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Emission of electron Bernstein waves in plasmas
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C. N. Lashmore-Davies
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In previous publications@A. K. Ram and S. D. Schultz, Phys. Plasmas7, 4084~2000!; A. Bers, A.
K. Ram, and S. D. Schultz, inProceedings of the Second Europhysics Topical Conference on RF
Heating and Current Drive of Fusion Devices, edited by J. Jacquinot, G. Van Oost, and R. R.
Weynants~European Physical Society, Petit-Lancy, 1998!, Vol. 22A, pp. 237–240# it has been
shown that, in overdense plasmas of the type encountered in spherical tori, electron Bernstein waves
can be excited in a plasma by mode conversion of either an externally launchedX mode or anO
mode. The electron Bernstein waves are strongly absorbed by electrons in the region where the
wave frequency matches the Doppler broadened electron cyclotron resonance frequency or its
harmonics. The strong absorption also implies that electron Bernstein waves are emitted by a
thermal plasma. These waves can then mode convert to theX mode and to theO mode and be
observed external to the plasma. In this paper an approximate kinetic model describing the coupling
between theX mode, theO mode, and the electron Bernstein waves is derived. This model is used
to study the mode conversion properties of electron Bernstein wave emission from the plasma
interior. It is shown, analytically and numerically, that the energy flow conversion efficiencies of the
electron Bernstein wave to theX mode and to theO mode are the same as the energy flow
conversion efficiency of theX mode to electron Bernstein waves and of theO mode to the electron
Bernstein waves, respectively. This has important experimental consequences when designing
experiments to heat overdense plasmas by electron Bernstein waves. ©2002 American Institute of
Physics. @DOI: 10.1063/1.1429634#
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I. INTRODUCTION

We have previously shown that high-b spherical toka-
mak plasmas can be heated by waves in the electron cy
tron range of frequencies by mode converting theX mode or
theO mode to electron Bernstein waves~EBW! at the upper
hybrid resonance~UHR!.1,2 Since the slow branch of theX
mode couples directly to EBWs, the mode conversion of
X mode to EBWs is a direct process. However, the conv
sion of theO mode to EBWs requires that theO mode first
couple to the slow branch of theX mode. This occurs when
the O mode is launched at an oblique angle relative to
total magnetic field.3 From ray tracing analysis we have als
shown that EBWs are locally and strongly absorbed at
Doppler shifted electron cyclotron resonance or its harm
ics. The strong and localized absorption implies that ther
emission of EBWs can occur for frequencies correspond
to the local Doppler-shifted electron cyclotron frequen
This emission then converts, at the UHR, to theX and O
modes which are then observed in the vacuum region.

The excitation and emission of EBWs has been stud
experimentally on the Wendelstein 7-AS.4 More recently, ex-
periments on Current Drive Experiment–Upgrade~CDX–U!
and National Spherical Torus Experiment~NSTX!,5 Mega
Amp Spherical Tokamak~MAST!,6 and Madison Symmetric

a!Electronic mail: abhay@psfc.mit.edu
4091070-664X/2002/9(2)/409/10/$19.00
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Torus ~MST!7 have observed emission of EBWs via th
mode conversion process, and studied its dependence o
edge properties of the plasma.

In this paper we formulate an approximate kinetic d
scription of the mode conversion process which includes
propagating EBWs. The model includes an approximate
mulation of the EBW that describes its propagation, and c
pling to the X and O modes, in the vicinity of the mode
conversion region near the UHR. It describes theX–B con-
version of theX mode to EBW and theO–B conversion of
theO mode to EBWs. It is different from the traditional col
plasma models where the energy flow conversion coeffic
to the EBW is given by the power resonantly absorbed at
UHR. We have shown that the fraction of the incoming e
ergy flow, from either theX mode or theO mode, that is
converted to EBWs is approximately the same as the po
that is resonantly absorbed at the UHR in the cold plas
model. However, the cold plasma model cannot be use
study the mode conversion of emitted EBWs to theX mode
and theO mode. For such studies a kinetic description of t
EBW is required.

In Sec. II we give details of the kinetic full-wave mode
that we use to study the coupling between theX mode, theO
mode, and the EBW. Using the principles of energy flo
conservation and time-reversal invariance we derive, in S
III, the general symmetry relations between the emission
© 2002 American Institute of Physics
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excitation coefficients. We show that the fraction of the EB
energy flow that is mode converted to theX mode~emission
coefficient! is the same as the fraction of theX mode energy
flow that is converted to the EBWs~excitation coefficient!
when theX mode is launched into the plasma. A fraction
the emitted EBW energy flow also converts to theO mode.
This fraction is the same as the fraction of theO mode en-
ergy flow that is converted to the EBWs if theO mode were
to be launched from the outside. Thus, theX and O mode
emission coefficients are the same as theX and O mode
excitation coefficients. This symmetry between the emiss
coefficients and the excitation coefficients is useful for d
signing experiments to heat and to drive plasma current
spherical tokamaks by waves in the electron cyclotron ra
of frequencies. Since the sum of theX mode andO mode
emission coefficients has to be less than unity, the param
space for which the excitation coefficient from one of the
modes is optimized is complementary to the parameter sp
for the optimum excitation coefficient for the other mode1

These results have important consequences for experim
tally achieving optimum plasma edge parameters for the
citation of EBWs; such optimized parameters can be as
tained by monitoring the emission from EBWs. In Sec.
we show that the numerical solutions of the model equati
for the fields, discussed in Sec. II, give the same global
sults discussed in Sec. III.

