
A model for ideal m=1 internal kink stabilization by minority ion cyclotron
resonant heating
R. O. Dendy, R. J. Hastie, K. G. McClements, and T. J. Martin 
 
Citation: Phys. Plasmas 2, 1623 (1995); doi: 10.1063/1.871457 
View online: http://dx.doi.org/10.1063/1.871457 
View Table of Contents: http://pop.aip.org/resource/1/PHPAEN/v2/i5 
Published by the American Institute of Physics. 
 
Related Articles
Head-on-collision of modulated dust acoustic waves in strongly coupled dusty plasma 
Phys. Plasmas 19, 103708 (2012) 
Effects of laser energy fluence on the onset and growth of the Rayleigh–Taylor instabilities and its influence on
the topography of the Fe thin film grown in pulsed laser deposition facility 
Phys. Plasmas 19, 103504 (2012) 
Halo formation and self-pinching of an electron beam undergoing the Weibel instability 
Phys. Plasmas 19, 103106 (2012) 
Energy dynamics in a simulation of LAPD turbulence 
Phys. Plasmas 19, 102307 (2012) 
Free boundary ballooning mode representation 
Phys. Plasmas 19, 102506 (2012) 
 
Additional information on Phys. Plasmas
Journal Homepage: http://pop.aip.org/ 
Journal Information: http://pop.aip.org/about/about_the_journal 
Top downloads: http://pop.aip.org/features/most_downloaded 
Information for Authors: http://pop.aip.org/authors 

Downloaded 31 Oct 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions

http://pop.aip.org/?ver=pdfcov
http://aipadvances.aip.org/resource/1/aaidbi/v2/i1?&section=special-topic-physics-of-cancer&page=1
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=R. O. Dendy&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=R. J. Hastie&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=K. G. McClements&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=T. J. Martin&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.871457?ver=pdfcov
http://pop.aip.org/resource/1/PHPAEN/v2/i5?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4762847?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4763555?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4759263?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4759010?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4759012?ver=pdfcov
http://pop.aip.org/?ver=pdfcov
http://pop.aip.org/about/about_the_journal?ver=pdfcov
http://pop.aip.org/features/most_downloaded?ver=pdfcov
http://pop.aip.org/authors?ver=pdfcov


A model for ideal m= 1 internal kink stabilizatio,n by minority 
ion cyclotron resonant heating 

R. O. Dendy, R. J. Hastie, K. G. McClements, and T. J. Martin 
UKAEA GOl'emment Division, Fusion, Culham Laboratory (EuratomlUKAEA Fusion Association), 
Abingdon, Ox!ordshire. OX143DB. United Kingdom 

(Received 24 October 1994; accepted 27 January 1995) 

A generalized energy principle is used to determine the effect of ion cyclotron resonant heating 
(lCRH) on the stability of m = 1 intemal kink displacements in the low-frequency limit: such 
displacements are associated with sawtooth oscillations. An integral expression is obtained for the 
contribution to the plasma energy of an ICRH-heated minority ion population with strong 
temperature anisotropy, which relates the former to the ICRH power input and its deposition profile. 
The link is provided by a realistic, but analytically tractable, new model for the distribution function 
of the heated ions, which is based on the approach of Stix [Nucl. Fusion 15, 737 (1975)]. Numerical 
evaluation of the integral expression is carried out using parameters inferred from ICRH 
experiments in the Joint European Torus (JET) [Campbell et aI., Phys. Rev. Lett. 60, 2148 (1988)]. 
It is shown that the ideal m = I internal kink is stable at values of the poloidal plasma beta f3p which 
typically lie in the range 0.4-1, depending on the radio-frequency power input and the radius r 1 of 
the q = I surface. Stability is thus possible at values of f3p lying significantly above the 
magnetohydrodynamic instability threshold (=0.3). If the perpendicular temperature T1- of the hot 
ions exceeds the parallel temperature by a factor of 10 or more, and rl is greater than about 
one-third of the plasma minor radius, trapped ions have a greater stabilizing effect than passing ions. 
Stabilization is most easily achieved, however, if rl is small. The hot-ion plasma energy depends 
strongly on the value of T1- , but for fixed T1- is insensitive to the degree of anisotropy. 

I. INTRODUCTION 

The success of experiments using minority ion cyclotron 
resonant heating (ICRH) to control magnetohydrodynamic 
(MHD) activity in the Joint European Torus (JET)l has given 
rise to considerable interest in the nature of the stabilizing 
mechanism, and its relation to the distribution function of the 
heated ions. It has been widely suggested that sawtooth os
cillations are controlled by the ideal m = 1 internal kink en
ergy, which can be studied using MHD energy principles 
applied to tokamak plasma configurations. When hot minor
ity ions are present, their potential stabilizing influence
leading, perhaps, to suppression of sawtooth oscillation-can 
be calculated in terms of fluid and kinetic corrections to the 
energy principle: these may be written in the form 

oWh(lt= - ~ f d 3r( g,V(PII+P1-) 

. g. VB) g*. V B 
-(PII+P.L +C) -B- --B-

dominantly trapped minority ions; and (H), derived for ex
ample in Eq5 .. (44), (61), and (92) of Ref. 2, which is the 
bounce-averaged perturbed energy of a particle with fixed 
second adiabatic invariant J moving on magnetic field lines 
perturbed by the MHD eigenfunction. The quantity C is de
fined by Eq. (3.4) of Ref. 3, and PII and P.L refer to the 
parallel and perpendicular pressure of the hot ions; B denotes 
magnetic field strength. The integration f Td

3v is performed 
over trapped particles only. In Eq. (I), the first integral is 
referred to as the fluid term because it involves macroscopic 
quantities, whereas the second integral is kinetic. The latter 
can be derived using either the gyrokinetic equation, or 
methods that employ drift invariants. For further details on 
the derivation of the energy principle in this context, we refer 
for example to Refs. 2-7. It is possible to evaluate Eq. (I) 
for m = I kink displacements, in the low-frequency limit 
where W~<Wdh)~W*h' We evaluate the contribution of 
passing hot ions to the fluid component of oWhot in Sec. V; 
the total contribution of trapped ions to oW hot, including 
both fluid and kinetic terms, is given by 

(1) 

