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A two-dimensional ion kinetic model of the scrape-off layer of a diverted

plasma with a private flux region
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J. W, Connor
UKAEA Government Division, Fusion (Euratom/UKAEA Fusion Association), Culham,
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Earlier two-dimensional (radial and poloidal angle), analytically tractable ion kinetic models of the
scrape-off layer (SOL) in which a steady state is achieved by balancing the streaming loss of ions
to the divertor target plates with the radial diffusion of ions from the core are unable to distinguish
between limited and diverted plasmas. The model presented here removes this limitation while still
remaining amenable to a similar Wiener—Hopf solution procedure. To phenomenologically model
ion recycling, the boundary conditions employed at the divertor plates allow for partial reflection.
The diffusion into the private flux region and the extended divertor channels (all of normalized
length d along the magnetic field), as well as the rest of the SOL, is evaluated. The SOL is shown
to be asymmetric about the separatrix because ions from the core must stream by the X point be-
fore diffusing into the private flux region. The channel or leg SOL width is of order
[LD(1+2d)/v; |In Y]'2, where D, L, v;, and y are the diffusion coefficient, connection length, jon
thermal speed, and reflection coefficient, respectively, The SOL in the private flux region is
narrower (by [2d/(1+2d)]'"?) with a lower density (by [2d/(1+2d)]*'*) and a stronger poloidal
dependence than the region beyond the separatrix. To equalize the heat load between the private flux
region and the leg portions of the target, the legs must be longer than the connection

length, © 1995 American Institute of Physics.

I. INTRODUCTION

To control contact between the confined hot plasma
within the last closed flux surface and the vessel wall, toka-
maks use either a limiter or a divertor to form a scrape-off
layer' (SOL). In the SOL, located in the vicinity of the last
closed flux surface, the radial diffusion from the core is
abruptly converted to parallel streaming to the limiter or di-
vertor plates so that two-dimensional models become neces-
sary. By employing a separatrix in the poloidal magnetic
field to define the last closed flux surface, divertors are able
to ensure that particle and power flows to material walls
occur in regions isolated from the hot core plasma. The sepa-
ratrix results in a private flux region not present in limited
plasmas. The private flux region is accessible to particles
from the core that are streaming towards the divertor plates
and have passed by the null point if they then diffuse back
across the separatrix. To distinguish a diverted plasma from a
limited one it is necessary to model the private flux region.
Existing analytically tractable kinetic models of the ions in
the SOL*™* do not attempt to model the private flux region.
The purpose of this work is to remove this deficiency by
solving an analytically tractable two-dimensional ion Kinetic
model that retains the essential features of a divertor includ-
ing the private flux region. All ion kinetic models, including
the one considered here, are long, mean-free path models in
the sense that ion collisions in the scrape-off layer are either
neglected entirely or enter only via their effect on spatial
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diffusion. Long, mean-free path ion models are appropriate
for present-day tokamaks, and may remain relevant in some
reactor operating regimes.

The earliest ion kinetic model of the SOL region® em-
ployed a spatial diffusion coefficient due to collisions into
the finite orbit loss regions in velocity space created by pass-
ing ions being lost at perfectly absorbing up—down symmet-
ric walls intended to model a double null divertor. Subse-
quent ion kinetic models™* permitted the spatial diffusion to
be either collisional or anomalous and focused on evaluating
particle and heat fluxes to the walls, providing boundary con-
ditions on the core density and temperature gradients, deter-
mining the structure of the SOL including its density profile,
and, by assuming the electrons to be Maxwell-Boltzmann,
the electrostatic potential. A double diffusion electron model®
improves upon the Maxwell-Boltzmann model by retaining
both the radial feed from the core and the velocity space
scattering over the electron reflecting Debye sheaths. In both

" Refs. 2 and 3, perfectly absorbing walls were assumed and

the resuliing diffusion equation with boundary conditions
was mathematically equivalent to that for the distribution
function for diffusion into a loss cone in velocity space as-
sociated with the magnetic mirror end-loss problem solved
by Baldwin, Cordey, and Watson.® In later jon work,? the
perfectly absorbing wall boundary condition is removed by
modeling ion recycling at the walls by an effective reflection
coefficient. The ion distribution function in the outer part of
the SOL is found to be altered by even a small reflection
coefficient. Not only does the SOL widen as expected, but its
radial dependence changes unléss the reflection coefficient