By ‘‘emission,’’ we mean conversion from an EBW ex
cited in the high-density and high-temperature region, in
rior to the plasma, to either andX or O mode in the low-
density and low-temperature side, toward the outside of
plasma. This emission process is also directly related to n
emission in a band of frequencies from EBWs inside
plasma.

In Appendix A the differences in the approximate a
exact WKB dispersion relations are elucidated for two cas
~a! vUH,2vc , where vUH is upper hybrid angular fre
quency andvc is the electron cyclotron angular frequenc
and ~b! vUH.2vc . Appendix B gives details of the bound
ary conditions associated with the numerical integration
the wave equations for mode conversion excitation of EBW
and mode conversion emission of EBWs. The append
complement the previous studies1,2 on mode conversion ex
citation of EBWs in which these details were not elucidat

II. APPROXIMATE KINETIC MODE CONVERSION
FORMULATION

An approximate model of mode conversion from ext
nal ~to the plasma! excitations ofX and/orO modes to EBWs
can be formulated using a cold plasma model wherein m
conversion appears as resonance absorption at the UHR
side the plasma. However, such a cold plasma model ca
be used to study the emission ofX and/orO modes that are
generated, via mode conversion at the UHR, by EBWs em
ted from inside the plasma.~The X and O modes then be-
come electromagnetic free-space modes outside the pla
and can be observed in experiments.! The EBWs require a
kinetic description since they are not normal modes of a c
plasma. In general, a fully kinetic description of wave prop
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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gation and mode conversion entails the solution of a sys
of integro-differential equations. This is a daunting task fo
plasma in a magnetic field. For the present, by focussing
the kinetic mode of interest, the EBW, we formulate an a
proximate full-wave kinetic description for the propagatio
and mode conversion analysis of EBWs,X modes, andO
modes. This kinetic description is formulated for a plasm
with inhomogeneous density that is confined by an inhom
geneous and sheared magnetic field. Furthermore, since
mode conversion process, particularly in high-b spherical
tori, occurs near the plasma edge, we can limit ourselve
an analysis in a slab geometry with an inhomogeneous
sheared magnetic field whose effective poloidal compon
is produced by currents that flow in the plasma away fr
the mode conversion region. Thus, the plasma in the m
conversion region is taken to be radially inhomogeneous
having no drifts.

The mode conversion description is formulated in a s
geometry in which thex direction represents the radial dire
tion along which the plasma is inhomogeneous, they direc-
tion represents the poloidal direction, and thez direction is
the toroidal direction. The magnetic field in which th
plasma is immersed is assumed to be sheared with the

BW 0~x![Byŷ1Bzẑ5B0~x!sinC~x!ŷ1B0~x!cosC~x!ẑ,
~1!

whereC is the angle betweenBW 0 and thez axis.
From the linearized continuity and~nonrelativistic! mo-

mentum equations for a cold plasma, and neglecting ion
namics, the propagation of theX and O modes is given by
Maxwell’s equations for the first order fields (EW ,BW )1,2

“3EW 5 ivBW , “3BW 52 i
v

c2
KJ• EW , ~2!

where the time variation is assumed to be of the forme2 ivt,
v is the angular frequency of the wave, the permittivity te
sor KJ (x,v) is

KJ 5 IJ1xJ5S Kxx xxy xxz

2xxy Kyy xyz

2xxz xyz Kzz

D
[ IJ2

vp
2

v22vc
2 S 1 2 ivcz ivcy

ivcz 12vcy
2 2vcyvcz

2 ivcy 2vcyvcz 12vcz
2
D
~3!

andIJ is the second-rank identity tensor,vp(x) is the electron
plasma angular frequency,vcy(x)5eBy(x)/me , vcz(x)
5eBz(x)/me are the electron cyclotron angular frequenc
for the poloidal and toroidal fields, respectively,vc

5Avcy
2 1vcz

2 , me is the electron mass,e is the electron
charge, andc is the speed of light.