Here, the key physical quantities are g, which represents the 
fluid displacement associated with the MHD eigenfunction; 
F", which describes the distribution of the heated minority 
ions in velocity space and in real space; the minority ion 
diamagnetic frequency w*h; < Wdh), which is the bounce
averaged toroidal precessional drift frequency of the pre-

f" aF ("B)( 12) X I'; 3/2 dy:-h 1- __ 0 (.- --q- . ° ar 2 Ic+sls 
(2) 

Here, the subscript ht denotes "hot trapped"; mh is the mi-
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nority ion mass; r 1 is the minor radial coordinate of the q = I 
surface; ~rO is the radial amplitude of the rigid-displacement 
eigenfunction; the magnetic field strength is defined by 

B = Bo(1- E cos e), (3) 

where E= rl Ro is the local inverse aspect ratio and e denotes 
poloidal angle; c and A are respectively energy and pitch
angle variables, 

(';=v 212, (4) 

A=vilv2B; (5) 

the three terms (. , 1" and I q are given bl 

f de cos e 
Ic= 27T (l-AB)1I2' 

(6) 

f de () sin e 
1= 27T (l - A B) 112 ' 

(7) s 

f de cos q e 
I = (8) q 27T (l-AB)172' 

where q is the safety factor; and 

s(r)=(!:.) d
q

. 
q dr 

(9) 

is the shear. When oWhot is positive, the hot minority ions 
have a stabilizing influence. Physically, this arises9 from the 
conservation of the third adiabatic invariant <I> (the flux of 
poloidal magnetic field through the toroidal precessional drift 
orbit) for minority ions with (Wdh)}> w. The conservation of 
<I> enhances the rigidity of the system, reducing the range of 
accessible phase space and thereby contributing to stability. 

The form of Eq. (2) makes clear the crucial role of the 
minority ion distribution function F h in determining the 
magnitude and scaling of oW ht. A realistic, but analytically 
tractable, model for F h is therefore desirable, and this is a 
key feature of our calculation. In the past, three lines of 
approach have been followed. The first is based on the Stix 
distribution,1O which predicts that the perpendicular tempera
ture of the heated minority ion population is given by 

TJ. STIX= TeC 1+ 3 ~RF/2), ~RF=PRFTJ3nhTe. (10) 

Here, PRF is the local radio-frequency (RF) power density 
coupled to the minority ions, Ts is their classical Spitzer 
slowing-down time, Te is the electron temperature, and nh 
the number density of heated minority ions. This prediction 
is in broad agreement with experiment, and in particular has 
been used to interpret data from ICRH experiments in 
JET."· 12 The RF power densities in these experiments are 
such that ~RF}> I at the position of maximum power 
deposition," and so TJ. STIX=3~RFTel2. In the second ap
proach, the distributions reflect geometric factors such as the 
cyclotron resonant localization of the heated region, and the 
associated "winding-up" of trapped heated particles until 
their banana tips lie in the heated region, which are not ex
plicitly included in the Stix model. An example of such a 
distribution, which is formally more complex than the Stix 
model, has been given by Pegoraro and co-workers;13 this 
represents an extension of the model employed by Coppi and 
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co-workers? The parameters of the model in Ref. 5 can be 
chosen to yield distributions having a form similar to those 
generated by the numerical Fokker-Planck treatment of the 
problem by Kerbel and co-workers,14.15 which is representa
tive of the third, direct numerical, line of approach. 

The right-hand side of Eq. (2) contains a four
dimensional integral which must, in general, be evaluated 
numerically. We are faced with the challenge of finding a 
representation of F h which is both realistic and sufficiently 
simple that the dimensionality of the integral in Eq. (2) can 
be reduced, thereby facilitating its numerical evaluation. In 
this paper we construct an expression for F h which is ana
lytically tractable while retaining some of the key physical 
features of other, more complex, approaches. In particular, it 
incorporates features that arise from the Stix distribution, 
such as the simple parametric dependence on RF power den
sity, together with other phenomena such as the spatial local
ization of cyclotron resonant power deposition, and the ex
istence of a critical pitch angle associated with banana tips 
lying in the heated region. This model is discussed in Sec. 
m, following our treatment of the poloidal and pitch-angle 
integrals in Sec. II, and prior to the evaluation of the trapped 
particle energy integral in Sec. IV. The contribution of pass
ing hot ions to oWhot is considered in Sec. V, and the model 
is applied to JET ICRH experiments in Sec. VI. Our conclu
sions are presented in Sec. VII. 

II. POlOIDAl AND PITCH-ANGLE INTEGRALS 

Our calculation is for minority ions that have been 
strongly heated and are, as a consequence, deeply trapped. It 
follows that ABO= I, that in Eq. (2) we may replace 
(1 - AB 0/2) by 112, and that in Eqs. (6)-(8) the integrations 
are performed between the bounce turning points at ± eb • 

Defining a new pitch-angle variable through 

(ll) 

it follows that we may write Eq. (6) in the form 

(12) 

Using the substitution k 2 sin2 ¢=sin2(eI2), this gives 

(13) 

where K and E are complete elliptic integrals of the first and 
second kind. respectively: 

(14) 

(15) 

A similar approach to Eq. (7) yields, on integrating by parts, 
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(16) 

(17) 

In order to render Eq. (8) analytically tractable, we re
strict attention to the case I q - II ~ 1 and Taylor expand to 
first order about q = I. This gives 

Iq =Ie +(1-q)I" (18) 

where Ie and Is are now given by Egs. (13) and (17). Refer
ring back to Eg. (2). we may use the above expressions to 
define 

12 2 
Ie- -q-=(2E)-1I2 - H[k 2;q(r).s(r)], (19) 

Ic+sl~ 1T 

where, suppressing the arguments of q and s for conciseness, 

2. _ 2 _ 2 _ {2E(k2)-K(k2)+4(1-q)[(k2_l)K(k2)+E(k2)]}2 
H(k ,q,s)-2E(k) K(k) 2E(k2)-K(k2)+4s[(k2-1)K(k2)+E(k2)] , (20) 

=[ 8(~-1 +q )[2E(k2)-K(k2)][(k2-l)K(k2)+E(k2)]-16(1-q)2[(k2-1)K(k2)+E(k2 )]2] 

X {2E(k 2) - K(k2) +4s[ (k 2- 1 )K(k2) + E(k2)]} -1. (21) 

To be consistent with the approximations already employed, 
we may only retain terms in Eq. (21) that are leading order in 
s and I - q. The implications of this will be examined at the 
end of the present section. 

