
Nonlinear neoclassical transport in a rotating impure plasma with large
gradients
T. Fülöp and P. Helander 
 
Citation: Phys. Plasmas 6, 3066 (1999); doi: 10.1063/1.873593 
View online: http://dx.doi.org/10.1063/1.873593 
View Table of Contents: http://pop.aip.org/resource/1/PHPAEN/v6/i8 
Published by the American Institute of Physics. 
 
Related Articles
High-performance double-filter soft x-ray diagnostic for measurement of electron temperature structure and
dynamics 
Rev. Sci. Instrum. 83, 10E129 (2012) 
Molybdenum emission from impurity-induced m = 1 snake-modes on the Alcator C-Mod tokamak 
Rev. Sci. Instrum. 83, 10E517 (2012) 
Extreme ultraviolet spectroscopy and modeling of Cu on the SSPX Spheromak and laser plasma “Sparky” 
Rev. Sci. Instrum. 83, 10E101 (2012) 
Note: Measurement of the runaway electrons in the J-TEXT tokamak 
Rev. Sci. Instrum. 83, 056108 (2012) 
Effect of poloidal asymmetries on impurity peaking in tokamaks 
Phys. Plasmas 19, 052307 (2012) 
 
Additional information on Phys. Plasmas
Journal Homepage: http://pop.aip.org/ 
Journal Information: http://pop.aip.org/about/about_the_journal 
Top downloads: http://pop.aip.org/features/most_downloaded 
Information for Authors: http://pop.aip.org/authors 

Downloaded 31 Oct 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions

http://pop.aip.org/?ver=pdfcov
http://aipadvances.aip.org/resource/1/aaidbi/v2/i1?&section=special-topic-physics-of-cancer&page=1
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=T. F�l�p&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=P. Helander&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.873593?ver=pdfcov
http://pop.aip.org/resource/1/PHPAEN/v6/i8?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4740274?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4733731?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4727916?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4721659?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4719711?ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://pop.aip.org/about/about_the_journal?ver=pdfcov
http://pop.aip.org/features/most_downloaded?ver=pdfcov
http://pop.aip.org/authors?ver=pdfcov


PHYSICS OF PLASMAS VOLUME 6, NUMBER 8 AUGUST 1999
Nonlinear neoclassical transport in a rotating impure plasma
with large gradients
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Department of Electromagnetics, Chalmers University of Technology, SE-412 96 Go¨teborg, Sweden

P. Helander
UKAEA/Euratom Fusion Association, Culham Science Centre, Abingdon OX14 3DB, United Kingdom

~Received 16 March 1999; accepted 16 April 1999!

The theory of neoclassical transport in an impure toroidal plasma is extended to allow for larger
pressure and temperature gradients and faster toroidal rotation than are usually considered. Under
these conditions, the density of heavy impurities is not constant on flux surfaces, and the
neoclassical transport becomes a nonlinear function of the gradients. Rapid toroidal rotation
increases the transport, which can significantly exceed the conventional Pfirsch–Schlu¨ter value if
the impurity Mach number is of order unity. In a plasma with steep density or temperature profile,
the transport is severely reduced and can even be a nonmonotonic function of the gradients. Finally,
in the presence of both rapid toroidal rotation and steep gradients, the transport becomes sensitive
to the geometry of the magnetic equilibrium. For instance, in a single-null diverted magnetic field
the ion particle flux is typicallyinward if the ion drift is toward theX-point and changes direction
if the toroidal field is reversed. @S1070-664X~99!00408-5#
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I. INTRODUCTION

It is widely recognized that the conventional theory
neoclassical transport in tokamaks1,2 is not applicable to re-
gions where the pressure and temperature profiles are
steep, such as the pedestal at the plasma edge. The reas
this lies in the orderings of the theory, and there have bee
number of attempts to overcome various aspects of
difficulty.3–7

In a recent paper,8 the neoclassical theory of ion tran
port in an impure plasma was extended to allow for lar
gradients than are usually considered. Specifically, the
dients were allowed to be so large that the friction betwe
the bulk ions and heavy impurity ions could compete w
the parallel impurity pressure gradient, as is typically t
case in the tokamak edge. The impurity dynamics then
comes nonlinear and the impurity density is not constant
flux surfaces.9 It was found in Ref. 8 that if the pressure an
temperature gradients of the main ion species are s
enough the impurities are pushed toward the inside of e
flux surface, which reduces their friction with the bulk ion
Since this is the driving force for the neoclassical parti
flux, the latter becomes a nonlinear function of the gradie
and is suppressed when the gradients become very large
total ~classical1 neoclassical! particle flux was found to be
a nonmonotonic function for plasma parameters typical
the tokamak edge, and there is thus scope for a trans
bifurcation.