If we assume uniformity in they andz directions so that
the fields have a dependence of the formeikyy1 ikzz, whereky

andkz are the poloidal and toroidal components of the wa
vector, then~2! are reduced to a set of ordinary differenti
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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411Phys. Plasmas, Vol. 9, No. 2, February 2002 Emission of electron Bernstein waves in plasmas
equations inx. These equations then describe the propaga
of the cold plasma modes in a sheared magnetic field. Th
differential equations for the fields have a regular singula
at Kxx50 corresponding to the upper hybrid resonan
vUH5A(vp

21vc
2).This singularity leads to resonance a

sorption, which, as shown in Ref. 1, is equivalent to t
energy flow mode converted to electron Bernstein waves

The approximate full wave kinetic field equations th
follow from supplementing the cold plasma description
follows.1,2 A fully kinetic description involves, in general, a
infinite number of modes. In order to single out the coupli
of specific modes, it is expeditious to use a reduced or
approximation that accounts for only the modes of intere
For our case we seek an approximate, reduced full-wave
scription that involves the coupling of the cold plasmaX and
O modes, and the kinetic EBWs. In the WKB limit, the EBW
dispersion characteristics are related to the kinetic permi
ity tensor elementKxx

K . In this limit, we retain all the cold
plasma permittivity tensor elements except for theKxx tensor
element which is replaced by the corresponding kinetic t
sor element obtained for a homogeneous, Maxwell
plasma8

Kxx
K 511

vp
2

v2

y0

kx
2r2 e2kx

2r2

(
n52`

`

n2In~kx
2r2!Z~yn!, ~4!

whereyn5(v2nvc)/(A2ukiuvT), r5vT /vc is the electron
thermal Larmor radius,vT5AkTe /me is the electron therma
velocity corresponding to temperatureTe , ki5(kyB0y

1kzB0z)/B0 is the component ofkW along the magnetic field
I n is the modified Bessel function of the first kind, andZ is
the plasma dispersion function. We assume that, in the m
conversion region,kxr,1 andyn@1. The former approxi-
mation is valid since the wavelength of the EBW is comp
rable to that of theX mode in the mode conversion regio
The latter approximation simply implies that there is
damping of waves in the mode conversion region; suc
situation would be experimentally desirable. Consequen
on expanding the Bessel functions in~4! to second order in
kxr, and on keeping the leading term in the asymptotic fo
of the plasma dispersion function, we get

Kxx
K '12

vp
2

v22vc
2

1kx
2r2S vp

2

v22vc
2

2
vp

2

v224vc
2D

[Kxx1x1kx
2 , ~5!

where Kxx is given in ~3!. An inherent assumption in thi
expanded form ofKxx

K is that vUH,2vc . When this is not
the case, the character of the mode conversion reg
changes as the slowX mode propagates through the UH
towards the low density and low magnetic field part of t
plasma. The conversion to EBW then occurs in a less de
plasma than in the case when the upper hybrid resona
frequency is less than 2vc . This is in contrast to the cold
plasma result where the slowX mode asymptotes to zer
perpendicular wavelength at the UHR. However, as d
cussed in Appendix A and Appendix B, the mode convers
formalism we develop here can be used in either case.
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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In order to appropriately convert the WKB result~5! to a
unique operator form for a full wave description, proper
tention must be given to total time-averaged energy fl
conservation. The total time-averaged energy flow inclu
kinetic energy flow in addition to the electromagnetic~Poyn-
ting! energy flow. For a weakly damped kinetic wave, t
time-averaged kinetic energy flow density is given by8

^sWK&52
1

4
e0v

]Kab
H

]kW
EaEb* , ~6!

where we sum over repeated indices.a andb denote either
thex, y, or z directions,Eb* is the complex conjugate ofEb ,
andKJH is the Hermitian part of the kinetic permittivity ten
sor. WithKxx in ~3! replaced byKxx

K in ~5!, the kinetic energy
flow density in thex direction is

^sWK&x52
1

4
e0v

]Kxx
K

]kx
uExu2. ~7!

For Kxx
K varying slowly with x, the conservation of the ki-

netic energy flow density

d

dx S ]Kxx
K

]kx
uExu2D 50 ~8!

requires that the inhomogeneous representation of the kin
EBW mode be related to its homogeneous plasma repre
tation Kxx

K Ex by9

Kxx
K Ex→KxxEx2

d

dx S x1

dEx

dx D . ~9!

So the approximate full-wave kinetic description of th
EBW, coupled to theX and O modes, is included in Max-
well’s equations~2!, ~3! by replacingKxxEx on the right-
hand side of~2! by the right-hand side of~9!. With this
replacement, Eqs.~2!, ~3! can be combined to give the fol
lowing six coupled first order differential equations for th
spatial evolution of the fields1,2

dFW

dj
5 iAJ• FW , ~10!

wherej5vx/c is the normalized spatial variable,

FW T5@Ex Ey Ez ~ i x̃1Ex8! cBz ~2cBy!#, ~11!

is the transpose of the field vectorFW , Ex85(dEx /dj), and

AJ

53
0 0 0 2x̃1

21 0 0

ny 0 0 0 1 0

nz 0 0 0 0 1

Kxx xxy xxz 0 ny nz

2xxy Kyy2nz
2 xyz1nynz 0 0 0

2xxz xyz1nynz Kzz2ny
2 0 0 0

4 ,

~12!
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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where x̃15(v/c)2x1 , ny5cky /v, and nz5ckz /v. The
only component of the electromagnetic wave field who
evolution is not given by~10! is Bx . From ~2!

cBx5nyEz2nzEy . ~13!