We have now reached a stage in the calculation where 
the poloidal integrations appearing in Eg. (2), which them
selves involve pitch-angle information characterized by A, 
have been carried out and combined to give an expression 
Eq. (19) which depends on the new pitch-angle variable k2

, 

together with the q profile and shear. We note from Eg. (11) 
that 

II'B m," II 
Bo dA=4E k dk. 

I/Bmax 0 
(22) 

Substituting Eqs. (19) and (22) into Eg. (2), we have 

(23) 

where the function H(k 2 ;q,s) is defined by Eg. (21). Note 
that in Eq. (2). BF hi Br is evaluated at constant A, whereas 
aF,,1 ar is evaluated at constant k2 in Eg. (23); the transfor
mation of partial derivatives follows from the radial depen
dence of e at constant A in Eq. (11). Clearly, the key physics 
of cyclotron resonance heating enters Eg. (23) through what
ever model for F h we choose to represent the heated minor
ity ions. We shall address this question in the next section. 
Before doing so, however, there remains one outstanding 
point: the existence of an imaginary part of oW hI' in addition 
to the real part. 

When the denominator of Eg. (21) passes through zero, 
the resulting pole in the e integral contributes an imaginary 
part to oW hI' The term proportional to s in the denominator 
does not contribute to the part of 1m oW hI that is leading 

Phys. Plasmas, Vol. 2, No.5, May 1995 

order in s over most of the range of k2
, and may therefore be 

neglected except when k2=k~. where we define k~ to be the 
root of 

2E(k~) _. K(k~) = 0; (24) 

from standard tables, we find that k~=0.83. Near its pole, 
the denominator can be expanded as (k 2 

- k;') times its first 
derivative with respect to k2

, evaluated at k~. Using the iden
tities 

, 2 _ E(k2
) K(k2

) 

2K (k )- k2(l-e) -;:z-, 

2 
E(k2) - K(k 2 ) 

2E'(k )= 2 
k 

we have for arbitrary k2 

d 2 2 dfZI [2E(k ) - K(k )] 

E(k2) - K(k 2 ) - k2[2E(k2) - K(k2)] 

2kZC 1- k2) 

(25) 

(26) 

(27) 

Meanwhile, in the first term of the numerator of Eg. (21), 
near the pole we have 

2E(k2) -- K(k2) = - 4s[ (k 2 - 1 )K(k2) + E(k2)]. (28) 

It then follows from Egs. (21). (24), (27), and (28) that 

1m I dk2 H(k2;q,s) 

= - 321Tk~( 1- k~)( l-q- S)2 

[(k~-I)K(k~)+E(k~)]2 
X 2 2 

E(kc)-K(kJ 
(29) 

(30) 
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Physically, this imaginary contribution arises from the zero
frequency Landau resonance of heated ions near the 
trapped-passing boundary, whose toroidal precessional drift 
is negligible. 

Finally, we turn to the real contribution to oWht that 
arises from Eq. (21). Again, it is appropriate to retain only 
the term that is leading order in sand 1 - q. We denote the 
corresponding real principal part of H(k 2 ;q,s) by 

Thus, in performing the integrations required to obtain oWht 
from Eq. (23), the real and imaginary contributions from 
H(k 2;q,s) follow from Eqs. (31) and (30), respectively: 

(32) 

X d(L; (f; 312 _h ( k 2=k2 y\ f'" (aF 
~y a r, C'U! o r 

(33) 

To progress further, we must now consider the distribution 
function of the heated minority ions. 

III. MODEL DISTRIBUTION 

The equilibrium distribution function of the heated mi
nority ions (subscript h) must be expressible as F h(J-L,(L;,r) 
where magnetic moment J-L = vl/2B, kinetic energy 1: =v 2/2 
as before, and r is the distance from the magnetic axis-we 
assume circular flux-surface cross section, for simplicity. In 
particular 

( aFh) 
a(J ". =0, 

'" • • r 

(34) 

where () denotes poioidal angle. This condition is imposed by 
the vanishing of v liB. V F h in the Vlasov equation? It is 
therefore not legitimate to construct on each flux surface a 
distribution function of the form 

1626 Phys. Plasmas, Vol. 2, No.5, May 1995 

(35) 

Although such a distribution has been considered for the 
modeling of other hot-ion effects in JET,14.15 Eq. (35) in fact 
violates Eq. (34) because of the dependence of magnetic 
field strength on poloidal angle. 

In developing Stix's model, we first note that the density 
of RF power deposition is often a complicated function of 
position in ICRH experiments, as shown for example in Ref. 
16. If first pass absorption is strong, power deposition is 
concentrated in a region of roughly equal vertical and major 
radial extent, determined, respectively, by wave focusing and 
the Doppler effect; if it is weak, power deposition is concen
trated about a vertical chord. Any analytical representation of 
PRF must accordingly include sufficient degrees of freedom 
to give some match to experiment, while leading, via Eq. 
(10), to a distribution function which satisfies Eq. (34). A 
relatively simple model for the spatial dependence of the 
power deposition density P d is given by 

(36) 

Here, R denotes distance from the axis of symmetry and z 
denotes vertical position, so that if Ro is the major radius of 
the device, R = Ro + r cos () and z = r sin (); 0 and .l reflect 
the major radial width and vertical spread of the absorption 
region-we shall assume .l> O. Note that P d defined by Eq. 
(36) is a function both of radius and of poloidal angle. It 
would therefore be incompatible with Eq. (34) to identify 
P d' as it stands, with the quantity PRF in Eq. (10), unless the 
resulting dependence of the distribution function on poloidal 
angle could somehow be removed. 

Following from Eq. (36), it is convenient to define a 
critical radius 

.l2 
rc=IRres- Rol.l2_o2' (37) 

It can be shown that the peak value of the power deposition 
density on a given flux surface, denoted by P d(r), is given 
by 

For r~rc' peak power deposition occurs at ()=o or 7T (for 
Rres~Ro); for r~rc' it occurs at ()=cos-1(sr/r), where 
s =sign(Rres -Ro). 

We now make an assumption which is crucial to our 
model: the heated ion distribution on a flux surface will be 
governed by Stix's model, as evaluated at the point on the 
flux surface where heating is greatest. Accordingly, we iden
tify 
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(39) 

for use in Eq. (10). The distribution function may then be 
written in the form 

Co(r) (mh)312 
Fh(J.I./,r) = TII2(r) 2'lT 

[ (
J.l.B(r,Oo) 100-J.l.B(r,Oo)I)] 

Xexp - mh TJ..(r) + TII(r) . 