The purpose of the present paper is to include the eff
of toroidal plasma rotation in this theory. There are two re
sons for why rotation could be expected to be importa
First, it is well known that the centrifugal force pushes hea
ions to the outside of the torus, and thus has an effect op
site to that of the friction force.10 This has been observed i
many tokamaks.11,12 Second, it has been shown that the r
3061070-664X/99/6(8)/3066/10/$15.00
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tation can affect conventional neoclassical transport~without
steep gradients!. For a pure plasma this effect was inves
gated in Refs. 13 and 14, and the modifications of the tra
port were found to be of the order of

Mi
25

miv
2R2

2Ti
, ~1!

which is typically not very large in most experiments. He
mi is the mass of the bulk ions,Ti their temperature,R the
major radius, andv the angular rotation frequency, so th
Mi is the bulk ion Mach number. However, it has recen
been pointed out that in a plasma with heavy impurities
massmz.mi , the effect of rotation can be larger.15 The
nonuniformity of the impurity density over the flux surfac
caused by the rotation enhances the neoclassical proces
the impurity Mach numberMz

25mzv
2R2/2Ti is of order

unity, even if Mi
2!1. This effect is particularly large in a

collisional plasma, where the rotation can increase the di
sivity well above the conventional Pfirsch–Schlu¨ter value.16

As in conventional neoclassical theory, we take the ba
expansion parameter to be the poloidal Larmor radius of
bulk ions divided by the radial scale length associated w
the density and temperature profiles,

d5ru /L'!1, ~2!

which ensures that the ion distribution function is appro
mately Maxwellian.1 This ordering can easily be violated i
the plasma edge, where the ion orbits communicate dire
with the plasma edge, which makes transport theory v
difficult.

The plasma is assumed to consist of electrons (e) and
hydrogenic ions (i ), which are in the collisionless~banana!
regime, and of highly charged, collisional~Pfirsch–Schlu¨ter!
impurities (z). The impurity Mach number is taken to be o
6
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3067Phys. Plasmas, Vol. 6, No. 8, August 1999 Nonlinear neoclassical transport in a rotating impure . . .
order unity,Mz5O(1), sothat the main~H! ion Mach num-
ber is small,Mi

25O(1/z)!1. As in Ref. 8, the parameter

D[dn̂ i i z
2 ~3!

is assumed to be of order unity. Herez@1 is the impurity
charge number,n̂ i i 5L i /l i is the ion collisionality,l i is the
bulk ion mean-free path, andL i is the connection length. Th
orderingD5O(1) is the basic point where the theory of Re
8 and this paper differs from conventional neoclassi
theory, which assumes thatd is so small thatD!1. In the
tokamak edge, the parameterD frequently exceeds unity fo
typical impurities. The importance of the parameterD was
pointed out in Ref. 7, where transport theory was develo
for a collisional, isothermal plasma in a torus with large a
pect ratio and circular cross section. Physically,D is an es-
timate of the ratio between the ion-impurity friction forc
and the parallel impurity pressure gradient. In conventio
neoclassical theory, the impurity density is constant on fl
surfaces since there is nothing to oppose the parallel pres
gradient whenD!1. However, whenD5O(1) the impuri-
ties can rearrange themselves within a flux surface in
sponse to the friction force.

The impurity concentration in a tokamak is usually su
that the frequencies of ion–ion collisions and ion–impur
collisions are comparable. We thus assumeZeff21
[nzz

2/ni5O(1), although we shall occasionally relax th
ordering to study the case whenZeff21 is either large or
small. As we shall see, this ordering and the assump
Mz5O(1) make the poloidal variation in the electrosta
potential relatively weak, which simplifies the kinetic theo
by ruling out electrostatic trapping of the bulk ions a
electrons.17 Orbit effects associated with the impurities18 are
not important since they are assumed to be collisional.

The rest of the paper is organized as follows. Section
presents the kinetic equation for the main ions and its s
tion in the limits of large impurity concentration and larg
aspect ratio (e5r /R!1), respectively. Herenz and ni are
the impurity and main ion densities. In Sec. III the paral
impurity dynamics is analyzed, and an equation is deriv
for the poloidal impurity distribution over a flux surface. Th
dynamics of the main ions and the impurity ions are coup
in a complicated way, which makes the neoclassical tra
port nonlinear. In Sec. IV the neoclassical particle and h
fluxes are calculated, and the conclusions are summarize
Sec. V.

II. KINETIC EQUATION FOR THE MAIN IONS

We begin by noting that the orderings~2! and~3! imply
that 1/z5O(d1/2). Therefore, the ion Mach number is of th
orderMi5O(1/z)5O(d1/2), which exceeds the diamagnet
rotation speedV¹p /vTi5O(d), where vTi5(2Ti /mi)

1/2.
The rotation is thus dominated by theE3B drift, and we
need to employ a kinetic equation which allows such a la
drift velocity. The drift kinetic equation for each species (a)
in a toroidally rotating plasma confined by an axisymmet
magnetic field can be written in the following way:13,14,19
Downloaded 31 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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v i¹ i f a2eav i¹ iF̃
] f a

]H
2C~ f a!52v i f a0(

j 51

3

Aa j¹ iaa j ,

where the lowest-order distribution function is

f a05Na~c!S ma

2pTa
D 3/2

exp~2H/Ta!,

the thermodynamic ‘‘forces’’ are

Aa15
Na8

Na
1

Ta8

Ta
, Aa25

Ta8

Ta
, Aa35

v8

v
,

and

aa15
ma

ea
S Iv i

B
1vR2D , aa25S H

Ta
2

5

2Daa1 ,

aa35
ma

2v

2eaTa
F S Iv i

B
1vR2D 2

1m
u¹cu2

maB G .
Herem5mav'

2 /(2B) andH5mav2/21eaF̄2mav2R2/2 are
the magnetic moment and lowest-order energy, respectiv
The magnetic field is written asB5I (c)¹w1¹w3¹c,
where w is the toroidal angle andc is the poloidal flux
function, and a prime denotes differentiation with respect
c. The angular frequency of the rotation isv52dF̄/dc,
where F̄(c) is the lowest-order electrostatic potential, a
the rotation velocity is thusvR2¹w. The velocityv is mea-
sured in the rotating frame, and the independent veloc
space variables areH andm.