© 1995 American Institute of Physics
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FIG. 1. Schematic of the simplified Cartesian divertor geometry with a
private flux region with x=0 corresponding to the separatrix. The target
plates are denoted by cross-hatching.

becomes vanishingly small. While the recycling model of
Helander and Catto® is obviously an oversimplication, it will
be adopted for our divertor model which includes a private
flux region, since it is a substantial improvement over the
perfectly absorbing models used in the earlier work. In the
model of Ref. 4 ions stream along the magnetic field to the
divertor plates where they recombine, reflect, or are ab-
sorbed. The neutrals that result from recombination move
away from the wall undergoing charge exchange until they
ionize. The resulting ions are then assumed to stream back
along the magnetic field at the same energy as they entered
the presheath. The effective recycling or reflection coeffi-
cient vy, which must be such that 0=<y<1, broadens the SOL
width by ~[In ™12,

The simplified Cartesian divertor model adopted in this
paper is the one used in fluid simulations to retain the essen-
tial features of the private flux region.” It ignores the geo-
metric complications of a spatially varying magnetic field
and toroidal geometry. Figure 1 illustrates the Cartesian
models relation to a typical single null divertor. In the Car-
tesian model x=0 corresponds to the separatrix, with the
core (C) and two private flux regions (P; and P,) at x<<0,
and the edge (E) and two divertor leg or channel regions (D,
and D,) at x>0. In a single null divertor there is only one
private flux region. As a resuit, the boundary conditions on
the two private flux regions of the Cartesian model must be
chosen to make them behave as a single region. Such a
specification is accomplished by demanding that whatever
enters or leaves the lower private flux region via the bound-
ary at y=0 emanates from or reappears at the boundary of
the upper private flux region at y=1; that is, we demand that
y=0 and y=1 be the same line for x<<0 and that the ion
distribution function be continuous across it. The x>0 re-
gions D, and D,, above y=1 and below y=0, correspond
to the extended divertor legs on either side of the private flux
region bounded by the separatrix.

For the preceding Cartesian divertor model, a kinetic
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equation balancing radial transport, which supplies ions from
the core, with streaming, which causes ions to be lost to the
divertor plates, will be solved. The mode! retains the essen-
tial features of the private flux region in a fully two-
dimensional manner for realistic boundary conditions which
model recycling by an effective reflection coefficient. The
geometrical complications make it necessary to neglect the
weak parallel variation of the electrostatic potential and con-
sider the long mean-free-path limit in which collisions are
ignored in the SOL.

In Sec. II, the long mean-free-path model equation and
the boundary conditions appropriate for the preceding model
are discussed. Section III uses a generalization of the
Wiener—Hopf method of Ref. 4 to find the formal solution
for the ion distribution function everywhere and Sec. IV
gives the solution in terms of infinite sums and derives lim-
iting forms for {x|> 1. Various moments of the ion distribu-
tion function are evaluated for a velocity independent diffu-
sivity in Sec. V to determine particle and heat loads on the
plates, boundary conditions on the core density and tempera-
ture, SOL widths, and asymptotic behaviors far from the
separatrix. Section VI is a brief discussion of the new fea-
tures and modifications due to the private flux region.

Il. EQUATION AND BOUNDARY CONDITIONS

In the SOL parallel streaming, spatial diffusion, colli-
sions, and a parallel electric field can influence the ion dy-
namics. However, Refs. 3 and 4 have shown that for a
Maxwell-Boltzmann electron response, the parallel variation
of the electrostatic potential ® is weak except in the imme-
diate vicinity of the intersection of the separatrix with the
walls where the strong ion density variation leads to an ion
accelerating potential which adds to that due to the Debye
sheath. Since this is a highly localized region (although not
as localized as the Debye sheath which is assumed infinitely
thin), the acceleration that takes place is neglected in order
that parallel electric field effects may be dropped in the ion
kinetic equation. Moreover, by working in the long mean-
free path limit the influence of the ion collision operator in
the SOL may be ignored. While a more general treatment of
collisions in the SOL is desirable, it has not yet been possible
to construct an analytically tractable model. The remaining
terms in the ion kinetic equation, parallel streaming to the
plates and radial diffusion from the core, must be retained
since they provide the loss and source terms for the SOL.