(40) 

Here (I', 00 ) denotes the point on the flux surface at which 
RF power deposition density is greatest; 

(41) 

using Eqs. (10), (38), and (39); TII(r) can be modeled as 
appropriate; and Co(r) is a normalization factor which we 
calculate below. In the outer midplane (0=0), Fh is sharply 
peaked at pitch angles lying symmetrically above and below 
90° which correspond to bounce reflection at 0= ± 00 , Such a 
representation of F h is consistent with Fokker-Planck calcu
lations of ICRH-heated ion distribution functions (see, for 
example, Fig. 15 of Ref. 14 and Fig. 3 of Ref. 15). 

It is convenient to denote by B R the magnetic field 
strength at the position of maximum heating and, foIl owing 
Eq. (3), to relate B R to a new parameter € defined by 

(42) 

Then, using also Eqs. (5) and (11), we may write the argu
ment of the exponential in Eq. (40) as 

(43) 

The expressions on both sides of Eq. (43) wiII be useful in 
what foIlows. In particular, since 

(44) 

we may write 

(45) 

where 

Phys. Plasmas, Vol. 2, No.5, May 1995 

r IIB(r,8) B d>" 
1). . .(1',0)== Jo (l_>"B)1I2 

I 
(46) 

It then foIlows from Eqs. (40), (43), and (45) that 

(47) 

The appearance of 0 in the Jacobian of Eq. (44) means that 
the velocity space integral of F h is 0 dependent, despite the 
fact that F h itself, when expressed as a function of >.., 0, and 
r, is (1 independent. In order to obtain an expression for 
Co(r) we integrate both sides of Eq. (47) with respect to 0, 
using the fact that 

Then by Eqs. (40), (43), and (46)-(48), 

J BdO )-1 
X r (l_>"B)i12 

(48) 

(49) 

(50) 

In Eq. (49), recall that €= 1'1 Ro, € is defined by Eq. (42), and 
TJ.. (r) is constructed in terms of the Stix approach by the 
steps leading up to Eq. (41). We show in the Appendix that 
the normalization function G(r) can be expressed in terms of 
elliptic integrals. In the next section, we substitute the model 
distribution function given by Eq. (49) into the expressions 
for Re 8Wht and 1m 8Wht obtained at the end of Sec. II. 

IV. RADIAL AND ENERGY INTEGRALS 

The dependence on radial coordinate r of the model dis
tribution function Fh defined by Eq. (49) is somewhat com: 
plicated. This makes it appropriate to carry out the radial 
integrations in Eqs. (32) and (33) by parts, rather than to 
evaluate JFhlJr explicitly. Noting that q(rl)=l by defini
tion, we obtain the following results for use in Eqs. (32) and 
(33), respectively: 
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Ir, (s(r) ) aFh 
o dr r3/2 -2-- 1 +q(r) ar 

Ir, aFh 
dr r3/2 [1 -q(r)-s(r)f-

o ~ 

[
3 (dq dS)] x - [1-q(r)-s(r)]-2r -+- . 
2 dr dr 

(52) 

It is also useful to note that the component of the integrand 
in Eq. (32) that is proportional to aFhlae can be trans
formed by integration by parts. Using Eqs. (25) and (26), we 
obtain 

=Fh(r,k2= 1,8)- f dk2 

XFh[ (3k2- ~)K(k2)+2E(k2)]. (53) 

We are now in a position to consider the energy integral. In 
doing so, we require the identity 

f: t Z exp( - at)dt= a-(z+l)r(z+ 1), (54) 

where f(p+ 1)=pr(p) and f(II2)=1TiI2. Then, from Eq. 
(49), 

3nh( r) TJ. (r )G(r) 
25!2 1Tmh 

X( 1+ ~~«:~ 1;0 (2k
2-l)+Elr

S/2 

It follows that, for use in Eq. (33), 

d x K 3/2 h (r k2=k2 .\('\ I'" aF 
o ~ J ak2' c' U ) 

(55) 

rTJ.(r) ( TJ.(r) I r 2 -1)-1 
=-5 RoTII(r) a(r) 1+ TII(r) Ro (2k c -1)+€ 

X fo'" d;{ (£ 3/2 Fh , (56) 

1628 Phys. Plasmas, Vol. 2, No.5, May 1995 

where a(r) is :±:1 for (rIRo)(2k~-1)+€~0. 
Let us now consider the normalization of oW ht. The 

simplest point of comparison is provided by the standard 
MHD toroidal energy,17 

(T)_ (13 2) oW -Wo 144-,Bp [l-q(O)], (57) 

(58) 

where ,Bp denotes the poloidal beta. Accordingly, we define 

(59) 

so that (OWht)N is a dimensionless number whose magnitude 
is to be compared to (13/144 - ,B~)[ 1 - q (0)]. It is also 
convenient to define 

(60) 

(61) 

(62) 

so that 

(63) 

Also, denoting the minor radius of the plasma by a, we de
fine 

(64) 

(65) 

Substituting Eqs. (51)-(53), (55), and (56) into Eqs. (32) and 
(33), and reducing the resulting expressions to dimensionless 
form, we obtain 
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Here. a(x)=::tl for X€aC2k~-I)+E~0. Polynomial ap
proximations can be used to evaluate KCk2) and E(e) rap
idly. which means that the integrals in Eqs. (66) and (67) are 
effectively either one dimensional or two dimensional, and 
are thus tractable numerically. 

It is also convenient to express the radial and parametric 
dependence of T.l (r) in terms of suitably normalized units. 
If p( is the total power coupled to the minority ion popula
tion. we may define 

PO=P,,/21T2Rob.o (68) 

for use in Eq. (38). It then follows from Eqs. (10), (38), and 
(4 J) that 

, (Ah)(nho)-12 '3/2 T1 (x)=2:;r - Ii; (x)Te (x)Po 
Z" . no 

X {II (x), x",;;xn (69) 
fz(x), x~xc· 

Here. the normalizations of temperatures and density are as 
in Eqs. (62) and (63), Po is denominated in MWm-3, Ah and 
Zh are the atomic mass number and charge of the heated 
minority ions, (n hoi no) is the minority ion concentration 
which is assumed independent of radius, and 

(70) 

(71) 
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lEI A2 
xc=-~, 

Ea a -0 

with A=Ma, 8= ola. 