Thus, the kinetic full-wave dynamics given by Eqs.~10!–
~13! describe the coupling between theX mode, theO mode,
and the EBW, i.e., the mode conversion process.

The total, electromagnetic and kinetic, time-averaged
ergy flow density in thex-direction is1,2

^sW&x5
1

4
Ae0

m0
FW †

•RJ• FW , ~14!

whereFW † is the transpose of the complex conjugate ofFW and

RJ 5 3
1 0 0

0 0 1 0

0 0 1

1 0 0

0 1 0 0

0 0 1

4 . ~15!

Then, from~10! we find that

d

dj
~FW †

•RJ• FW !50. ~16!

This equation is needed to ensure that the numerical sch
solving the mode conversion equations is conserving the
tal, electromagnetic, and kinetic, time-averaged energy fl
density. The conservation condition is consistent with
assumption that there is no damping in the mode conver
region; i.e., we assume that the EBW damping at the Dop
shifted electron cyclotron harmonic occurs inside the plas
away from the mode conversion region. For cases of inte
this is verified by ray tracing of the EBW beyond mod
conversion into the plasma.1

The approximate kinetic dispersion relation, obtained
assuming WKB solutions of the formeinxj in ~10!, is found
to be

det~nxIJ2AJ !50, ~17!

where det denotes the determinant.

III. GENERAL RELATIONSHIPS BETWEEN EMISSION
AND EXCITATION COEFFICIENTS

In order to determine the scattering coefficients for mo
conversion excitation of EBWs or for mode conversi
emission from EBWs, Eqs.~10! are numerically solved~see
Sec. IV! subject to boundary conditions discussed in App
dix B. While an analytical solution of these equations is
sentially impossible for reasonable plasma parameters,
tionships between the scattering coefficients for mo
conversion excitation and the scattering coefficients
mode conversion emission can be established based on
bal properties of the model description. These relationsh
Downloaded 03 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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have to be satisfied by the results of any numerical proced
used to solve Eq.~10! with the appropriate boundary cond
tions.

The global properties of our full-wave model equatio
for the mode conversion region are linearity, energy flo
conservation, and~Onsager-type10! time reversibility. From
these properties we derive relationships between var
mode conversion scattering coefficients. The derivation
the relationships apply to any full-wave description that h
these global properties, and not just to the mode conver
process described by~10!.11

As explained in Appendix A, the wave fields are a
sumed to have a WKB form outside the mode convers
region. Referring to Fig. 1, towards the outside, low dens
region of the plasma~designated as ‘‘right’’! the X and O
modes are propagating with energy flow into or out of t
mode conversion region, while the EBWs are evanesc
with no associated energy flow. Towards the inside, h
density region of the plasma~designated as ‘‘left’’! the
EBWs are propagating with energy flow into and out of t
mode conversion region, while theX andO modes are eva-
nescent with no energy flow. Let the complex amplitudes
the propagating modes be such thatuai u2 is the energy flow
density into the mode conversion region andubi u2 is the en-
ergy flow density out of the mode conversion region.i
5X,O,B designating theX mode, theO mode, or the EBW,
respectively.! Then, since the mode conversion equations
linear, the complex field amplitudesai andbi are related by
a scattering matrix

S bB

bX

bO

D 5S SB SBX SBO

SXB SX SXO

SOB SOX SO

D S aB

aX

aO

D ~18!

or, simply, in matrix notation

bW 5SJ•aW . ~19!

The matrixSJ is unique since the solution of the linear mod
conversion equations with the appropriate boundary con
tions ~see Appendix B! is unique.

FIG. 1. The left-hand side is the high density region inside the plasma
the right-hand side is the low density region towards the outer part of
plasma. The indicesX, O, andB label theX mode,O mode, and the EBW,
respectively.a andb are complex amplitudes chosen such thatuai u22ubi u2 is
the net wave energy flow density into the loss-free mode conversion re
along thei th wave.
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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The requirement that the mode conversion region be
of dissipation implies that

(
i

~ uai u22ubi u2!50. ~20!

Using ~19!, this conservation condition can be written as

aW †aW 2aW †
•SJ†

•SJ•aW [aW †
•~ IJ2SJ†

•SJ!•aW 50, ~21!

where the dagger superscript denotes the complex conju
of the transposed matrix. This condition must hold for a
boundary conditions, i.e., for arbitraryaW . Consequently

SJ†
•SJ5IJ ~22!

or

SJ†5SJ21 ~23!

which is the constraint imposed on the elements ofSJ by the
loss-free mode conversion process.

We next consider wave energy flow under time reve
ibility of the model dynamics. For the time reversed syst
the direction of time-averaged energy flow density chan
sign. In other words, the reversal of time changes tim
averaged energy flowinto the mode conversion region t
time-averaged energy flowout of the mode conversion re
gion. This property for the electromagnetic part of the ene
flow density requires that, under time reversal, the elec
and magnetic fields change as follows:

EW →EW * , BW →2BW * ~24!

and, for the kinetic part of the energy flow density, the wa
vector changes according to

kW→2kW . ~25!