Because of the preceding assumptions only the simpli-
fied kinetic equation

“V—‘li(Di{) (1)
op-Vf=r g\ P g,

needs to be considered, where f is the ion distribution func-
tion, r a generalized minor radius variable equal to g at the
separatrix, n=B/B a unit vector along the magnetic field B
with B=[B|, v =ii-v the parallel ion velocity, and D the
spatial diffusion coefficient. Following Refs. 3 and 4, we do
not specify the mechanism giving rise to the possibly veloc-
ity dependent radial diffusion coefficient D. It may be as-
sumed to be Bohm-like or due to some anomalous process
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giving rise to an alternate form. If D is due to classical or
neoclassical collisions then it can be obtained from the
Fokker—Planck collision cperator by a gyrokinetic change of
variables. If D arises because of collisional scattering into
velocity space loss regions it can be constructed by the pro-
cedure of Hinton and Hazeltine.?

. To obtain the desired form of the ion kinetic equation we
first introduce a generalized poloidal angle variable 4, where
n-V4=1/qR with q and R the safety factor and major ra-
dius. Inside the separatrix (r<<a), we take 0<<A<2r in the
core and 6<0 and §>27r for the private flux region. Outside
the separatrix (#>a) we take 0<f<2r in the edge, and <0
and ¢>2m for the extended divertor channels. Then we in-
troduce the normalized poloidal and radial variables

y=0/2mw and x=(r—a)(|oy|/LD)'"? | 2

with L=2mgqR the connection length, to write the ion kinetic
equation in the form

LY P fq )
6y ax
where o=v/|vy| and
_[felxy) vp=0, @
T fony) <o,

The y variable is defined such that 0<y<1 in the core (x
<0) and the edge (x>0). The private flux region (x<0)
and the divertor channels (x>0} correspond to —d<y<0
and 1<y<I+d, where d is the normalized depth of the
private flux region and extended divertor legs or channels.

Our constant magnetic field model implies a symmetry
about 6= giving the symmetry condition

foolmy)=folrl=y) !

about y= 1/2. As a result, we need only ﬁnd the solution-for
F(x,y) to find f everywhere.

Equation (3) must be solved in the simplified Cartesian
divertor model with boundary conditions corresponding to a
steady-state solution in which particles lost to the target
plates are resupplied via diffusion from the core, To allow for
a radial flux from the core into the SOL we must have

falx——,0<y<l)—a+fz, (62)

with the velocity space dependent quantities o and B inde-
pendent of x and y. In order that the core be periodic we
require

Fe(x<0,p=1-29) =f+(x'<0»y=8)\, ‘ (©b)

where 6>0 and is infinitesimally small. Demanding that
whatever leaves (enters) the lower portion of the split private
flux region at y =0 reappears at (disappears from) the upper
portion at y=1 gives

Felx<0y=1+8)=f,(x<0,y=—=8). (6c)

Assuming that there are no sources in the private flux region
and that ions can only be lost to the divertor plates means
that £, must vanish far from the separatrix giving

fe(x——o0,—d<y<0 and 1<y<l+d)—0. (6d)
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" particles

Reyond the separatrix there are no sources and jons can only
be lost to the plates so that

fi(x—o, —d<y<l+d)—0. (6¢)

Finally, we must impose the reflecting boundary condition at
the plates. At the top plate the distribution of particles leav-
ing the plate must equal the reflection coefficient times the
entering the top plate, f_(x,y=1+d)
= vyf.(x,y=1+d). Using the symmetry condition gives the
effective recycling or reflecting boundary condition at the
plates to be

felxy=—d)=7f(x,y=1+d) (66)

for all x. In the next section we solve Eq. (3) for the set of
boundary conditions of Egs. (6) using a Wiener—Hopf pro-
cedure.

