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Modelling of three dimensional equilibrium and stability of MAST plasmas
with magnetic perturbations using VMEC and COBRA
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It is known that magnetic perturbations can mitigate edge localized modes (ELMs) in experiments,

for example, MAST [Kirk et al., Nucl. Fusion 53, 043007 (2013)]. One hypothesis is that the

magnetic perturbations cause a three dimensional corrugation of the plasma and this corrugated

plasma has different stability properties to peeling-ballooning modes compared to an axisymmetric

plasma. It has been shown in an up-down symmetric plasma that magnetic perturbations in toka-

maks will break the usual axisymmetry of the plasma causing three dimensional displacements

[Chapman et al., Plasma Phys. Controlled Fusion 54, 105013 (2012)]. We produce a free boundary

three-dimensional equilibrium of a lower single null MAST relevant plasma using VMEC [S. P.

Hirshman and J. C. Whitson, Phys. Fluids 26, 3553 (1983)]. The safety factor and pressure profiles

used for the modelling are similar to those deduced from axisymmetric analysis of experimental

data with ELMs. We focus on the effect of applying n¼ 3 and n¼ 6 magnetic perturbations using

the resonant magnetic perturbation (RMP) coils. A midplane displacement of over 61 cm is seen

when the full current is applied. The current in the coils is scanned and a linear relationship

between coil current and midplane displacement is found. The pressure gradient in real space in

different toroidal locations is shown to change when RMPs are applied. This effect should be taken

into account when diagnosing plasmas with RMPs applied. The helical Pfirsch-Schl€uter currents

which arise as a result of the assumption of nested flux surfaces are estimated for this equilibrium.

The effect of this non-axisymmetric equilibrium on infinite n ballooning stability is investigated

using COBRA [Sanchez et al., J. Comput. Phys. 161, 576–588 (2000)]. The infinite n ballooning

stability is analysed for two reasons; it may give an indication of the effect of non-axisymmetry on

finite n peeling-ballooning modes, responsible for ELMs; and infinite n ballooning modes are corre-

lated to kinetic ballooning modes which are thought to limit the pressure gradient of the pedestal

[Snyder et al., Phys. Plasmas 16, 056118 (2009)]. The ballooning mode growth rate gains a varia-

tion in toroidal angle. The equilibria with midplane displacements due to RMP coils have a higher

ballooning mode growth rate than the axisymmetric case and the possible implications are dis-

cussed. [http://dx.doi.org/10.1063/1.4895602]

I. INTRODUCTION

It is well known that edge localized modes (ELMs) need

to be controlled in ITER because they may limit the lifetime

of the machine.1 There are several possible strategies for

controlling ELMs such as pellets or vertical kicks but we

focus on in vessel resonant magnetic perturbation (RMP)

coils here which produce a non-axisymmetric magnetic per-

turbation to the plasma. It has been demonstrated in many

machines that this can either mitigate (i.e., increase the fre-

quency of ELMs and reduce the peak heat flux) or suppress

(i.e., remove ELMs completely) ELMs depending on toroi-

dal mode number, parity, and target plasma.2 In MAST,

ELMs have been mitigated in connected double null configu-

ration (CDN) with n¼ 3 and in lower single null (SND) with

n¼ 4 and n¼ 6.2

The magnetic perturbations are not axisymmetric and it

has been shown on MAST that when the magnetic perturba-

tions are applied the plasma gains a non-axisymmetric, three

dimensional character. Non-axisymmetry has been observed

experimentally in MAST where the outboard midplane gains

a corrugation3 and also at the X-point where the plasma

forms lobe structures which are characteristic of the homo-

clinic tangle.2 The effect of non-axisymmetric fields has

been seen experimentally or modelled for several machines,

see, for example, Refs. 4–6.

The stability of the non-axisymmetric equilibria to infi-

nite n ballooning modes is of interest for two reasons. First,

although the ELM is thought to be linked to finite n peeling-

ballooning modes, the infinite n results should give an indi-

cation of the effect of non-axisymmetry on the stability of fi-

nite n modes. In fact the infinite n growth rate is the first

term in an expansion, where the small parameter is n�1=2, for

the finite n growth rate. The calculation of finite n stability in

non-axisymmetric geometry is numerically quite heavy espe-

cially for tight aspect ratio experiments, such as MAST.