Since the poloidal variation of the electrostatic potent
is of the ordereF̃/T;nzz/ni5O(d1/2) it is appropriate to
expand the drift kinetic equation in powers ofd1/2. In
O(d1/2) we then have

v i¹ i f i1/21v i

e¹ iF̃

Ti
f i05Ci

l~ f i1/2!,

whereCi
l is the linearized ion collision operator and inO(d)

we have

v i¹ i f i12C~ f i1!52
ev i

Ti
¹ iF̃ f i1/22v i f i0(

j 51

3

Aj¹ ia j .

The solution to these equations is conveniently expresse

f i5 f i02
eF̃

Ti
f i01

1

2
S eF̃

Ti
D 2

f i02(
j 51

3

Aja j f i01hi , ~4!

where the functionhi satisfies

v i¹ ihi5Ci
l~ f i1! ~5!

ands5v i /uv iu. In the low-collisionality~banana! regime,hi

is a function only of constants of motion, i.e.,hi

5hi(H,m,c,s) , and vanishes for trapped particles.
It follows from the assumption of low Mach numbe

Mi
25O(1/z), that f i08 @2Mi

2(v8/v) f i0 , unless the radial
electric field is very strongly sheared.~We expectv to vary
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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on the same length scaleL' as the pressure, which rules o
such strong shear.! The main ion distribution function~4!
can thus be rewritten as

f i5 f i0 expS 2
eF̃

Ti
1Mi

2D 2
Iv i

V i

] f i0

]c
1hi~H,m,c,s!,

~6!

whereV i5eB/mi is the ion cyclotron frequency. A simila
result holds for the electrons, and the densities of these
cies are thus

ni~c,u!5ni0S 12
eF̃

Ti
1Mi

21O~d! D , ~7!

ne~c,u!5ne0S 11
eF̃

Te
1O~d! D , ~8!

where we have anticipated thathi is odd ins and therefore
carries no density. Note that the Mach number varies o
the flux surface.

Using the expression~6! for the perturbed ion distribu
tion function we proceed to calculate the parallel fricti
force between theH ions and the impurities

Rzii52E miv in iz~v !SL~ f i2 f i0!1
miv i

Ti
Vzi f i0Dd3v, ~9!

where ion-impurity collisions are described by the operat

Ciz
l .n izSL1

miv i

Ti
Vzi f i0D

since the mass ratio is large,mz /mi@1. Here the Lorentz
scattering operator is defined as

L5
2v i

v2B

]

]l
lv i

]

]l
,

with l5v'
2 /(Bv2), and the ion–impurity collision fre-

quency is equal ton iz53p1/2/(4t izx
3), with x5v/vTi . The

ion–impurity collision time is

t iz5
3~2p!3/2e0

2AmiTi
3/2

nzz
2e4 ln L

,

and the parallel impurity flow velocity is given by8

Vzi52
I

B

dF0

dc
1

Kz~c!B

nz
,

where Kz(c) is proportional to the poloidal velocity. Th
velocity space element is equal to d3v
5(s2pB/(mi

2uv iu)dHdm. Using these relations to evalua
the integral in Eq.~9! and recalling the orderingMi

2!1, we
obtain the friction force

Rzii52
pi I

V it iz
S pi8

pi
2

3

2

Ti8

Ti
D 1

mini

t iz
S u2

Kz

nz
DB, ~10!

where

u5
t iz

niB
E v in izhid

3v ~11!
Downloaded 31 Oct 2012 to 194.81.223.66. Redistribution subject to AIP lic
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is a flux function. This result is the same as in the nonro
ing case.8 The first term in Eq.~10! represents the friction
force from the diamagnetic flow associated with the guidin
center orbits of the bulk ions. This force is proportional
the orbit width and is thusinversely proportionalto B. The
last term is the friction associated with the parallel flow
impurities nzViz5KzB, which, by particle conservation, i
inversely proportional to the cross section of the flux tu
along which the impurities flow. This term in the frictio
force is thereforeproportional to the magnetic field strength
B. Since the terms thus scale differently withB, the friction
force varies over the flux surface and, as we shall see,
cause a poloidal rearrangement of the impurities.

It remains to solve Eq.~5! to determine the unknown
quantityu in the friction force~10!. We shall do this in two
different limiting cases: first for a high level of impurities
Zeff@1, in arbitrary flux-surface geometry, and second
large aspect ratio with arbitraryZeff .

A. Solution in the limit Zeff@1

In order to solve Eq.~5! in the passing region, we follow
the conventional procedure of multiplying the equation
B/v i and taking the flux-surface average^•••&,

K B

v i
Ci

l S h2
Iv i

V i

] f i0

]c D L 50. ~12!