fil. SOLUTION TECHNIQUE

To solve Eq. (3) with the boundary cenditions (6) for f.,
it is.convenient to introduce the transform pair

Foe)= [ dx peyesplibn
and : (7
Fetn=@m [ dk F et ik,

In transform space Eq. (3) becomes

= _‘k2F+ Cor F+(k,)’)eXP(k2}’)

=‘c_om;tar;t independent of & and y. (8

Next, we define the following four analytic functions:

0
L{k)= [_ dx fi(x,y=1-8)exp(ikx)

=ff dx fi{x,y=8explikx), (%a)
U(k)= f:dx Fa(x,y=1)explikx), (9b)
A0 = [ax £, (xy=0pexpikn, ©0)

and

. ‘
B(k)==f dx fi{x,y=1+ Sexplikx)

0
=f_ dx fo(x,y=— &exp(ikx), (9d)

where k is restricted to provide convergence. To make L(k)
an analytic function the asymptotic behavior given by Eq.
(6a) requires that k¥ be below the real k axis. The functions
U(k) and A(k) are analytic for k& above and slightly below
the real k axis, since f, must satisfy Eq. (6e). To satisfy Eq.
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(6d), B(k) is analytic for k below and slightly above the real
k axis. In addition to the preceding functions, we define

H(k)=F (k,y=1+d) (%)
which because of the reflecting boundary condition (6f)
gives

F(k,y=—d)=yH(k). 1)

Using the preceding definitions and Eq. (8) we can ob-
tain three equations relating U, L, A, B, and H. For 0<y<1
we find

L+A=(L+U)exp(k?). (10a)
Similarly, 1 <y<1+d gives

B+ U=H exp(k’d), (10b)
while —d<y<0 yields

B+A=vyH exp(—k*d). (10c)

Eliminating H from Egs. (10) and rewriting gives the
two equations,

L=~A~{(U-A)/[1-exp(—k*)]}
and (11)

B=—U+{(U—A)/[1— vy exp(—2k%d)]},
which may be subtracted to find

—(U—-A)(L~B)=V(k), (12)
where V is defined as

V(k)={[1—exp(—k?)][1— y exp(—2k*d)]}/{1

— v exp[ — (1 +2d)k?]}. (13)

The important point about the form of Eq. (12) is that
U—A is an analytic function above and slightly below the
real k axis, while L — B is an analytic function below the real
k axis. This is the key observation that allows the technique
of Ref. 4 to be employed in the more complicated geometry
of Fig. 1.

If we arrange the zeroes of the denominator and numera-
tor of V such that

V(k) =V (k) Vy(k) (14)

with V; (k) analytic below the real k axis and V,(k) analytic
above and slightly below the real k axis then we can define
an entire function C via

_ (L—B)V, below real k axis,
| =(U—A)Vy, above and slightly below real k axis.
(15)

Integration by parts gives U, L, B, and A—O(1/k) as
|k|—o0. Therefore, if we arrange for V,, Vy,—O0(k) as
|k| -, then Liouville’s theorem tells us that any bounded,
entire function is necessarily a constant so it must be that

C=const. (16)
As a result,
L—-B=C/V, and U—A=—-ClV, (17

Phys. Plasmas, Vol. 2, No. 1, January 1995

(11) gives L+U
and B+U

which in combination with Egs.
=F.(k,y=1-08), B+A=F.(k,y=-9),
=F (k,y=1+0) in terms of V,, or V, .

For 0<y<l we may employ F . (k,y)exp(k*y)
=(L+ U)exp(kz) to find the two forms,

F,(k,y)=C exp(—k*y){V [ 1—exp(—k*)]}
=C exp(—k*y)[1—y exp(—2k*d)]11{V,[1
— v exp(—k*—2k%d)]}. (18b)

Similarly, when I1<y<1+d we use F+(k,y)exp(k2y)
=(B+U )exp(kz) to find the two forms

F,(k,y)=—C exp(k*—k*y){V, [1—y

(18a)

X exp(—2k%d)]} (19a)
=—C exp(k—k%y)[1—exp(—k®) Y/
{V.[1—y exp(—k*—2k%d)]}. (19b)

Finally, the last set of forms is for —d<<y <0 where we use
F . (k,y)exp(k*y)=(B+A) to find

Fi(k,y)=—yC exp(—2k*d—k*y)I{V [1—
Xexp(—2k%d)]}
= — yC exp(—2k%d—k*y)[1—exp(—k>)]/{V,[1
— v Xexp(—k*—2k*d)]}. (20b)

(20a)

Because of the analytic properties of V, and V, , the forms
(18a), (19a), and (20a) are convenient above and slightly
below the real k axis, while (18b), (19b), and (20b) are con-
venient in the lower half-k plane.