Second, the stability of infinite n ballooning modes correlates

well with the stability of the kinetic ballooning modes

(KBMs) which are thought to limit the gradient of the edge

pedestal.7,8

The analysis of equilibrium and stability with the mag-

netic perturbations applied has until recently been based ona)Email: christopher.ham@ccfe.ac.uk
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axisymmetric models. However, many of the assumptions

behind these models rely on symmetry arguments and these

models may therefore not capture the full physics. In fact

axisymmetric intuition may hinder our understanding. We

must understand if three dimensional effects are important in

ELM mitigation or suppression with RMPs. Non-

axisymmetry is a much more difficult problem than axisym-

metry and so non-axisymmetric models should only be used

if they are necessary.

There are a number of approaches to studying non-

axisymmetric plasmas as discussed in Ref. 9. The

approaches can be categorized as either linear or nonlinear

and either dynamic evolution or nearby equilibrium. Linear,

dynamic evolution codes generally take an axisymmetric

equilibrium with a non-axisymmetric perturbation to find the

linearly perturbed state, codes include MARS-F.10 Quasi-

linear terms such as torques on the plasma can be included,

as in MARS-Q.11 Nonlinear, dynamic evolution codes seek

to find saturated states of the equations, examples include

M3D-C1 (Ref. 12) and NIMROD.13 However, these codes

have a significant run time possibly requiring tens of thou-

sands of CPU-hours for a single result.9 The nearby equilib-

rium approach can be linear such as IPEC,14 or nonlinear,

which is the approach we use here. There are several codes,

developed by the stellarator community, which look at this

problem. We will use the VMEC here15,16 which assumes

nested flux surfaces. Codes such as SPEC,17 SIESTA,18 or

HINT219 do not make this assumption and so magnetic

islands can form in these codes. The question of whether the

flux surfaces remain nested when RMPs are applied to a

tokamak is still open and will be considered in future work.

In Sec. II, we will use free boundary VMEC15,16 to cal-

culate a non-axisymmetric equilibrium for a MAST relevant

case without RMPs. We then impose magnetic perturbations

with scans in current for the toroidal mode number n¼ 3

case. We also look at the effect on the toroidal variation of

the pressure gradient and the formation of helical Pfirsch-

Schl€uter currents. The stability of these equilibria is investi-

gated in Sec. III using the COBRA code20 which calculates

the infinite n ballooning stability of the equilibrium. We will

investigate the toroidal and radial structures of the balloon-

ing mode growth rate. We will discuss the results and give

conclusions in Sec. IV.

II. EQUILIBRIUM

We calculate the plasma equilibrium using the free

boundary VMEC and the plasma poloidal and toroidal field

coils, assuming no error field. We then apply RMPs to this

equilibrium to find the new non-axisymmetric equilibrium.

A. VMEC

Axisymmetric plasma equilibrium can be reduced to

solving the Grad-Shafranov equation, which is a partial dif-

ferential equation, with given pressure and current profiles.

The loss of axisymmetry (or strictly helical symmetry) in

general means that there is no longer such a partial differen-

tial equation. The approach used by VMEC to find plasma

equilibria is minimization of the total plasma energy

W ¼
ð

B2

2l0

þ p

c� 1

 !
d3x; (1)

where p is the plasma pressure, B is the magnetic field, and c
is the adiabatic index. VMEC does not allow solutions that

contain magnetic islands or ergodic regions, only nested flux

surfaces. It may be that ergodic regions or magnetic islands

are important in the physics of ELM control with magnetic

perturbations however we do not investigate these effects

here.

VMEC does not include the effects of rotation or any

shielding of the magnetic perturbation. The perturbation is

assumed to be fully penetrated. However, VMEC is solving

the non-linear equilibrium problem.

B. Axisymmetric equilibrium

The aim of this paper is to show the effect of applying

non-axisymmetric fields to tokamak plasmas. The pressure

and safety factor profiles used here are shown in Figures 1

and 2. They are realistic profiles typical of an axisymmetric

reconstruction using EFIT, which includes constraining the

reconstructed equilibrium with data from magnetic sensors,

Thomson Scattering, motional Stark effect, and Da light at

the boundary,21 for a lower single null (LSND) plasma. The

plasma boundary for this equilibrium is shown in Figure 3.