If Zeff@1, ion–impurity collisions dominate over ion–io
collisions which can therefore be neglected. Equation~12!
then gives

]hi

]l
5

x2f i0

^nv i&
S 2

ITi

e

] ln f i0

]c
1I

dF

dc
2Kz

^B2&

^nz&
DH~lc2l!,

~13!

where we have introduced the normalized impurity dens
n[nz /^nz&, and whereH is the Heaviside step function
which ensures thathi vanishes in the trapped regionl.lc

[1/Bmax. Using this result in Eq.~11! we can calculate

u

f c
52

Ti

e^B2&L'

1
Kz

^nz&
, ~14!

where the radial scale length is defined by

L'
2152I S pi8

pi
2

3

2

Ti8

Ti
D ,

and the ‘‘effective fraction’’ of circulating particles is

f c[
3^B2&

4 E
0

lc ldl

^nA12lB&
, ~15!

which differs from the definition of Hirshman and Sigmar2 if
the impurity density varies over the flux surface, i.e., ifn
Þ1. In Eq.~14!, the remaining unknown quantity,Kz , which
governs the poloidal impurity rotation, will be determine
from the parallel impurity momentum equation in the ne
section.
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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B. Solution in the limit e!1

We now turn to the case of arbitrary impurity concent
tion, Zeff215O(1), but instead simplify the problem by
assuming that the flux surface has large aspect ratio. B
ion–ion and ion–impurity collisions must now be retained
Eq. ~12!, which, however can be made tractable by desc
ing ion–ion collisions by the Kovrizhnikh operator,20

Cii
l ~ f i !.n i i FL~ f i !1

miv i

Ti
p̂f i0G ,

where the constantp̂ is determined from momentum conse
vation

Emiv iCii ~ f i1!d3v

5Emiv in i i S Iv i

V i

] f i0

]c
2hi1

miv i

Ti
p̂f i0Dd3v50.

In these equations, the ion–ion collision frequency is

n i i 5
nie

4 ln L

4pmi
2e0

2vTi
3

f~x!2G~x!

x3
,

whereG(x) is the Chandrasekhar function, which is defin
by

G~x![
f~x!2xf8~x!

2x2
,

f~x![
2

Ap
E

0

x

e2y2
dy.

Equation~12! now gives

]hi

]l
52

x2f i0

^n iv i&
S ITi

e
^n i&

] ln f i0

]c
1^B~n i i p̂1n izVzi!& D , ~16!

wheren i5n i i 1n iz and p̂ is determined by

^Bp̂&5^BVzi&2
f tITi

e H n i i ~n iz1 f tn i i !

n i
J 21

3H n i i S pi8

pi
1S x22

5

2D Ti8

Ti
1

eKz

I K B2

pz
L D J . ~17!

Here we have assumed that the aspect ratio is large,e!1, so
that the variation in the impurity density over the flux surfa
is O(e) and the collision frequencyn i does not vary much
over the flux-surface. Solving the kinetic Eq.~16! and calcu-
lating u, which was defined in Eq.~11!, then yields after
some algebra

u

f c
52

Ti

e^B2&L'

1KzK 1

nz
L 2

f tITi

e^B2&
H t iz

n i i n iz

n i
J

3H n i i ~n iz1 f tn i i !

n i
J 21H n i i S pi8

pi
1S x22

5

2D Ti8

Ti

1
eKz

I K B2

pz
L D J , ~18!
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wheref t512 f c is the effective number of trapped particle
and

$•••%[
8

3Ap
E

0

`

~••• !x4 exp~2x2!dx

is a conveniently defined average over velocity space. S
the impurity density is nearly constant over the flux surfa
n511O(e), the definition~15! of f c now coincides with
that of Hirshman and Sigmar,

f c5
3^B2&

4 E
0

lc ldl

A12lB
. ~19!

Note that in the limitZeff21!1 ~trace impurities! we
can letn iz˜0 and the expression foru becomes independen
of the impurities,

u

f c
52

I

e^B2&

$n i i ~x221!%

$n i i %

]Ti

]c
52c0

I

e^B2&

]Ti

]c
, ~20!

where c05$n i i (x
221)%/$n i i %.0.33. In the opposite limit

(Zeff@1) we can letn i i˜0 which makes the last term in Eq
~18! vanish and we recover Eq.~14! with an O(e) error.

III. PARALLEL IMPURITY DYNAMICS

The kinetics of the bulk ions we have just analyzed on
differs from conventional neoclassical theory because
ion-impurity collision frequency varies over the flux surfac
In addition, the poloidal rotation of the impurities,Kz , will
turn out to be different, but this did not affect any of th
results in the previous section.

The impurity dynamics is more complicated and b
comes nonlinear when the bulk plasma gradients are la
The parallel momentum equation for the impurities, inclu
ing the centrifugal force, is

mznzb•~Vz•¹!Vz52znze¹ iF̃2Ti¹ inz1Rzii , ~21!

whereb5B/B and we have neglected the parallel viscos
of the impurities since it was shown in Ref. 8 to be smal
than the pressure gradient ifd/zn̂ i i !1, which is usually the
case in the tokamak edge. As also shown in that paper,
impurity temperature is then equilibrated with the bulk io
temperature and is therefore constant over the flux surf
~The bulk ions are collisionless and their temperature
therefore necessarily a flux function. We neglect the h
transfer between impurities and electrons.21! Since Vz

.vRŵ, the centrifugal force is equal to2mzb•(Vz•¹)Vz

5mzv
2R(b–R). The electrostatic potentialF̃ can be ob-

tained from the quasineutrality conditionznz5ne2ni lead-
ing to

ze¹ iF̃

Ti
5

T0

2Tin0
¹ i~z2nz1zni0Mi

2!, ~22!

where Mi is the bulk ion Mach number~1!, 2n0 /T0

[ne0 /Te1ni0 /Ti , and we have used Eqs.~7! and ~8!. The
parallel momentum equation now becomes
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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~11an!¹ in5n¹ iM21
Rzii

^nz&Ti
, ~23!

where the friction force was given in Eq.~10!, and we have
introduced a[^nz&z

2T0/2n0Ti and a modified impurity
Mach number

M25
mzv

2R2

2Ti
S 12

zmi

mz

Te

Te1Ti
D5O~1!.