V. PASSING PARTICLE CONTRIBUTION TO THE 
ENERGY 

(72) 

While the passing component of the energetic ion popu
lation makes no contribution to the kinetic part of oW hot, it 
does contribute to the fluid part. As we noted in the Intro
duction, this contribution was neglected in passing from Eq. 
(1) to (2), and we now evaluate it explicitly, We define 

where the subscript "hfp" denotes "hot fluid passing" and 
f p d 3v denotes integration over passing particles in velocity 
space. The trapped hot fluid contribution to oW is formally 
similar to Eq. (73), with f p d 3v replaced by f T d 3v. When 
these two contributions are summed, we obtain the total fluid 
contribution to oWhot which is given by the first integral 
expression in Eq. (1), This involves the total energetic par
ticle pressures PII and P.l , and the quasipressure C, which are 
defined by 

PII= J d3
v mhv~Fh=41Tmh J I~II V[ df.L df/; F", (74) 

P.l = J d3V( m;vl) F h= 41Tm h J n f.LB df.L d!; F h , 

v II (75) 
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(76) 

We define corresponding passing quantities .011' P.L ' and C 
for which the integrations in Eqs. (74)-(76) are restricted to 
the passing volume of velocity space-that is, the range 
0=0 to 00 and /1-=0 to olBmax . 

Returning to Eq. (73), we consider a leading-order dis
placement go with m = n = 1 such that g 0= i g,. It follows 
that 

g*·VB e cos B g~ sin B g:o '0 - '«(J--") ---+ =--e' e' '" 
Ro Ro Ro ' 

(77) 
B 

(78) 

and Eq. (73) then yields 

_ mh I" I21TI21TrR2 Ig,ol2 
8Whfp - 2 R dr dB d<p R 

o 0 0 0 0 

(79) 

Here the notation for the spatial volume element follows the 
convention of Ref. 17. In formulating our total energy prin
ciple, 8Whfp will be added to 8Wht defined by Eq. (2) and 
evaluated in the preceding sections. We recall that the latter 
contains the trapped hot fluid and full kinetic contributions. 

Evaluation of the velocity-space integrations in Eq. (79) 
is assisted by considering the partial radial derivatives of P.L 
and .011 ' noting that B, v II ' B IJliIX' and F h are all explicit func
tions of r. We have 

d ( I ) ( B) 1/2 + B - -- 1--- 25/21Tmh 
dr Bmax BIJliIX 

(80) 

d ( 1) BIBIJliIX 3/2 
+ B d B ( 1 _ BIB ) 112 2 1Tm h r max max 

(81) 

Substituting expressions from Eqs. (80) and (81) into Eq. 
(79), and integrating over toroidal angle <p, we obtain 
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Further progress requires explicit expressions for P.L (r, B), 
pll(r,B), and C(r,B). Recalling Eqs. (40), (42), and (49), the 
distribution function of the heated minority ions may be writ
ten 

(83) 

where 

(84) 

Substituting these expressions into Eqs. (74)-(76), and re
stricting the domain of integration to passing velocity space, 
we obtain 

_ 6nhGTII(TIIIT.L)3/2 
PII=[/1-3f2«B max IB)- 1)372+ /1-3] 

(85) 

_ 2nhGT.L(TIIIT.L)5/2[/1-- WBmax IB )- 1)] 

P.L = /1-3/2[/1-312+ ~/1-«BmaxIB)-1)1/2- ±«Bmax IB)-1)3/2] 
(86) 

_ nhGTII(TIl I Tj'y/2 [«B max I B) - 1) 112 + 3/1- 112] 

c= 2/1-312«B max IB)- 0 112 [«B max IB)-l)li2+ /1-172]3' 
(87) 

where 

(88) 

We now turn to the expressions required in the final integral 
in Eq. (82). It follows from Eq. (3) that, to leading order in E, 

BI2B (B )112 I (R ')112 
(1 - BIB::) 1/2 + I - B max = 2' 7- (1 + cos B) 112 , 

(89) 

d ( I) Bo 
dr Bmax = - RoB~ax' (90) 

It follows from Eq. (83) that 
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(91) 

where 

~= BR (_I _L)+~= 1 
TB Bmax. Tl. Til Til TR(r,'TT12)' 

(92) 

Using Eq. (3) and Eqs. (89)-(91), and integrating by parts where appropriate, Eq. (82) becomes 

OWhfp= 'TTl ~rol2rl f dO cos O[Pl. (rl ,0) + PII(rl, 0)] - 'TTl ~rol2 J:I dr f dO cos O[Pl. (r, 0) + PII(r, 0)] 

3 'TTl ~ rO 12 {r I 1/2'£ cos () ( T B) 3/2 . 
+ 2R6'2 Jo r dr j dO (1 +cos ()Ii2 nh(r)G(r) Tl. 7 B(r). (93) 

Here, Pl. ,PII' and C are defined by Eqs. (85)-(87), and the temperatures Tl.' TR , and TB are defined by Eqs. (41), (84), and 
(92), respectively. We normalize the expression for OWhf~ with respect to Wo defined by Eq. (58), yielding (OWhfp)N' and use 
the circumflex (') to denote quantities normalized to 10 9 m-3

, 1 keY, and 1 T as in Eqs. (60)-(62). We note, however, that 
the C term, when expanded to leading order in E and integrated over 0, contains a singularity which is exactly canceled by a 
singularity in the last term. It is therefore convenient to use the result 

{21T cos 0 dO (21T cos2 0 dO 4ji 
Jo (1 + cos ()1/2=- Jo (l+cos 0)172+-3-, 

[ 
cTll tTB )3/2 ( Til) 312 ( Til) 112 2] 

X [1+Eax(l+cos 0)]172+1 3 TB -3 T; [I + Eax(l +cos ()] 

- EaX( 1 + cos 0)[ 1 + EaX( 1 + cos () ]3/2 

, 312 ' 3/2 } 
- 3 ( ;;.) E~12x3/2(l + cos 0)3/2 - ( ;;) E~/2x5/2(1 + cos 0)5/2 

X[ 1 + EaX(l +COS O)r 3/2 [ E!l2xlI2(l +COS 0)112+ (~) II2[ 1 + Eax(1 +cos 0)]112 r3 

The dimensionless form of Eq. (93) then becomes 

(OWhfp)N= l.068X 10-4 E;~~13 [(21Td()cos ()[Pl.(XI,()+PII(XI'()]-~ {X1dx (2
1T

d() cos ()[Pl.(X,()+PII(X'()] 
o Jo XI Jo Jo 

VI. NUMERICAL RESULTS 

(94) 

(95) 

(96) 

where PII(x,() and Pl.(x,() are given by the dimensionless 
form of Eqs. (85) and (86), with j.t=uaO +cos ()+TlltTR 

and BmaxIB-I =XEa(l +cos (). Equation (96) contains no 
singularities, and is therefore convenient for numerical com
putation. 