C. 3D equilibrium

We now turn on the magnetic perturbation coils and

look at the response of the plasma. MAST has an upper and

lower row of magnetic perturbation coils.2 However, for the

LSND plasma the response is dominated by the lower row of

coils because they are so much closer to the plasma and the

perturbation field falls very quickly with distance from the

coils. We focus on the cases where the lower coils have been

applied in n¼ 3 and n¼ 6 configurations. The qualitative

results for other configurations are similar.

Figure 4 shows the location of the outer flux surface

located on the magnetic axis plane. The solid line shows the

FIG. 1. Safety factor profile used in VMEC for the cases with and without

RMP coils.

102501-2 Ham et al. Phys. Plasmas 21, 102501 (2014)
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result without the RMP coils switched on. The n¼ 12 varia-

tion is due to the toroidal field ripple. This ripple is too small

to be seen experimentally. The dash-dot line shows the case

with the lower RMP coils on in n¼ 3 configuration. The

plasma gains an n¼ 3 toroidal corrugation of over 61 cm.

The dotted line shows the case with the lower RMPs on in

n¼ 6 configuration. The corrugation is smaller in amplitude

but it is n¼ 6 in character. The magnetic field in the radial

direction produced by the RMP coils at the plasma boundary

is similar in these cases. The difference between the toroidal

corrugation is thus down to differences in the way the differ-

ent RMP fields interact with the equilibrium. This could be

related to the stability of modes in the plasma to the applied

field.

Figure 5 shows a poloidal section of the plasma without

the RMP coils on (solid line) and with the RMP coils on in

different toroidal locations (dotted and dash-dotted lines).

The difference between the coils on and coils off case has

been multiplied by five to make the difference more visible.

This plot shows that the displacements on the outboard side

are not toroidally symmetric but have a helical structure. It

also shows that the high field side is relatively unaffected.

The plasma has found a new state which has a helical struc-

ture. The RMP coils have made this state favourable over the

axisymmetric one.

D. Coil current scans

The current in the RMP coils has been increased in steps

of a quarter of the maximum, 1.4 kA, as shown in Figure 6.

FIG. 2. Pressure profile used in VMEC. This is a representative pressure

profile for a LSND plasma in MAST.

FIG. 3. A poloidal section of the plasma boundary computed using the pres-

sure and safety factor profiles above.

FIG. 4. Location of the outer flux surface on the magnetic axis plane with

RMP coils off (solid); lower RMP coils on n¼ 3 (dash-dotted); and lower

RMP coils on n¼ 6 (dotted).

FIG. 5. A poloidal cut through the plasma. The solid line is the unperturbed

case. The dotted and dash-dotted lines are different toroidal locations with

the RMP coils on in n¼ 3 configuration. The difference between the per-

turbed and unperturbed cases has been multiplied by five to aid the eye.

102501-3 Ham et al. Phys. Plasmas 21, 102501 (2014)
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The corrugation increases linearly with the current in the

coils and no threshold current is observed. This is consistent

with these corrugations being an ideal MHD effect just aris-

ing from the magnetic field perturbation. If resistivity, field

penetration and shielding effects are included there would

likely be a threshold effect as is seen in the experimental

data on the length of the lobes at the X-point.22

E. Toroidal variation in pressure profile

The pressure profile from the VMEC equilibrium at differ-

ent toroidal locations is plotted in Figure 7. We can see that in

real space the profiles are different both in pressure gradient

and position. This has implications for edge plasma diagnos-

tics, such as Thomson scattering, and equilibrium reconstruc-

tion from such measurements when RMPs are applied.

Equilibrium reconstruction should be carried out using code

that can account for non-axisymmetry such as V3FIT23 or

STELLOPT24 when RMPs are applied. The pressure profile as

a function of toroidal flux does not depend on toroidal location.