By inserting Eqs. (18)—(20) into Eq. (7) a transform rep-
resentation of the solution for f, (x,y) is obtained for all x
and y once the V, and V of Eq. (14) are made explicit. A
convenient form of this so-called factorization (which is not
unique) is a generalization of that used in Ref. 4, namely

Vy(k)=(k+io)exp[ —qy(k)]
and 1)

Vi(k)=[k*/(k—io)]exp[ — g, (k)]
with >0 and arbitrary,

wFis

a0 =a~ [T de g2z-0) 22)

and
q(z)=In{(2*+ o?)[1—exp(—)][1—7
Xexp(—2z2d)/z*[1—y exp(—z>—27%d) ]},
(23)

where here and in the following the upper signs are to be
used with g, and the lower with g; unless otherwise noted.
Notice that o is introduced to make the logarithm in Eq. (23)
analytic in a strip about the real k axis so Cauchy’s theorem
can be used to find ‘

q(k)=qy(k)—q (k). (24)
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An extension of the procedure used in Ref. 4 is used to
find an alternate form of Eq. (22} in terms of the Riemann
zeta function

2s)=2 n™* (Res>1) (252)
n=1
and polylogarithm function®
B(s,7)=2 ¥Y'In* (Res>0,]y|<1), (25b)

n=1

where ¢(s,1)={(s) for Re s> 1, but suitable analytic con-
tinuations must be employed for other values of s, as shown
in the Appendix therein and in Ref. 9. The resulting expres-
sion is

quLk)=mil2EIn(Fic—k)FS(k,d,y) (26)
with
_ 5 (xR w2
Selhd )= 2 Sy 18 =n/2)=[(1+24)
—(2d)"?)p(1—nl2,v)}, (27

where the details of obtaining this alternate form are pre-
sented in Appendix A. In Eq. (27), ¢(s,1)# {(s) because
Re s=<1. Using Eq. (24) we find

Se+S_=In{k[1—v expl—k*—2k*d) [ 1
—exp(—k)I[1—y exp(—2k%)]}.  (28)

In the difference only the odd terms in the sum contribute
allowing us to write

AV ES]
.(__llk)—_[é'(%__n)_[(l_l_zd)n-l-lﬂ

x

S.p.”"S_:Z

n=0 F(n+%)

~<2d>"*“2]¢(§~n,y”. 29)

Consequently, Eq. (26) may also.be rewriiten by using
S.=[(S4++S_)x(S,—S5_)1/2, and these results employed
to obtain

qulk=0)=mil2*xIn(Fi0) (30a)

and

dqy (k)

EPFRRE P
ok (i) +im,

k=0
where {(1/2)=—1.46 and

p=a"VH[(1+2d)'2—(2d) ] (112, 9)— L(1/2)}.
(30¢)

The expression for » simplifies for y<1, since ¢(1/2,y)— 1,
and for y—1 for which® ¢(1/2,7)—{m/(1—y)]*.

In the nexi section we use the preceding resulis to verify
that our solution satisfies the boundary conditions and to
obtain explicit expressions for its large |x| behavior.

(30b)
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V. LIMITING FORMS OF THE SOLUTION

The transforms F . (k,y) given by Egs. (18)~(20) can be
inverted to find the solution f.(x,y) by summing over the
residues. This procedure is most useful for finding the large
[x] asymiptotic form of the solution. For x<<0, Eqgs. (18a),
(19a), and (20a) are employed because V,, is analytic above
[where exp(—ikx) provides convergence] and slightly below
the real k axis; while for x>0 we use Egs. (18b), (19b)}, and
(20b) because V, is analytic below with exp(—ikx) provid-
ing convergence.