~The complex conjugate variables are indicated by the su
script* .! In our description,ai represents flow into the mod
conversion whilebi represents flow out of the mode conve
sion region. Thus, ifai;exp(ikxx2ivt) then bi;exp(2ikxx
2ivt). Consequently, under time reversal

ai→bi* and bi→ai* . ~26!

Referrring to Fig. 1, the effect of time reversal is to chan
a’s to b* ’s andb’s to a* ’s with arrows pointing in the same
direction as indicated in the figure. Then, from the definiti
of the scattering matrix defined in~19!

aW * 5SJ•bW * . ~27!

The complex conjugate of the above equation gives

aW 5SJ* •bW . ~28!

Then, from~19! and~28!, energy flow under time reversibil
ity imposes the constraint that

SJ* 5SJ21. ~29!

The relationship~29! along with~23! leads to the follow-
ing property of the scattering matrix

SJT5SJ, ~30!
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where the superscriptT indicates the transpose of the matri
Thus, the conservation of wave energy flow density, wh
follows from our assumption that the mode conversion
gion is free of any energy dissipation, and the requiremen
energy flow under time reversibility lead to the conclusi
that the scattering matrixSJ is symmetric, i.e.,

SBX5SXB , SBO5SOB , SXO5SOX . ~31!

We can now evaluate the relationships between the em
sion and excitation coefficients. For this it is convenient
refer to Fig. 1. Let us first consider the excitation coef
cients. If anX mode is launched from the right-hand sid
low density region, thenaO50 andaB50. From~18!, it then
follows that

bB

aX
5SBX . ~32!

The energy flow mode conversion coefficient for the exci
tion of EBW from an externally launchedX mode is given by

CXB5UbB

aX
U2

5uSBXu2. ~33!

Now let us consider the mode conversion of EBWs emit
from inside the plasma to theX mode towards the outside o
the plasma. Here EBWs are incident on the mode conver
region from the high density, left-hand side, of the plasma
this caseaX50 andaO50. Then, from~18!, we find that

bX

aB
5SXB5SBX , ~34!

where we have used the condition~31! that SJ is symmetric.
The energy flow mode conversion coefficient for the em
sion of X mode from a thermally emitted EBW is then

EX5UbX

aB
U2

5uSXBu25uSBXu2. ~35!

From ~33! and~35! we note thatCXB5EX , i.e., the fraction
of the X mode energy flow that is mode converted to EBW
when anX mode is launched from the low density side is t
same as the emitted EBW energy flow that is mode c
verted to anX mode that propagates out into the low dens
region. We can similarly show thatCOB5EO , i.e., the frac-
tion of the O mode energy flow that is mode converted
EBWs when anO mode is launched from the low densit
side is the same as the emitted EBW energy flow tha
mode converted to anO mode that propagates out into th
low density region. The emittedX and O modes propagate
out into the vaccum region where they are observed in
periments.

In addition, from the symmetry ofSJ, it follows that

RX[uSOXu25uSXOu2[RO , ~36!

i.e., for anX mode launched from the outside, the fraction
the X mode energy flow that is reflected back out on theO
mode is the same as the fraction of theO mode energy flow
that is reflected back out on theX mode for anO mode
launched from the outside.
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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So, in summary, the symmetry of the scattering matrixSJ

leads to the following relationships that have important
perimental consequences

EX5CXB , EO5COB , RX5RO . ~37!

IV. EXCITATION AND EMISSION OF ELECTRON
BERNSTEIN WAVES

The kinetic field equations in~10! are solved numeri-
cally with the boundary conditions discussed in Appendix
The NSTX-type high-b equilibrium that we have used in ou
calculations is as follows.1 The Shafranov-shifted major ra
dius isR51.05 m, the minor radius isa50.44 m, the peak
electron density isn05331019 m23, the peak electron tem
perature isT053 keV, the density profile isne5nE1(n0

2nE)(12x2/a2)1/2, and the temperature profile isTe5TE

1(T02TE)(12x2/a2)2, wherenE andTE are the edge den
sity and temperature, respectively, withnE /n050.02 and
T0 /TE50.02. The magnetic field profile is taken to be th
shown in Fig. 2.

For a wave frequency of 14 GHz, Fig. 3 shows the e
ergy flow mode conversion efficiencyCXB for the excitation
of EBWs when anX mode is launched from outside th

FIG. 2. The magnitudes of the poloidal componentBy ~dotted–dashed!, the
toroidal componentBz ~dashed!, and the total magnetic fieldB ~solid line! in
Tesla as a function of the minor radius.x50 is the center of the plasma an
x50.44 m is the outside edge of the plasma.

FIG. 3. The fraction of the incomingX mode energy flow, as a function o
nz for ky50, that is reflected out on theX modeRX , on theO modeRO ,
and mode converted to Bernstein wavesCXB .
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plasma. In this case the upper hybrid frequency is be
2vc . Figure 4 shows the mode conversion efficiencyCOB

when, for the same parameters, anO mode is launched from
the outside.