F. Helical Pfsirch-Schl€uter currents

It is well known that helical Pfirsch-Schl€uter currents

parallel to the magnetic field can arise at rational surfaces in

non-axisymmetric toroidal plasmas.25 If we decompose the

plasma current into components parallel, Jjjb, and perpendic-

ular, J?, to the magnetic field. The force balance equation

J� B ¼ rp then implies

J? ¼
B�rp

B2
; (2)

but we must also satisfy r � J ¼ 0. This requires a parallel

current in non-axisymmetry (the helical Pfsirch-Schl€uter cur-

rent) since

r � J? ¼ B�rpð Þ � r 1

B2

� �
; (3)

in general does not vanish. If we solve for the parallel current

by Fourier expanding 1=B2

1

B2
¼
X
m;n

hmn sð Þexp i mh� n/ð Þð Þ; (4)

we find a divergent Pfirsch-Schl€uter current

Jjj �
hmn

s� smn

dp

ds
; (5)

where smn denotes the location of the mn rational surface in

normalized toroidal flux. The singularity has to be resolved

physically and there are several mechanisms which might do

this, for example, pressure flattening at the rational surface

or island formation.25 We plot jJjjj in Figure 8 for the poloi-

dal and toroidal modes used in our VMEC simulation.

III. STABILITY

The three dimensional equilibrium alone is not sufficient

to understand the effect of RMPs on ELMs. ELMs are

thought to be driven by peeling-ballooning modes26 which

are intermediate n modes. However, we do not calculate

peeling-ballooning stability of these equilibria here, although

FIG. 6. Location of the outer flux surface on the magnetic axis plane with

RMP coils off (solid) and RMP coils on with 1.4 kA (dashed), 2.8 kA (dot-

ted), 4.2 kA (dash-dotted), and 5.6 kA (�).

FIG. 7. The solid line shows the pressure profile at the toroidal location at

the maximum of the corrugation, the dash-dotted line at the minimum and

the dashed line shows the dash-dot case translated for comparison to the

solid line.

FIG. 8. The absolute value of Jjj calculated for the poloidal and toroidal

modes used in the VMEC simulation. The labels indicate the (m, n) pair of

poloidal and toroidal mode numbers at the given rational surface.

102501-4 Ham et al. Phys. Plasmas 21, 102501 (2014)
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this is a future objective. Instead, we calculate the infinite n
stability to gain a first approximation to the likely effect on

the finite n stability. ELMs are also effected by the edge

pressure gradient which is in turn controlled by instabilities

at the edge such as the KBM. Infinite n stability is correlated

to KBM stability. However, the growth rate of KBMs is less

than the infinite n ballooning modes because of the ion drift

resonance and dissipative effects.7 We will use the infinite n
ballooning mode stability for insight into the stability of

peeling-ballooning modes and KBMs here.

A. COBRAVMEC

The stability of these equilibria to infinite n ballooning

modes is investigated using COBRA,20,27 which uses a fast

method to assess stability against ideal infinite n ballooning

modes.28,30 The ballooning mode growth rate, normalized to

the Alfven time, has been calculated on a poloidal and toroi-

dal grid on each flux surface and the maximum value found.

B. Stability and coil configuration

Figure 9 shows the ballooning mode growth rates for the

most unstable mode calculated by COBRA for the case with

the RMPs applied in n¼ 3 (dotted line) and n¼ 6 (dot-dash

line) and without (solid line). The cases with RMP coils

applied have a higher ballooning mode growth rate at all the

normalized toroidal flux locations. The n¼ 3 case has a

higher growth rate because the corrugations are larger for

this case.

The toroidal and radial variations of the ballooning

mode growth rate has been plotted without RMPs, Figure 10,

with n¼ 6 RMP, Figure 11, and with n¼ 3 RMP, Figure 12.

The case with no RMP has no toroidal variation, as expected.

This case reduces to the usual axisymmetric analysis. The

case with n¼ 6 has some n¼ 6 toroidal variation but the

surfaces of constant growth rate are not toroidally localized.

The case with n¼ 3 has n¼ 3 toroidal variation and some of

the surfaces of constant growth rate are toroidally localized.