The key expressions derived in the preceding sections 
give formulas for oW hI and oW hfp which are directly param
etrized by quantities such as Po, ~, and 0 which describe the 
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RF power deposition among the minority ions. These expres
sions must be evaluated numerically: Table I gives a com
plete list of the parameters which must be specified for this 
purpose. It is clear that a wide range of stability studies is 
possible. However, in some cases the parametric dependence 
is very simple. For example, the various components of the 
hot-ion contribution to oW all scale linearly with TJ..' and 
hence with the RF power level [see Eq. (69)]. Also, it is 
apparent from Eqs. (66), (67), (69), (95), and (96) that oWht 
and OWhfp are independent of nholno. This follows from the 
Stix model [Eq. (10)], which implies that the total energy 
transferred via ion cyclotron resonance to the minority ions 
depends only on the RF power input. 

We concentrate on the case of 3He minority ions (A h = 3, 
Zh=2), and an RF power deposition profile which is cen
tered on the magnetic axis (e-= 0), with a vertical spread 
.:1=20 cm ll (when e-= 0, the value of 0 is irrelevant). Appro
priate values for many of the other parameters can be found 
in Ref. 11: we set P c =5-20 MW, no=neo=2X 10 19 m-3, 
vn=vne =0.5, TeO = 10 keY, vT = 1, a=I.2 m,Ro=3.1 

e 

m, and B 0 = 3.3 T. Our numerical results illustrate the effects 
of varying the four remaining parameters: aT, qo, A, and v. 
Unless otherwise stated, aT=O.I, qo=0.7, A=2, and v=l. 
Our benchmark q profile is thus parabolic, with rl =0.46a. 
Observed values of rlla in JET can be as high as 0.6 in the 
case of H-mode monster sawteeth. 18 Accordingly, qo, A, and 
v can be varied such that rlla takes any value in the range 
0-0.6, although the value of qo is also constrained by the 
requirement that I q - 11 ~ 1 inside the q = 1 surface. 

Figure 1 shows the real and imaginary parts of (OWht)N 
(curves A and B), (OWhfp)N (curve C), and the sum 
Re(oWht)N+ (OWhfp)N (curve D), as functions of aT: the RF 
power is 20 MW, and T J.. (0) = 1.3 Me Y. The hot-ion contri
bution to oW is predominantly real, and we invariably find 
that Re(oWht)N+(OWhfp)N>O, i.e., the hot ions have a sta
bilizing effect. The total hot-ion plasma energy is almost 

TABLE I. Complete set of parameters required to specify (OWht)N and 
(OWhfp)N' 

TJ. (see Sec. II) 

TII=arTJ. 
Minor and major radius 
Central magnetic field 
'E=(Rres-RoJ1Ro 

Name Units 

v 
nholno 

no 
Vn 

Ah 
Zh 
Pc 
a 
o 

neO 
Vn• 

TeO 

vr, 
aT 

a, Ro 
B 

atomic mass units 

keY 

m 
T 
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0.10 

0.09 

0.08 

0.07 

'" 
0.06 

§' 
~ 0.05 

0.04 

0.03 

0.02 

0.01 

0.00 

D 

A 

C ,..,; 

",/ ... ... 

........ ~~ 
~~

~~ 

----

.. ;". ... ~ ................ .. " ............................ . , 

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

FIG. I. Real and imaginary parts of (OWh,)N (curves A and BJ, (OWhfp)N 
(curve C), and the sum Re(oWh,)N+ (OWhfp)N (curve D), as functions of aT' 

The RF power is 20 MW: the other parameters are given in the text. 

independent of aT' except when this parameter is less than 
about 0.1. If F h is highly anisotropic, the dominant contribu
tion to oWhot comes, as expected, from trapped ions. The 
passing ion component increases rapidly with aT' becoming 
dominant as F h approaches isotropy. 

In Fig. 2, Re(oWht)N+ (OWhfp)N is plotted as a function 
of aT for Pc =5 MW, 10 MW, and 20 MW: this shows 
explicitly the linear dependence on Pc mentioned above. We 
noted in Sec. IY that stability requires the hot-ion component 
of (OW)N to exceed 1(13/144- ,B~)(1-qo)l, where ,Bp is 

0.10 

0.09 

0.08 

1. 0.07 
~<: 

~ 0.06 
+ 

'" ? 0.05 
~ 
~ 0.04 

0.03 

0.02 
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0.00 

T I I I 1 T I 

r Pc 20MW 

-

-

~ 
Pc 10MW -

-
Pc =5MW 

-

I- -

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

FIG. 2. Re(oWht)N+ (OWhfp)N as a function of aT for three values of Pc. 
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% 

FIG. 3. Lower frame: as Fig. I except that (OWh,)N and (OWhfp)N are plotted 
as functions of qo. Upper frame: rIta as a function of qo. 

the total poloidal plasma beta at the q = 1 surface. However, 
this statement is based on the implicit assumption that the 
fluid pressure in the plasma core is isotropic, so that f3p is 
uniquely defined. In fact, for realistic values of nhOinO and 
RF powers in the 5-20 MW range, the pressure in the 
plasma core contains a significant contribution from the 
(highly anisotropic) minority ions, and so, in the parameter 
regime which is relevant to ICRH experiments, Eq. (57) is 
not strictly valid, and a precise comparison between 
8W ht + 8W hfp and 8WiD is not possible. If, however, we as
sume that Eq. (57) is approximately correct, we can infer that 
the hot-ion contribution to 8W will stabilize the m = 1 inter
nal kink if 

( 
13 1 ) 112 

f3p$ 144 + I-qo [Re(8Whot)N+(8Whfp)N] (97) 

In terms of the results presented in Fig. 2, the marginally 
stable value of f3p lies in the range 0.4-0.65, depending on 
the values of aT and Pc; in the MHD limit, the critical value 
of f3p is (131144)'12=0.3. Stable values of f3p well in excess 
of the MHD threshold thus exist. 