When EBWs are emitted, they propagate out to the e
where they can couple to theX andO modes near the UHR
Some of the EBW energy flow reaching the UHR will b
reflected back into the plasma. For the same parameter
discussed above, Fig. 5 shows the fraction of the emi
EBW energy flow, as a function ofkz , that is converted to
the X modeEX , to theO modeEO , and reflected back into
the plasmaRB . Upon comparing the results from Figs. 3 an
4 with those given in Fig. 5 we note the following relation
ships:

EX5CXB and EO5COB . ~38!

These are exactly the same conditions as derived in Sec
Thus, the fraction of the EBW emitted energy flow that
mode converted to theX mode and theO mode is the same
as the energy flow that is mode converted from theX mode
to the EBW when theX mode is launched from the outside
and, separately, from theO mode to EBW when theO mode
is launched from the outside.

Since EX1EO<1, it follows that if the plasma condi-
tions are such that theX–B conversion process is optimize
then theO–B conversion process is not effective, and vi

FIG. 4. The fraction of the incomingO mode energy flow, as a function o
nz for ky50, that is reflected out on theX modeRX , on theO modeRO ,
and mode converted to Bernstein wavesCOB .

FIG. 5. The fraction of the outgoing EBW energy flow, as a function ofnz

for ky50, that is converted to theX modeEX and to theO modeEO . RB is
the fraction of the emitted EBW energy flow that is reflected back into
plasma.
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versa. We have noted this effect before when studying
mode conversion excitation of EBWs.1 It was found that the
X–B and theO–B conversion processes were optimized
essentially, mutually exclusive regions of the parame
space spanned by (v,ki) ~whereki is the component ofkW

parallel toBW 0). Consequently, from the relationships in~38!
we can conclude that the experimental design for the exc
tion of EBWs can be completely based on the EBW emiss
characteristics of the plasma. For example, plasma edge
ditions that give a maximum of EBW emission received e
ternally in theX mode will also be optimum for obtaining
maximum mode conversion to EBW propagating into t
plasma from an externally excitedX mode.

From Figs. 4 and 3, respectively, we also note

RX5RO , ~39!

exactly as predicted in Sec. III.

V. CONCLUSIONS

We have developed an approximate kinetic model
studying the energy flow transfer between theX mode, theO
mode, and the EBW in the mode conversion region in
vicinity of the cold plasma upper hybrid resonance. T
model explicitly includes the propagation of EBWs so th
we can correctly account for the kinetic energy flow on t
EBWs. This is in contrast to the cold plasma models wh
the resonance absorption at the UHR is treated to be equ
lent to the energy flow mode converted to EBWs.1

We assume that there is no dissipation of energy wit
the mode conversion region. This assumption is not a ma
of convenience. If heating and current drive by EBWs is
be achieved in the high density region of spherical tokam
plasmas, the damping region has to be spatially separ
from the, relatively low density, mode conversion regio
Then, from general considerations of energy flow conser
tion and energy flow under time reversal, we have sho
that the emission coefficients are the same as the excita
coefficients. For the same plasma parameters and wave
rameters, the excited energy flow that would be mode c
verted to EBWs when anX mode is launched from the ou
side is the same as the energy flow emitted on theX mode
from EBW emission inside the plasma. Similarly, the excit
energy flow that would be mode converted to EBW when
O mode is launched from the outside is the same as
energy flow that is emitted on theO mode from EBW emis-
sion inside the plasma. The solutions for the wave fie
obtained from numerical integration of the approximate
netic model verify the global symmetry results obtained a
lytically.

The relationship between emission and excitation co
ficients has an interesting implication. By itself, the co
plasma resonance absorption model cannot be used to e
ate, directly, the energy flow that is mode converted to thX
mode and theO mode from EBW emission. That is becau
the cold plasma model does not include EBWs. Howev
general analytical results and numerical results from the
proximate kinetic model show that the resonance absorp
model can be used to determine the emission coefficients
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we need to do is to evaluateCXB andCOB , theX–B and the
O–B excitation coefficients, respectively, for the same wa
and plasma parameters. Then the emission coefficientsEX

andEO , for emission of theX andO modes, respectively, ar
equal to the corresponding excitation coefficients. Since
sum of the two emission coefficentsEX1EO has to be less
than, or equal to, unity, the sum of the two excitation co
ficientsCXB1COB has also got to be less than, or equal
unity. The difference from unity of the sumEX1EO5CXB

1COB is the fraction of the emitted EBW energy flow that
reflected back into the plasma from the mode convers
region.