We consider x<<0Q and 0<<y<1 first by employing Eq.
(18a) which has a double pole at k,=0 and single poles at
k,,=[(n/|n|)+i](7r|n|)”2 in the upper half-plane (n=%1,
+2, x£3...). Remembering that the path of integration must
pass below k=0 where L and U overlap and extracting the
double pole, we find
d exp[~ikx-k2y+qu(k)][

folen)=i€ o

k=0

expl = ikux —kpy + gu(kn)]]
2k (k,+ic)

+iC 2,

n=E—%

n*(}
——iC(x— n)+ OLexp(— w'?|x]], (31)

where Eqgs. (30) are employed. Comparison with the bound-
ary condition of Eq. (6a) gives

B=—iC and 5=-a/B. (32)

Notice that « has been determined in terms of £ which
means that the scrape-off layer analysis sets the boundary
condition on the core gradients>™* (in particular, the core
density and temperature gradients) and that 8 is the only x
and y independent quantity to be determined.

The velocity dependence of 8is chosen by noting that in
the core spatial diffusion is weak compared to collisions so
that the orbital or bounce average collision operator must
vanish to lowest order giving f proportional to a Maxwellian
Fu=N (m/2nT,)* *exp(—~ Mv?*/2T,), where N, and T, are
constants. Equation (31) also requires [x]>1 giving
foxx|vy|'* approaching the core. As a result, the choice

~B=iC=(LD/|oy|)" *fu!! (332)

is employed, so that, recalling (2), the final form of (31)
becomes

filxyy—=—(r—a—nw)fu/l, (33b)

where [ is the density scale length approaching the separatrix
from the core with N /! the density gradient, T, the tempera-
ture, and

wy=(LD/|vy))""2. (33¢)

The choice of (33a) results in a fixed radial flux from the
core, but is not unique. However, a rigorous maiching to the
core is not available and is beyond the scope of the present
treatment, An alternate choice previously employed2~4 would
assume — 78 to be Maxwellian, but it does not make the
averaged collision operator vanish towards the core and re-
sults in the flux from the core trying to vanish as y—1,

P. J. Catto and J. W. Connor



Choice (33a) also introduces complications because of its
small vy behavior which results in an infinite number of ions
in the SOL, as noted in Ref. 4. However, because the diver-
gent behavior is logarithmic it can be removed by introduc-
ing a collisional cutoff at |vyf=v/L. Evidently, a rigorous
matching must retain collisional effects on the vy—0 ions in
order to change their parallel velocity so that they can be lost
to the plates once they diffuse into the SOL.

Core periodicity, Eq. (6a), is satisfied for x>0 because
[1—exp(—k®)] '=1+{exp(—k>)[1—exp(—k})]} can be
used in Eq. (18a) to see that F, (k,y=48) and F, (k,y
=1— &) have the same singularities in the upper half-plane.

The behavior of f,. in the scrape-off layer for x>0 and
—d<y<1+d is found from Eqgs. (18b), (19b), and (20b), all
of which have poles at k,=*{[—|In y|+i2wn]/(1+2d)}"?,
with the lower (upper) sign giving the poles in the lower
(upper) half-plane. Notice that Egs. (18a), (19a), and (20a)
are continuous at y=0 and y=1 because 1—yexp(—2k2d)
=1—exp(k2)=—yexp(—2k2d)[1—exp(—k?)]. Summing
over the poles in the lower half-plane, Eqs. (18b), (19b), and
(20b) all result in

2]

B
f+(x’.Y)=2(l+2d) n=2

—co

k,—io

k3 [1
—exp(—k2)lexpl — ik, x+ k2 —k2y +q.(k,)].
(342)

For finite v we need only keep the pole closest to the real
axis, ko= —i[|ln W/(1+2d)]'"*. As a result (34) reduces to

B(l +2d)1/2
fom= gy {1 —exel —ln 41/(1+2d)]}

xexp{S;—x[|In ¥}/(1+2d)]"?
+y[lin |/(1+2d)]},
where S, =S_(«,,d,y) with k,=~i[|ln W(q+2d)1"* or