We now proceed to examine the effects of varying the q 
profile. subject to the constraint that r 1$ O. 6a. The lower 
frames of Figs. 3-5 show (8Wht)N and (8Whfp)N as functions 
of qo, A, and v, respectively (see Table I): the upper frames 
show the radius of the q = 1 surface. In each case, the total 
real contribution to (8Whot)N tends to increase as rl/a is 
reduced, and for r I $ 0.3 a the stabilizing effect of passing 
ions is again dominant. When rl =0.3a, the marginally 
stable value of f3p indicated by Eq. (97) is about 1.0, irre
spective of the q-profile parameters. We find as rl-+O that 
(8Whfp)N increases monotonically, whereas the real and 
imaginary parts of (8Wht )N both tend to zero. 

Since. in the MHD limit, the growth rate of the m = 1 
internal kink is proportional to the negative of the total 
plasma energy,19 the existence of an imaginary part of 8Wht 
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FIG. 4. As Fig. 3 except that (OWh,)N' (OWhfp)N' and rIta are plotted as 
functions of A. 

implies a finite real frequency w, and self-consistency re
quires that (J)~( Wdh) for the majority of hot ions, whose 
pitch angles do not correspond to values of e lying close to 
k~. In terms of (8W) N' the growth rate obtained in Ref. 19 
can be written as 

31T rl VA 
y= - '4 R6 qr ( 8W) N, (98) 

where the Alfven speed VA and q'=.dq/dr are both evalu
ated at r = r 1 (note that the quantity 8W min defined in Ref. 19 
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FIG. 5. As Fig. 3 except that (OWh,)N' (OWhfp)N' and rIta are plotted as 
functions of IJ. 
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is the energy per unit toroidal length). Using the fact that 
q' =2( l-qo)frl in the case of a parabolic q profile, we 
infer that 

31T ri v A 

W = """8 R 6 1 - q 0 Im( oW ht) N • (99) 

The modulus of the bounce-averaged toroidal precessional 
drift frequency is given by20 

I( )/_12E(k2)-K(k2)I~q ~ 
Wdh - K(k2)OhrRO OhrIRO' (100) 

where 0h is the minority ion cyclotron frequency, and the 
order-of-magnitude approximation is valid for ions with 
k24<k~. We thus have 

W 31T 3 UAOhRo 
/(Wdh)/~"""8(XI€a) 1C(1-qo) Im(oWht)N' (IOJ) 

Adopting the model parameters used to obtain Figs. I -5, and 
setting mh~=TJ..(O)-1 MeV, we find that Wf/(Wdh)1 is typi
cally less than about 0.1. In fact, for any realistic set of 
q-profile and RF power input parameters, one can self
consistently take the low-frequency limit in Eq. (1). 

Internal kink perturbations with w~( Wdh) are widely 
believed to be associated with so-called fishbone 
oscillations.5 In a future paper we will extend our stability 
analysis of the model distribution given by Eq. (40) to the 
case of mode frequencies which are not small compared to 
(Wdh)' One additional complication arising from finite W is 
that the energy integrals in oW hot are no longer expressible in 
terms of r functions, and in fact must be evaluated numeri
cally when Fh is given by Eq. (40). A review of theoretical 
work on finite frequency m = I modes can be found in Ref. 
9. The excitation of fishbones has been variously attributed 
to spatial gradients in the minority ion population,5 bulk ion 
pressure gradients,21 and combinations of these.22 In any 
event, it is likely that deeply trapped particles have a desta
bilizing effect on wave modes with W~(Wdh),20 and so one 
of the aims of our fishbone stability analysis will be to de
termine the effect of varying the anisotropy parameter aT' 

Passing minority ions do not contribute to the kinetic 
(frequency-dependent) term in Eq. (1), and therefore our ex
pression for OWhfp is valid for all values of w. Equation (98) 
applies whenever the modulus of the complex wave fre
quency greatly exceeds the bulk ion diamagnetic frequency. 
In such cases, passing minority ions always have a stabiliz
ing effect, irrespective of w, since oWhfp is positive definite 
(see Figs. I and 3-5). Any study of fishbone modes based on 
Eq. (40) must therefore take into account the stabilizing ef
fect of passing minority ions, as well as the (possibly desta
bilizing) effect of trapped ions. 

It is appropriate at this stage to compare our results with 
those obtained in Ref. 23, which were applied to the case of 
on-axis ICRH in the Tore Supra tokamak.24 It was concluded 
in Ref. 23 that passing minority ions have a greater stabiliz
ing effect than trapped ions. Using q-profile parameters, RF 
deposition parameters and hot-ion anisotropy parameters ap
propriate for ICRH experiments in Tore Supra, we find that 
our model also yields the result (OWhfp)N>Re(oWht)N, al-
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though the ratio of these two quantities is rather sensitive to 
the precise value adopted for the vertical spread of the RF 
power deposition (~). This qualitative agreement occurs de
spite the fact that the model adopted in Ref. 23 for the mi
nority ion distribution function, proposed originalIy by Be
coulet and co-workers,25 differs significantly from that 
adopted here, in terms of both velocity space structure and 
radial profile. In particular, the minority ion distribution in 
Ref. 23 is identically zero for A ~ B R I , i.e., it is assumed that 
there are no deeply trapped heated ions. In the model 
adopted in this paper, which is motivated by the Stix model 
interpretation of JET ICRH experiments 11 and related 
Fokker-Planck studies,14.15 deeply trapped ions make a sig
nificant contribution to Re(oWht)N, thus augmenting the ratio 
Re(oWht)Nf( OWhfp)N' 