The inequalityCXB1COB<1 also implies that the two
mode conversion processes,X–B and O–B, are comple-
mentary to each other. If, for a given plasma configurati
the wave parameters are chosen to maximize one partic
mode conversion process then the other conversion pro
will be minimized. This has been noticed in our earlier mo
conversion studies pertaining to the excitation of EBWs fro
X mode orO mode.1 The two mode conversion processes a
optimized in completely different parts of the parame
space spanned by the parallel~to the magnetic field! wave
numbers and wave frequency.1

The equality between the emission coefficients and
excitation coefficients also points to the fact that optimiz
mode conversion heating and current drive experiments
be designed on the basis of the emission results. The co
tions for which theX mode~or theO mode! emission is most
pronounced will be the conditions for which theX–B ~or the
O–B) mode conversion is optimized.
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APPENDIX A: LOCAL DISPERSION
CHARACTERISTICS

As mentioned in the text of the paper, the approxim
WKB dispersion relation obtained in~17! does not describe
the EBW branch of the dispersion relation when the up
hybrid frequency is greater than 2vc .

For the case when the upper hybrid frequency is l
than 2vc , Fig. 6 shows a comparison of the dispersion ch
acteristics obtained from~17!, marked by crosses, with thos
obtained from the exact kinetic~Vlasov–Maxwell!, Max-
wellian plasma description.12 Any differences between th
characteristics of the waves between the two cases are e
tially indistinguishable. The parameters used here are NS
type1 and the wave frequency is 14 GHz. Figure 7 shows
comparison for the case when the wave frequency is 18 G
and the upper hybrid frequency is larger than 2vc . The
matching between the two dispersion relations is good
cept where the slowX mode couples to the EBW. In th
approximate model of~17!, the slowX mode continues to
propagate out to the edge of the plasma while the comp
description gives a coupling between the slowX mode and
the EBW. This shows that a description containing ter
higher than second order in the Larmor radius are nee
However, for the purposes of our studies on mode con
sion excitation and emission, we note that this is not nec
sary. From the exact description, in the region to the ri
~low density! of the SX-EBW coupling the two modes ar
evanescent. Any energy flow transferred to theSX mode in
the higher density region will propagate outwards towa
the low plasma density region and then fully convert to
EBW. There are no other waves that are involved in t
SX-EBW coupling process and neither of the two modes
cutoff. So, we postulate that, in our approximate descript
of the mode conversion process, any energy flow couple

FIG. 7. Same as Fig. 6 except that the wave frequency is 18 GHz~corre-
sponding to the upper hybrid frequency being greater than twice the ele
cyclotron frequency!. The cold plasma upper hybrid resonance is located
x'43.8 cm.
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theSXmode for the case when the upper hybrid frequenc
larger than 2vc will be coupled to the EBW. Or, conversely
any EBW energy flow propagating out towards the low de
sity side will fully convert to theSX mode at the position
where these two modes couple, i.e., where theSXand EBW
branches coalesce in Re(k'). It is important to note that, in
this case, as theSXmode propagates towards the high de
sity side it reaches the high-density cutoff. At this point e
ergy will be reflected back onto theSX mode propagating
towards the low density side. This, however, is taken in
account in our approximate full-wave kinetic descriptio
With this argument in mind, we describe in Appendix B th
appropriate boundary conditions imposed on the set of E
~10! for mode conversion and emission studies.

APPENDIX B: BOUNDARY CONDITIONS IN THE
SOLUTION OF EQ. „16…

For numerical studies of EBW emission, or EBW exc
tation by mode conversion, the system of Eqs.~10! is solved
with the boundary conditions described below. In the follo
ing it is helpful to refer to Figs. 6 and 7.13 When we mention
the left boundary, it implies the boundary in the plasma in
high density region, while the right boundary is the low de
sity edge region of the plasma. In addition, outgoing a
incoming refers to propagating waves with their energy fl
density towards the low density and the high density regio
respectively. The left boundary~at high densities, ‘‘inside’’!
and the right boundary~at low densities, ‘‘outside’’! are
taken to be away from the mode conversion region where
perpendicular wave vectors, obtained from the WKB disp
sion relation, change slowly compared to the density sc
length. Then, at the two boundaries, the six waves are
sumed to be independent and uncoupled, and the solution
Eq. ~10! are obtained using the WKB approximation. F
emission of EBWs from inside the plasma, or for mode co

on
t

FIG. 8. Boundary conditions forvUH,2vc . The EBW is indicated by the
letter B. The arrows indicate the direction of the energy flow density. T
other labels are, respectively, as follows:G and D represent exponentially
growing and decaying modes,L andR represent the left~high density! and
right ~low density! boundaries, and IN and OUT indicate the inward a
outward propagating waves. The boundary conditions are specified as
lows. ~a! For emission setBOUT

L 51, XG
L 50, andOG

L 50. Then~10! is solved
for BIN

L , XD
L , andOD

L such thatBG
R50, XIN

R 50, andOIN
R 50. This procedure

then determinesBD
R , XOUT

R , andOOUT
R . ~b! For mode conversion when only

the X mode is incident from the right boundary setBOUT
L 50, XG

L 50, and
OG

L 50. Then ~10! is solved forBIN
L , XD

L , and OD
L such thatBG

R50, XIN
R

51, andOIN
R 50. This procedure determinesBD

R , XOUT
R , andOOUT

R .
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version excitation of EBWs from outside the plasma,
consider the two cases when the upper hybrid frequenc
either less than or greater than 2vc .