To rewrite Eq.~23! in dimensionless form we further intro
duce the normalized magnetic field strengthb[B/^B2&1/2,
the parameters

g5
mini

eL't iznz^B•¹u&
, g5

eL'^B2&u

Ti
, ~24!

and a modified poloidal angle coordinateq defined as

dq

du
[

^B•¹u&
B•¹u

,

which makes the flux-surface average equivalent to an a
age overq. Equation~23! now becomes

~11an!
]n

]q
5gS n1gS n2

Kz

^nz&u
Db2D1

]M2

]q
n. ~25!

Integrating Eq.~25! over q yields a solubility constraint
which can be used to determine the poloidal impurity ro
tion,

Kz5^nz&uS ^nb2&1
1

g
1

1

gg K n
]M2

]q L D , ~26!

and Eq.~25! governing the distribution of the impurities o
the flux surface becomes

~11an!
]n

]q
5g~n2b21g~n2^nb2&!b2!

1
]M2

]q
n2 K n

]M2

]q L b2. ~27!

This equation plays a central role in the present theory.
two most important control parameters in it areg, which
measures the steepness of the bulk ion density and tem
ture profiles, and the impurity Mach numberM associated
with the toroidal rotation. The parameterg is of the same
order asD, which was defined in Eq.~3!. In conventional
neoclassical theoryg is thus assumed to be small, whic
implies that the friction force is smaller than the paral
pressure gradient. It was shown in Ref. 8 that the impuri
are pushed to the inboard side of the torus wheng becomes
large, and the neoclassical transport then becomes a stro
nonlinear function of the gradients. As discussed in ma
papers,7,10,15impurities are pushed to the outside of the tor
by the centrifugal force when their Mach numberM is large.
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Knowing the poloidal impurity rotation, we can now ca
culate u in the limits of largeZeff and large aspect ratio
respectively. In the former limit, i.e.,a;(Zeff21)/2@1, we
use~26! in ~14! and obtain

u5
m̂

f c
212^nb2&

, ~28!

where m̂5pzt iz^B•¹u&^n]M2/]u&/(mini^B
2&), while in

the limit of large aspect ratio but arbitrary impurity densit
a5O(1), e!1, we find from Eqs.~18! and ~26!,

u5
1

f c
212~b11!

S m̂~12b!2bc0

ITi8

e^B2&
D , ~29!

with

b5 f tH t izn i i n iz

n i
J H n i i ~n iz1 f tn i i !

n i
J 21

$n i i %.

By using these results, Eq.~27! can be solved numerically
for arbitrary gradients, in the two limiting casesa@1 and
a5O(1),e!1. Figure 1 shows the impurity density varia
tion over a flux surface close to the edge in a typical d
charge~No. 35096! in the Small Tight Aspect Ratio Toka
mak ~START! at Culham.22 The magnetic reconstruction i
shown in Fig. 2. When the gradients are weak (g51), the
density is mostly up–down asymmetric, but at larger gra
ents the impurities are pushed to the inboard side of the
surface. The impurity density then becomes an order of m
nitude larger on the inside than on the outside of the fl
surface, which should be an experimentally observable
fect.

IV. NEOCLASSICAL TRANSPORT

The two previous sections were concerned with the p
allel dynamics of the bulk ions and impurities, respective
and these were found to be closely coupled to each ot
The poloidal rotation and poloidal distribution of impuritie
are controlled by the ion–impurity friction force through th

FIG. 1. Normalized impurity densityn5nz /^nz& as a function of the poloi-
dal angleu for a typical START discharge~No. 35096!. The impurity Mach
number at the magnetic axis isM 0

251, the impurity strength isa55, and
the normalized gradients areg51 ~dashed line!, g55 ~dotted line!, andg
510 ~solid line!. The impurity distribution is calculated by solving Eq.~27!
using Eq.~28!. Note the up–down asymmetry forg51, and the accumula-
tion of the impurities on the inside of the flux–surface for steeper gradie
ense or copyright; see http://pop.aip.org/about/rights_and_permissions
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parametersg andg in Eq. ~27!. The magnitude of the latte
is determined by the bulk ion distribution function, which
turn depends on the poloidal distribution and rotation of
impurities. Thus is the ion-impurity system self-consisten
coupled.

In this section, we turn our attention to the neoclassi
transport across the magnetic field. Because of the nontr
parallel dynamics, the radial transport is nonlinear and the
fore exhibits a number of unusual features. The radial p
ticle flux is obtained in a conventional way by taking th
toroidal component of the momentum equation,

mini~V i•¹!V i5nie~E1V i3B!2¹pi2¹•pi1Riz ,

whereRiz52Rzi . SinceR2¹w•(V i3B)5V i•¹c, the flux
becomes

eGi•¹c5R2¹w•Riz ,

where we have neglected the induced electric fieldEw and
the viscosity. The flux associated with the parallel comp
nent of the friction forceRiz is the neoclassical flux,

Gi
neo

•¹c5
IRizi

eB
5

I

eBE miv iCi~ f i !d
3v, ~30!

and the corresponding flux associated with the perpendic
component of the friction is the classical flux, which is typ
cally smaller than the neoclassical one. Using the frict
forceRzii from Eqs.~10! and~26! gives the average neocla
sical particle flux across a flux surface

^Gi
neo

•¹c&5
I ^pz&^B•¹u&

e^B2&
H gF K n

b2L
211g~12^nb2&!G2 K n

]M2

]q L J . ~31!