(34p)

(—1)"[|In 7|/(g+2d)]""?
nl'(n/2)

S=2

n=1

{¢(1—-n/2)

=[(1+2d)"*=(2d)"*1¢(1—n/2,7)}

(g+2d)'"?+(1+24d)'"?
(g+2d)1+(24)'"

35)

—in

The y—1 form of S, given to the right of the arrow in Eq.
{35), is derived in Appendix B. In addition to the y depen-
dence found in Ref. 4, d affects the large x behavior of f, by
widening the scrape-off layer because of the extra fractional
length d of the field line in each divertor channel. The ap-
proximation of (34b) only fails for extremely small +y,
[in !> 1, for which additional poles must be retained. In
the ¥—0 limit we may replace the sum in Eq. (34a) by an
integral over n(Z— [ dn). Changing the variable of integra-
tion from » to k,,, deforming the contour well below the real
axis, and noting that a saddle point integral can be employed
provided y>0, gives
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f+—+(2—%) j:,dk k™1 exp(—ikx—k?y)

‘By1/2 x2
(el -5

which is the result of Ref. 3. For y=0 the region —d<y<0
is not accessible to v >0 ions giving f, =0, as can be seen
from Eq. (20b).

The forms for f, in the private flux region are of par-
ticular interest, since they show that the scrape-off layer is
not symmetric about the separatrix and can be used to find
the asymptotic behavior there. Considering x<0 and —d
<y<O0 first and summing over the poles k,=={—|ln y|

+i27n]/2d}"? in the upper half-plane Eq. (20a) gives
P

B w expl—ikx—kiy+qy(k,)]
f+(x,}’):'— A .
4d - k,(k,tio)

n=-—o

(36a)

Keeping only the pole closest to the real k axis,
ko=+i(lln #/2d)"?, and using S, (ky,d,7)=8,, as given
by Eq. (35), gives the finite vy result

—B 12
f+~>2(2d|1n D exp{—So+x(|In ¥|/2d)

+y(|ln y|/2d)}. (36b)

Comparing the x and y dependencies in Egs. (34b) and (36b)
we see that the scrape-off layer width is narrower in the
private flux region by [2d/(1+2d)]"* and the y depen-
dence stronger by 2d/(1+2d) because the vy>0 ions can
only diffuse into the private flux region once they have
passed by the X point (y=1). In addition, notice from Eq.
(20a) that f, =0 for y=0 because y <0 is not accessible to
v >0 ions [in this case, an attempt to perform a saddle point
evaluation as y—0 by replacing the sum by an integral in Eq.
(36a) fails because there is no saddle in the upper half-
plane].

Next, we consider x<0 and 1<y<1+d by using Eq.
(19a) and summing over the poles k,=={—|ln ]|
+i21rn]/2d}"? in the upper half-plane to find

foen)= o

n=-—oo

o

expl —ik,x—k2(y—1)+qy(k,)]
k,(k,+*io) ’

(37a)

which is just (36a) with y—y— 1. Therefore, the procedure
used to obtain (36b) gives the —x>1, finite 7y result

—B 172
f+—+2(2d|1n ,yl) CXP[ S0+x(|1n 7|/2d)

+(y=1)(Iln yl/2d)],

again exhibiting the asymmetry of the scrape-off layer about
x=0. For the limit y—0, replacing the sum in (37a) by an
integral and carrying out the saddle point integral well above
the real axis gives

(37b)
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TABLE I. Summary of asymptotic forms of f, for =0 for the regions
shown in Fig, 1,

Region in Fig. 1 Asymptotic form of f,. for y=0

c Fi—Ble—0.824[¢1 +24)2 - (24) ")}
E and D, o= BV 7 2x)exp(—xH4y)

Py fo—=Bly= 1) 7" x| Jexpl ~ x2/4(y 1]
P, and D, fe=0

f+—->(,8/27ri)ﬂ:dk k=" exp[ —itkx—k*(y—1)]

—=[By= 1"/ |x|Jexp[ —x*/4(y— 1)]. (37¢)

Comparison with the y—0 form of (34a) shows that the
asymmetry about the separatrix persists even for y=0, The
effective distance to diffuse for x<0 is d giving f, an SOL
width of 24"/ at y=1+4d, while for x>0 it is 1 +2d giving
a width at y=1+d of 2(1+2d)"2. Notice also from
(36a) and (37a) that the split private flux region is contin-
uous as required by (6¢) since exp[ki(1~y)1|,=
=y exp[ —ka(y+2d)]|y~ because 1=7yexp(— 2k2d).