VII. CONCLUSIONS 

We have used a generalized energy principle to examine 
the stabilizing effect of ion cyclotron resonant heating 
(ICRH) on zero frequency m = 1 internal kink displacements, 
which are associated with sawtooth oscilIations. Simple ex
pressions, consisting of one-dimensional and two
dimensional integralS, have been obtained for the contribu
tion to the plasma energy oW of an ICRH-heated minority 
ion population. Both trapped and passing ions have been 
taken into account. The model minority ion distribution func
tion is based on Stix's model, and, when expressed as a 
function of energy, magnetic moment, and minor radius, is 
independent of poloidal angle, thereby satisfying the Vlasov 
equation. The perpendicular temperature is specified as a 
function of minor radius in terms of the total RF power Pc 
and its deposition profile. A consequence of Stix's model is 
that the minority ion component of the plasma energy has a 
simple linear dependence on Pc, and we have shown nu
merically that it is also insensitive to the anisotropy param
eter TllfTJ.. . Our treatment includes an imaginary contribu
tion to the plasma energy, arising from the zero-frequency 
Landau resonance of heated ions near the trapped-passing 
boundary: the existence of this imaginary contribution im
plies a finite mode frequency, which is typicalIy much 
smaller than the toroidal precessional drift frequency of the 
minority ions. Using parameters inferred from ICRH experi
ments in JET, we have shown that the ideal m = I internal 
kink mode can be stable when f3p is of the order of unity
welI above the MHD instability threshold value of 0.3. Both 
trapped and passing minority ions contribute to m = I inter
nal kink stabilization, with trapped ions making the greater 
contribution if TJ..fTII?= 10 and the radius of the q = 1 surface 
rl ?=0.3a. The computed values of the normalized plasma 
energy depend on the q profile, and above all on the value of 
rl: minority ion stabilization is most easily achieved if rlfa 
is small. 
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APPENDIX: NORMALIZATION OF HOT ION 
DISTRIBUTION 

The function G(r), which appears in the expression for 
the minority ion distribution function [Eq. (49)], may be 
evaluated as follows. As a first step, we divide the domain of 
integration in Eq. (50) into passing and trapped regions: 

f 

lIB min f f IIB max f21T f liB min fOb 
d'tl. dO= d'tl. dO+ d'tl. dO. 

o 0 0 IIBmax -(Jb 

Next, following Eq. (3), we may write 

1-'tI.B(r,O)= I-ABo+'tI.BoE[I-2 sin2(OI2)] 

(Al) 

=[I-'tI.Bo(1-E)](I-k2 sin2 1», (A2) 

where 1>= 0/2 and 

,F = 2'tI.BoE/[ 1 - 'tI.Bo(l- E)]. (A3) 

Defining k2 sin2 1>= sin2 u, it follows that to leading order we 
may write 

I fOb B(r,O)dO 
2 7T _ 0b [I - A B (r, 0)] 112 

2Bo 1 1 
=~ [1- 'tI.Bo(l- E)]I72 k 

X f0
1T/2

( 1-~ sin2 u) -1/2 du 

2Bok. -2 

7T[I-'tI.Bo(l-E)]l!2 K(k), (A4) 

where P= 1Ik2 and we have used Eq. (14). It follows from 
Eq. (A3) that 'tI.Bo[ I + E(2P - 1)] = 1, and hence 

l-ABo(I-E)=2Ef2/[I+E(2f2-1)]; (AS) 

then using this expression in Eq. (A4) we recover to leading 
order, 

I fOh B(r,O)dO 
27T -(Jh [1- 'tI.B(r, O)]li2 

(A6) 

Next we tum to the first component of the integrand in Eq. 
(50), still focusing on the trapped part of the integration do
main, as identified in Eq. (AI). It follows from Eq. (42) and 
the definition of variables leading to Eq. (AS) that 

TJ. 1- €+ (TjlTII) 1 €+ E(2f2-1)1 
AB R +-II-ABR I= -2 . 

Til I+E(2k -1) 
(A7) 

The end points of the trapped pitch-angle integration at B~ln 
and B ;;;~x correspond by Eq. (3) to ABo = (1- E) -I and 
(1 + E) -I, respectively, and hence to k = 0 and 1, respectively. 
Also, it follows from the definition of f2 that 

B dA=- 4Ek dk 
o [1+E(2f2-1)]2 

(A8) 
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Thus we may combine Eqs. (A6)-(A8) to express the 
trapped integral from Eqs. (50) and (A I) in the form 

f IIBmin d'tl. 1 

I t = IIB max ['tI.B R +(TJ.ITII)II-'tI.BR I]3!2 27T 

f (Jb B dO _ 4 112 
X -Ob (1_AB)il2-;(2E) 

X (01 k dk K(k
2
) 

J I [1·- €+ (TJ. ITII) 1 €+ E(2k2 - 1) 1 ]312 + D( E). 

(A9) 

The correction D( E) in Eq. (A9) arises both from the neglect 
of D( E) in forming the numerator when obtaining Eq. (A4), 
and from the factor [1 + E(2k2 - 1)] - 112 that arises from 
combining the -3/2 power of Eq. (A9) with Eq. (A8). In the 
denominator of Eq. (A9), E survives because it is multiplied 
by TJ.ITII' which may be a large factor. 

Let us now tum to the passing domain specified in Eq. 
(AI). Referring back to Eqs. (3), (A2), and (A3), 

1 (21T B(r,O)dO 

27T Jo [1--'tI.B(r,O)]1I2 

2Bo (1T/2 dO 

=-;; Jo [l-k2 sin2(0/2)]1I2 [1-ABo(1-E)]1I2 

K(k 2
) 

(A 10) 

It follows from Eq. (A3) that ABo[k2+ E(2 - k2)]lk2= 1, so 
that the end points of the passing pitch-angle integration at 
AB 0 = 0 and (l + E) -I correspond to k2 = 0 and 1, respec
tively. Also, we have 

1- ABo(1- E) = 2E/[k2 + E(2 - k2)], 

so that Eq. (A1O) becomes 

1 (21T B(r,O)dO 

27T Jo [1--AB(r,O)]li2 

2 Bo A A2 A 

=- [k 2 +E(2-k )] 1/2K(k 2 ). 
7T~ 

From Eq. (A 11) we also obtain 

4Ek dk 

(AlI) 

(AI2) 

(A 13) 

In considering the first component of the integrand in Eq. 
(50), we may again use Eq. (A 7), this time noting that 
f2= lIk2

• Together with Eqs. (AI2) and (A13), this yields 

(lIB max d'tl. (21T B dO 

Ip= Jo [AB R +(TJ.ITII)II-'tI.BRI]3!2 Jo (1-AB)li2 

_ 4 112 (I k dk K(k2) 
-; (2 E) J 0 [(1- €)k2 + (TJ. ITII)I €k2 + E(2 - k2)1]3!2 . 

(AI4) 

Combining Eqs. (A9) and (AI4), we have 
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[( 
T ) -3/2 

X 1- E+ T~ IE+ E(2k2 -1)1 

+ ( (1- E)k2+ ~~ IEk2+ E(2 -k2)1) -3/2]. 

From the definitions of It and I p it is clear that 

G(r)=(/t+Ip)-l, 

(AIS) 

(AI6) 

and so the integral in Eq. (AlS) determines the normalization 
factor in our expression for the heated minority ion distribu
tion. 
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