We can eliminate the Mach number from this expression
noting that dividing Eq.~27! by n and taking the flux surface
average gives

K n
]M2

]q L 5gF ~11g!K b2

n L 21

212g^nb2&G . ~32!

The neoclassical particle flux can thus be written as

FIG. 2. A magnetically reconstructed flux surface close to the edge
START ~discharge No. 35096!.
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^Gi
neo

•¹c&5g
I ^pz&^B•¹u&

e^B2&
F K n

b2
21L

1~11g!S 12 K b2

n L 21D G . ~33!

It follows from this relation that the transport is proportion
to the pressure and temperature gradients when these
small, g!1, since the lowest-order impurity distributio
n(q) is then determined by Eq.~27! with g50. When the
gradients are larger,g5O(1), thefriction force causes im-
purity redistribution so thatn depends ong and the flux is no
longer linearly proportional ton. Another useful way of
writing the flux is obtained by using Eq.~27!,

^Gi
neo

•¹c&5
I ^pz&^B•¹u&

e^B2&

3 K b22F ~11an!
]n

]q
2n

]M2

]q G L . ~34!

The heat flux can be obtained in a similar manner by cal
lating the ‘‘heat friction’’ Hizi ,

^qi
neo

•¹c&5 K IH izi

eB L 5 K ITi

eBE miv iS x22
5

2DCi~ f i !d
3v L .

Toroidal rotation affects the transport in two ways: d
rectly through the last terms in Eqs.~31!, ~33!, and~34!, and
indirectly by changing the distribution of impurities,n, as
well as the friction associated with the poloidal rotation,g.
We shall now use the knowledge about these quanti
gained in the previous section to evaluate the neoclass
transport in various limits.

A. Large aspect ratio

We begin with the simplest limit, that of a plasma wi
small inverse aspect ratio,e!1, and circular cross section
This case is analytically tractable for arbitrary gradientsg,
Mach numbersM , and impurity fractionsa since the mag-
netic field, the impurity density, and the Mach number c
be expanded ine as

b25122e cosu1O~e2!,

n511nc cosu1ns sinu1O~e2!,

M25M0
2~112e cosu!1O~e2!.

The solution of Eq.~27! is then found to be

ns52eg
~11a!1~11g!M0

2

~11a!21~11g!2g2
,

nc52e
~11a!M0

22~11g!g2

~11a!21~11g!2g2
.

It can be noted from the expression fornc that toroidal rota-
tion causes the impurities to accumulate on the outside of
flux surface, whereas large gradients,g@1, have the oppo-
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site effect of pushing the impurities to the inside. The rad
particle flux~34! is proportional to the up–down asymmet
of the impurity density,

^Gneo
•¹c&5

I ^pz&^B•¹u&

e^B2&
~11a1M0

2!ens . ~35!

Adding the classical particle flux8 ~which is not much af-
fected by the impurity redistribution! to this expression gives
the total ion particle transport

^Gi
cl
•¹c&1^Gi

neo
•¹c&

5
e2pz

q3e
F11S 11

M0
2

11a D S 11
11g

11a
M0

2D
3

2q2

11~11g!2/~11a!2g2Gg, ~36!

whereq5rB/RBu is the safety factor. The first term is th
classical flux and the second term is the neoclassical fl
The latter exceeds the former by the Pfirsch–Schlu¨ter factor
2q2 when the gradients and the rotation are weak,g!1 and
M0

2!1. When eitherg or M0 is not small, new and poten
tially important effects emerge.

First, if the pressure or temperature gradient becom
sufficiently steep (g@1) the neoclassical flux is suppress
since the denominator in the second term of Eq.~36! depends
quadratically ong. ~The dependence ofg on g is typically
quite weak and is unimportant in this context.! Classical
transport then dominates, and the total flux is a nonmo
tonic function of the gradients. That this is the case in
nonrotating plasma was found in Ref. 8; here we note tha
is not affected by toroidal rotation. Figure 3 shows the p
ticle flux as a function ofg. Conventional transport theor
only covers the lower left corner of this figure.

The second conclusion to draw from Eq.~36! is that if
the gradients are weak but the rotation is significant, i.e
g!1 andM05O(1), theneoclassical flux is increased by
factor

FIG. 3. Ion particle fluxes versus normalized gradientg in a large-aspect-
ratio tokamak with circular cross section,e!1, a50.5, q53. The dashed
line is the classical flux, the dotted lines are neoclassical fluxes, and the
lines represent the sum of classical and neoclassical fluxes. The lowe
of dotted and solid lines are for vanishing toroidal rotation,M 0

250, and the
upper pair for impurity Mach numberM0

251. Note that the neoclassica
fluxes are enhanced by finite rotation and suppressed by large gradien
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L5S 11
M0

2

11a D S 11
11g

11a
M0

2D ~37!

over the usual Pfirsch–Schlu¨ter result.23 The diffusion coef-
ficient thus becomesD5(112Lq2)Dcl , where Dcl

5Ti /(miV i
2t iz) is the classical diffusion coefficient an

2q2Dcl the Pfirsch–Schlu¨ter diffusion coefficient. The en-
hancement factorL can be very large if the impurity Mach
numberM0 exceeds unity, as is frequently the case expe
mentally for heavy impurities. This effect is much larg
than that previously reported for impurities in the bana
regime15 and is comparable to that when both species are
the collisional regime, which was recently calculated in R
16.