C. Wentzel-Kramers-Brillouin ballooning theory

We do not calculate the WKB ballooning modes here,

this will be left to future work, but we wish to sketch the

theory and give an overview of this topic. The infinite n bal-

looning mode growth rate is the lowest order in an asymp-

totic expansion where n�1 (or n�1=2) is used as the expansion

parameter. Wentzel-Kramers-Brillouin (WKB) ballooning

theory can be used to calculate the finite n correction to the

growth rate from the infinite n growth rates. The theory of fi-

nite n corrections in axisymmetry is well known28 and has

been shown to work well in axisymmetry29 for n � 5. The

WKB-ballooning theory for non-axisymmetry was devel-

oped by Dewar and Glasser30 and its accuracy has been dem-

onstrated by Cooper et al.31 in stellarator geometry where

the results showed good quantitative agreement with the

global eigenvalue code TERPSICHORE.32

The process of finding the WKB-ballooning growth

rates is well described by Cooper et al.31 The ballooning

mode equation is solved on each field line to find its eigen-

value kðq; a; hkÞ where we have changed variable so that q
replaces s as the radial variable, a is the Clebsch potential

FIG. 9. The ballooning mode growth rate of the most unstable mode against

normalized toroidal flux for the case without RMPs applied (solid line); with

RMPs in n¼ 3 configuration (dash-dotted line); and with RMPs applied in

n¼ 6 configuration (dashed line). The pressure profile in this region is also

plotted (dotted line).

FIG. 10. Contour plot of the ballooning mode growth rate on the outboard

poloidal midplane with no RMPs applied.

FIG. 11. Contour plot of the ballooning mode growth rate on the outboard

poloidal midplane with n¼ 6 lower RMPs applied.

102501-5 Ham et al. Phys. Plasmas 21, 102501 (2014)

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

194.81.223.66 On: Mon, 01 Dec 2014 14:30:35



a ¼ f� qh, f and h are the straight-field-line poloidal and to-

roidal angles, and hk ¼ kq=ka; k being the wavevector. The

ballooning equation gives us a local dispersion relation

x2 ¼ kðq; a; hkÞ; (6)

where the frequency x is a global constant. Local solutions

of this dispersion relation can be found by the method of

characteristics, that is, by solving ray equations which can be

reduced to

_a ¼ �hk
@k
@hk

; (7)

_q ¼ @k
@hk

; (8)

_hk ¼ hk
@k
@a
� @k
@q
; (9)

where dots denote derivatives with respect to a dummy

“time” variable.

In the near axisymmetric cases, the rays will be helical

in ðq; a; hkÞ space. If we project into the ðq; hkÞ plane the

rays form closed circuits and we calculate

� ¼ 1

2p

þ
hkdq: (10)

We then use the semiclassical quantization condition

� x2ð Þ ¼ 2N þ 1

2n
; (11)

where N is the radial mode number and n is the toroidal mode

number. The lowest radial eigenmode N¼ 0 typically has the

largest growth rate. In the presence of non-axisymmetry some

of the rays calculated above can become toroidally localized.

In this case, an unstable continuum band is formed.30,31,33

D. Pressure scaling

It is of interest to calculate the effect of the RMP coils

in terms of the pressure change with the RMPs on required

to produce the same level of growth and the same marginal

points to the case without RMPs applied. If the pressure is

scaled in the free boundary calculation the size of the plasma

corrugation will change and the safety factor profile may

change too, depending on which profiles are kept constant

while the pressure profile is changed. These problems have

been removed by taking the full pressure, free boundary case

and then using the boundary from this as a fixed boundary

for new cases with fixed safety factor profile and scaled

pressure.

Figure 13 shows that ballooning mode growth rate with-

out the RMPs applied for the free boundary equilibrium and

a fixed boundary equilibrium. It is known that an equilibrium

produced with a fixed boundary can have slightly different

ballooning mode growth rates than a code produced with a

free boundary.34 This figure shows that the difference is min-

imal here.

Figure 14 shows the ballooning mode growth rate with

different levels of pressure scaling and fixed boundary. The

best match occurs for a pressure scaled to approximately

70% of the original pressure.

E. Scan of stability with coil current

Figure 15 shows the ballooning mode growth rate for

the free boundary equilibria with the current in the RMP

coils increased in steps of 1.4 kA. The higher the current in

the RMP coils the larger the ballooning mode growth rate.

