same in the three cases. At any rate, we may sa
conclude that entirely ‘‘classical’’ mechanisms must be
sponsible for a large part of the damping, and there is
obvious need to invoke any beam-plasma instability to
count for the observations.

VIII. CONCLUSIONS

In this article, we have developed a kinetic theory
describe the effects of Coulomb collisions and synchrot
radiation emission on relativistic electron beams in mag

FIG. 4. Induced electric field normalized to the critical field,E5uEiu/Ec ,
for the three cases shown in Fig. 3.
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tized plasmas. Unlike collisional friction, the radiation rea
tion force increases with increasing energy and therefore
ways becomes important at sufficiently high energies, wh
it changes the electron dynamics in a qualitative way. F
instance, if a constant electric field is applied to a magneti
plasma, synchrotron radiation reaction leads to saturatio
the electron runaway mechanism, so that the runaway po
lation stops increasing and instead reaches a steady sta
a tokamak, this may be important for establishing the kine
equilibrium of runaway electrons in low-density, nondisrup
ing discharges, where the inductive electric field exceeds
critical one for electron runaway. It is unlikely to be of an
significance in disruptions, which always occur on a tim
scale much shorter than the synchrotron radiation time sc
However, following a disruption, the runaway electron cu
rent can be damped by the combined action of Coulo
collisions and the radiation reaction force. This damping
surprisingly effective and is more efficient than ordinary c
lisional friction if the magnetic field in sufficiently strong
This is the case in JET, where this mechanism appears t
responsible for the observed damping of postdisruption r
away currents.
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