B. High level of impurities, a@1

For a simple explanation why the flux is enhanced
toroidal rotation, it is useful to consider the limit of a ver
impure plasma,a@1, but to keep the aspect ratio arbitrar
In this limit, the friction force is given by Eqs.~10! and~14!,

Rzii52
pi I

V it iz
S pi8

pi
2

3

2

Ti8

Ti
D S 12

B2

^B2&
D

1
miniKzB

t iz
S 1

^nz&
2

1

nz
D .

In conventional neoclassical theory, where the gradients
weak and the rotation is slow, the impurity density is co
stant over the flux surface,nz.^nz&, so that the second term
in Rzii disappears and the neoclassical particle flux~30! be-
comes

Gi•¹c52
pimiI

2

e2^B2&t iz
S pi8

pi
2

3

2

Ti8

Ti
D ~b2221!.

This flux is inward on the inboard side~where b.1) and
outward on the outboard side of the flux surface. At lar
aspect ratio these fluxes nearly cancel on a flux–surface
erage sincê b2221&5O(e2). However, if the impurity
density varies significantly over the flux surface, then t
collision timet iz}n21 has a poloidal variation and must b
included inside the flux-surface average. This disturbs
balance between the inboard and outboard fluxes, and
increase the net transport significantly since then^n(b22

21)&5O(e).
In order to derive the general expression for the neoc

sical particle flux in the limita@1, we use the relation~28!
in the definition~24! for g,

g5
1

g

^n]M2/]q&

~ f c
212^nb2&!

, ~38!

and insert this result in Eq.~33! to find

^Gneo
•¹c&52

piI
2^t iz

21&

mi^V i
2&

S pi8

pi
2

3

2

Ti8

Ti
D

3S K n

b2
21L 1 f t

^b2/n&21

^b2/n&2 f c
D . ~39!
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The heat flux can be calculated in a similar way by comp
ing the heat friction,

Hizi5TiE S x22
5

2Dmiv in iz

3S Iv i

V i

] f i0

]c
2hi1

miv i

Ti
Vzi f i0Dd3v,

using Eqs.~13!, ~26!, ~32!, and~38!, with the result

^qneo
•¹c&52 3

2^Gneo
•¹c&Ti

2
piTi I

2^t iz
21&

mi^V i
2&

S K n

b2
21L 1 f tD Ti8

Ti
. ~40!

In the absence of large gradients and toroidal rotati
g!1, M!1, the particle flux~39! and the heat flux~40!
agree with the results of Ref. 23. The quantity^n/b221& in
these expressions then reduces to the ordinary Pfirs
Schlüter factor ^b2221&, and the effective fraction o
trapped particles,f t512 f c , which is defined by Eq.~15!,
coincides with its conventional counterpart~19!. As pointed
out in Ref. 23, in the mixed collisionality regime~banana
regime ions1 high-z fluid impurities! we are considering
the particle flux then scales as the Pfirsch–Schlu¨ter value for
a collisional plasma while the heat flux~40! scales like that
in the low-collisionality~banana! regime.

We have already noted that toroidal rotation withM
5O(1) substantially increases the value of the fac
^n/b221&. The rotation has a similar, but less drastic, effe
on the effective trapped-particle fractionf t . For instance, in
a circular tokamak with large aspect ratio^b2221&.2e2

and f t.1.46e1/2. In the limit of very fast toroidal rotation
M@1, where all impurities are concentrated near the ou
midplane, ^n/b221&.2e and f t.3(e/2)1/2, see Ref. 15.
Thus, the Pfirsch–Schlu¨ter factor is increased by a factore21

and the effective trapped-particle fraction by 45%. Note a
that there is an additional positive particle flux from the la
term in Eq.~39!.

Figure 4 shows the neoclassical particle and heat flu
vs the gradientsg for the START discharge~No. 35096! we
discussed earlier. The density gradient has been chosen
twice as large as the temperature gradient, as is typica
experiments. At small gradients,g5O(1), thefirst term in
the heat flux~40! then dominates so that the net flux is i
ward. ~The energy fluxQi5qi15TiG i /2 is of course out-
ward.! However, as the particle flux is suppressed at v
large gradients,g@1, the second term becomes more imp
tant and the heat flux is outward. Note that the heat flux
smaller than it would have been in conventional neoclass
theory, which is obtained by settingn51 in Eq. ~40!.

C. Large gradients

Finally, we consider particle transport in the limit whe
the pressure or temperature gradient is so large thatg@1,
while the aspect ratio and impurity concentration are a
trary. Expanding the solution of Eq.~27! in g21,

n5n01n11O~g22!,
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gives the following solution in lowest order:

n05
g

~12^~11gb2!21&!

b2

11gb2
,

and the neoclassical cross-field particle flux~34! becomes

^Gneo
•¹c&52

I ^pz&^B•¹u&g

e^B2&~12^~11gb2!21&!
K ]M2/]q

11gb2 L .

~41!

The main conclusion of Ref. 8 was that the neoclassical p
ticle flux is suppressed wheng@1. It is now clear that this
suppression need not be complete, but there can be a res
transport flux governed by the rotation. This transport, wh
for instance could occur in a steep edge transport barrier,
a number of surprising properties. It can be either inward
outward, and it depends on the geometry of the magn
field in a nontrivial way.