The larger RMP coil current produces large corrugations and

so a large change in field line curvature, making the most

unstable modes more unstable.

IV. DISCUSSION AND CONCLUSIONS

We have calculated free boundary equilibria for an

experimentally realistic lower single null plasma using

VMEC. We then applied currents in the RMP coils to pro-

duce new equilibria and demonstrated that the plasma gains

a midplane displacement of over 61 cm for the case with the

lower RMP coils in n¼ 3 configuration. The case with the

RMP coils in n¼ 6 configuration produced a smaller, but still

significant, corrugation. The current in the RMP coils was

FIG. 12. Contour plot of the ballooning mode growth rate on the outboard

poloidal midplane with n¼ 3 lower RMPs applied.

FIG. 13. The ballooning mode growth rate calculated without RMPs applied

with a free boundary (solid line) and a fixed boundary (dashed line).

102501-6 Ham et al. Phys. Plasmas 21, 102501 (2014)
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scanned and a linear relationship between the current in the

coils and the corrugation was found. There was no threshold

current required in the RMP coils before a displacement was

seen but this is because this is an ideal MHD model which

assumes the fields are fully penetrated.

The pressure profile at different toroidal locations was

plotted in real space and the differences noted. It is important

to note this when looking at diagnostic data or when trying

to reconstruct the plasma equilibrium. Ideally, fully non-

axisymmetric equilibrium reconstruction should be done

using codes such as V3FIT23 or STELLOPT24 when RMPs

are applied.

The origins of the helical Pfirsch-Schl€uter currents that

appear at rational surfaces were shown and the locations of

the current plotted for this equilibrium. These currents could

be important and they arise because the equilibrium is no

longer axisymmetric.

We then investigated the infinite n stability of these

equilibria. We found that the application of RMP coils

makes the ballooning modes in the edge region more

unstable. There are two possible outcomes from this, as dis-

cussed in Chapman et al.37 First, as the infinite n ballooning

stability is linked to the KBM stability, which in turn sets the

pedestal gradient, we would expect the pedestal gradient to

be lower when RMPs are applied. This has been seen experi-

mentally in MAST.35 Second, the infinite n ballooning

modes may provide insights to the finite n peeling-

ballooning modes which are thought to drive the ELMs. Our

results indicate that these modes too would become more

unstable and so ELMs would become more frequent which is

also seen experimentally. The end result of applying RMPs

will depend on the relative strengths of these two effects. If

the effect on peeling-ballooning modes is dominant then

ELMs will become more unstable and more frequent. This

may be what happens in ELM mitigation.

This problem has been investigated analytically by Bird

and Hegna.36 In this work, a local equilibrium model was

used to assess the effect of three dimensional perturbations

on infinite n ballooning stability. The surfaces were only per-

turbed on the order of a few millimeters but a destabilizing

effect was observed. The authors found that the destabiliza-

tion of infinite n ballooning modes was mostly due to the

helical Pfirsch-Schl€uter currents, which arise when there is a

three dimensional perturbation, altering the local shear. In

our paper, the flux surfaces are moved by a centimeter and

so we would expect the change in the curvature of the field

lines to be important.

We have also plotted the toroidal and radial variation of

the ballooning mode growth rate with and without RMPs

applied. The no RMP case has no toroidal variation as

expected and the n¼ 6 had little variation. The case with

n¼ 3 RMP applied has much more toroidal variation and we

would expect unstable continuum bands as predicted by

Dewar and Glasser30 in this case.

We have used a three dimensional equilibrium model

which does not include plasma flow and assumes nested flux

surfaces. This has a number of limitations. First, the applied

fields are assumed to be fully penetrated into the plasma.

However, experimental observations on lobes at the X-points

indicate that there is plasma shielding. Second, the application

of the RMPs has been observed to slow the plasma rotation

and in certain circumstances the plasma stops completely.2

The quasi-linear MARS-Q code, for example, is required to

model this.11 Third, no islands can form in VMEC as a result

of the RMPs being applied. There are three dimensional equi-

librium codes that can include magnetic islands such as

SPEC,17 SIESTA,18 or HINT2.19 We hope to investigate the

use of these codes for MAST in future work.
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