1. Emission of EBW

For the upper hybrid frequency less than 2vc , the WKB
solutions at the left boundary correspond to incoming a
outgoing EBWs, and toX and O modes that are spatiall
~exponentially! decaying and growing. The WKB solution
at the right boundary correspond to incoming and outgoinX
and O modes, and EBW modes that are spatially decay
and growing as a function of distance out of the plasma.
the left boundary, the field amplitudes of the spatially gro
ing X andO modes are set to zero, and the energy flow
the outgoing EBW is normalized to unity. Then the fie
amplitudes of the incoming EBW and of the spatially deca
ing X andO modes, at the left boundary, are chosen in su
a way that, at the right boundary, the field amplitudes of
incomingX andO modes, and of the spatially growing EBW
wave are zero. With these boundary conditions we de
mine, at the right boundary, the outgoing energy flow on
X and O waves, and the field amplitude of the decayi
EBW. This is illustrated and summarized in Fig. 8~a!.

For the upper hybrid frequency greater than 2vc , the
WKB solutions ~Fig. 7, cross marks! at the left boundary
correspond toX, O, and EBW modes that are spatially d
caying and growing. At the right boundary the WKB sol
tions correspond to incoming and outgoingX modes, O
modes, and EBWs. In our approximate kinetic analysis,
discussed in the text and in Appendix A, the propagat
EBWs are just an extension of theSXmode as it propagate
through the cold plasma UHR. So the EBW with ener
flowing outwards is the one that is effectively carrying e
ergy into the plasma for the fully kinetic dispersion relatio
And the EBW with energy flowing inwards~towards theSX
cutoff! is the one that is effectively carrying energy outwa
from the core in the fully kinetic dispersion relation. At th
left boundary, the amplitudes of the three spatially grow
modes are set identically to zero while the amplitudes of

FIG. 9. Same as Fig. 8. Boundary conditions forvUH.2vc are specified as
follows. ~a! For emission setBG

L 50, XG
L 50, andOG

L 50. Then~10! is solved
for BD

L , XD
L , andOD

L such thatBIN
R 51, XIN

R 50, andOIN
R 50. This procedure

then determinesBOUT
R , XOUT

R , andOOUT
R . ~b! For mode conversion when th

X mode is incident from the right boundary setBG
L 50, XG

L 50, and OG
L

50. Then~10! is solved forBD
L , XD

L , andOD
L such thatBIN

R 50, XIN
R 51, and

OIN
R 50. This procedure determinesBOUT

R , XOUT
R , andOOUT

R .
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spatially decaying modes are chosen to be such that, a
right boundary, there is no energy flow on the incomingX
andO modes, and the energy flowing inward on the EBW
unity. With these boundary conditions, we find, at the rig
boundary, the energy flow on the outgoing EBW and t
outgoingX andO modes for unit energy flow on the incom
ing EBW. This is illustrated and summarized in Fig. 9~a!.
Note thatBIN

R is taken as effectively the EBW from inside th
plasma with energy flow toward the outside;BOUT

R is effec-
tively the EBW energy flow reflected from the mode conve
sion region and flowing into the plasma.

2. Mode conversion excitation of EBW

When considering mode conversion to EBWs from e
ternally launchedX mode or externally launchedO mode, we
set up the boundary conditions as follows. Let us consi
the case of an externally launchedX mode; for an externally
launchedO mode the appropriate boundary conditions c
be easily determined by analogy.

For the case when the upper hybrid frequency is l
than 2vc , at the left boundary, the amplitudes of the sp
tially growing X and O modes are set to zero, and the am
plitude of the outgoing EBW is set to zero. Then the amp
tudes of the spatially decayingX and O modes, and the
ingoing EBW, at the left boundary, are determined by t
requirement that, at the right boundary, the incomingX mode
energy flow density is unity, and the field amplitudes of i
coming O mode and the spatially growing EBWs are zer
Then, upon solving~10!, we find the outgoing energy flow
on the X and O modes, and the amplitude of the spatia
decaying EBW at the right boundary@see Fig. 8~b!#. Thus,
this determines the energy flow mode converted from aX
mode, for no incoming energy flow on theO mode, and the
reflected energy flow coming out on both theX mode and the
O mode.

For the case when the upper hybrid frequency is gre
than 2vc , the amplitudes, at the left boundary, of the sp
tially growing X mode,O mode, and EBW are set to zero
The field amplitudes, at the left boundary, of the spatia
decayingX mode,O mode, and EBW, are obtained such th
at the right boundary, the energy flow in the incomingX
mode is unity, and the field amplitudes of the incomingO
mode and the incoming EBW are zero. Then, upon solv
~10!, we find, at the right boundary, the energy flow on t
outgoing X and O modes and the energy flow mode co
verted to the outgoing EBW@see Fig. 9~b!#. Note thatBOUT

R

is taken as effectively the energy flow mode converted fr
an externally excitedX mode, andXOUT

R and OOUT
R are the

reflected energy flows coming out on theX and O modes,
respectively.
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