For instance, consider the caseg!1. Then the flux~41!
becomes

^Gneo
•¹c&52

u^nz&^B•¹u&

~pi8/pi ! 2 ~3/2!~Ti8/Ti !
K b2

]M2

]q L .

The properties of this expression depends on the conce
tion of impurities. In a very impure plasma,a@1, the quan-
tity u is given by Eq.~14!. The flux is then negligibly small
as it is inversely proportional to the gradients and thus co
parable to that caused by the termn1 , which we neglected in

FIG. 4. Neoclassical particle~a! and heat~b! fluxes as functions of the
gradientg in START discharge No. 35096, for impurity Mach numbe
M0

250 ~dashed line!, andM 0
255 ~solid line!. The fluxes are calculated from

Eqs. ~39! and ~40!. For the calculation of the heat flux it is assumed th
ni8/ni.2Ti8/Ti .
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Eq. ~41!. In the opposite limit of trace impurities,a!1, u is
given by Eq.~20!, and the flux remains finite at large grad
ents,

^Gneo
•¹c&50.33

f cI ^pz&

e^B2&2@~d ln ni /d ln Ti ! 2 ~1/2!#

3^B2B•¹M2&.

Here we have used the relation^B•¹u&]M2/]q5B•¹M2.
Note that this flux is independent of the collision frequen
although it is caused by Coulomb collisions. Remarkably
is proportional toI 5RBw and therefore changes sign if th
toroidal field is reversed. If the density profile is at least h
as steep as the temperature profile, which is normally
case in the tokamak edge, the flux has the same sign as

^Gneo
•¹c&}I ^B2B•¹R2&.

By recalling the definition of the flux surface average, we s
that

^B2B•¹R2&5 R B2
]R2

]u
duYR du

B•¹u

5E
Rmin

2

Rmax
2

~Bup
2 2Bdown

2 !dR2YR du

B•¹u
,

where we have chosenu to increase in the direction of in
creasingR above the midplane, and vice versa below t
midplane.~The precise definition of the angleu is otherwise
still arbitrary.! Bup(R) denotes the field strength on the flu
surface in question above the midplane at major radiusR,
and Bdown the corresponding field strength below the m
plane. In a symmetric equilibriumBup5Bdown, but if there is
an X-point below the midplane, then normallyBup.Bdown,
and it follows that the particle flux is in the direction of

^Gneo
•¹c&}I /B•¹u.

It is now straightforward to verify that the flux is inward
B3¹B is downward, and vice versa. Thus, if the io
¹B-drift is toward theX-point, which is experimentally fa-
vorable for attaining the high-confinementH-mode, the neo-
classical bulk-ion particle flux is inward, and the impuriti
~whose flux is opposite to that of the main ions! are pre-
vented from entering the plasma core.

Hinton has earlier identified a different, and perha
more robust, mechanism which also produces differences
tween plasmas with opposite signs of the ion drift.24 Hinton
noted that if there is a heat sink at theX-point, the diamag-
netic drift is inward if the magnetic drift is toward th
X-point, and vice versa. For a given heat flux, the ion te
perature gradient will thus be larger in a plasma withB
3¹B toward theX-point than in a plasma where the rever
holds. The mechanism found here is quite different in nat
as it does not depend on any localized sources or sinks on
flux surface. Indeed, the asymmetry with regard to the dir
tion of B3¹B is produced by the plasma itself.
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V. SUMMARY

We have explored the effect of rapid toroidal rotatio
and steep gradients on the neoclassical transport in an im
plasma consisting of collisionless electrons and main io
and collisional, highly charged impurity ions. Rotation a
steep gradients both tend to produce poloidal rearrangem
of heavy impurities so that their density varies over the fl
surface, something which in neoclassical theory is norma
either neglected or ruled out by the orderings. The mec
nisms by which rotation and large gradients produce polo
impurity asymmetry are different, and their effects on t
neoclassical transport are also different in nature.

Rapid rotation alone pushes impurity ions to the outs
of the flux surface on which they reside, by the centrifug
force. As has been pointed out recently for other collision
ity regimes,15,16 this tends to increase the neoclassical tra
port. If the impurities are collisional, as in the present pap
the flux enhancement is of the order of the aspect ratioe21.

A large pressure or temperature gradient of the bulk io
gives rise to a friction force on the impurities, which push
these toward the inside of the flux surface. The poloidal i
purity density variation thus created is small~of ordere) at
large aspect ratio, but can be very large~comparable to the
variation inB2) at tight aspect ratio and should then be e
perimentally detectable. Regardless of the aspect ratio,
rearrangement of the impurities greatly reduces their frict
with the bulk ions, and as found in Ref. 8 this causes
neoclassical transport fluxes to becomenonlinear functions
of the gradients. When the latter are sufficiently large
neoclassical particle flux is suppressed and the heat flux
be significantly reduced.

However, if the plasma rotates toroidally something
markable happens in the limit of large gradients. The n
classical particle flux is then not completely suppressed
instead acquires a number of unusual features. In the par
larly simple limit of low impurity concentration, the particl
flux becomes independent of the collision frequency~al-
though it is caused by collisions!, like the bootstrap current
and is sensitive to the geometry of the magnetic equilibriu
The flux can have either sign and isinward if the ion mag-
netic drift is toward theX-point in a single-null magnetic
configuration. The impurities, whose flux is in the oppos
direction, are then screened from the plasma core. Th
fluxes change sign if the toroidal field is reversed.
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