The asymptotic forms of £, are summarized in Tables I
and II for y=0 and y—1, respectively. To obtain the results
shown in the tables the y=0 and y—1 forms of Eq. (30¢)
and the final form of Eq. (35) are employed.

Based on the asymptotic forms, the normalized scrape-
off layer widths associated with the ion distribution function
for finite y are [(1+2d)/|ln Y]"? for x>0 and (2d/|In #)!*?
for x<0. The scrape-off width in the private flux region is
always smaller than that in the divertor channel because dif-
fusion into the private flux region can only occur once an ion
has passed the X point.

Because of the v dependence of x, the exponennal de-
cay of the jon distribution function in the scrape-off layer
results in an algebraic rather than exponential decay in its
morents for a v independent D, as we shall see in the next
section. The next section also considers the particle and heat
fluxes to the plates and the boundary conditions on the core.

V. MOMENT INFORMATION

In the previous sections, the velocity dependence of D
did not need to be specified since it entered as a parameter. In
this section we consider various moments of f and in doing
so assume that D is independent of v.

The particle (I") and power (P) load on the targets can
be found by integrating the poloidal particle and heat

fluxes,”™ [ 4% Sfu Bp/Br and iMf d*v fUZU[IBp/BT,QVCY
both plates (from r= o0 to +) and muliiplying by the
circumference 2R to find

l" . %
Pl =4mR(Bp/Br)(1- ’y)f drf
m= Jy>0

1
Xd3v[Mv2/2}v[Lf+(x,y= 1+d), (38a)

where B p and B are the poloidal and toroidal magnetic-field
components. The integration is over v>0, since the recy-
cling condition f.(x,y=1+d)=yf,.(x,y=1+d) has been
inserted. Using dr=(LD/|vy|) V2, % dx fo(x,y=1+d)
=H(k=0) = —C/I[{(1 -y Vy(k=0)] = —B/(1—v), and
Eq. (33a), the integrals can be performed to find

I |
37,/2° (38b)

P =27R(BpL/B1)DN,
where we have used Egs. (10b), (11), (17), (21), and (26).
Notice that the energy carried per particle is 3T,/2 (for a
half-Maxwellian it is 27, so the effective flux liruit is 3/4)
and that D/] is a measure of the plasma flow speed across the
separatrix because BpL/B,~2mr, The coefficient in (38b)
should be viewed with caution, since it is sensitive to the
assumed normalization (33a) which is still an active area of
research.

The ion density N and temperature T defined by

N 1
3NT/2} = fv">0d3v[f+(x:)’)+f+(x’1 _y)l{MUZ/Q
(39)

can be evaluated asymptotically. In the core region —x> 1
and 0<y<1, Eqgs. (31)~(33a) can be inserted to find

(a=r) [ 1] T(W/4)n LD)W
BEREL W(?

(40a)

N _—
3INTI2| =

Na
3N, T, /2"

Because the scrape-off layer analysis set the boundary con-
dition on the core gradients as found in (31)-(32), the
boundary conditions on the core density and temperature
gradients are determined as well, as shown by (40a). The
density and temperature scrape-off layer widths implied by
{40a) are

TABLE II. Summary of asymptotic forms of f, for y—1 for the regions shown in Fig. 1.

Region in
Fig. 1 Asymprotic form of f, far y—+1
¥ ‘ fr—=plx- [(1+2d)"2 QYY1 - y)1%
E, D), and D, Fa——Blin A1 +2d)t/z+(2d)u2] texp{ — x[[In W/(1 +2d)}*2~ (y = $)In p(1 +2d)}

Py

P, Fomr=Blin A1 +2d) 2+ 2a)12]- ‘exp{x[un WDV~ (p~ D w2d)]}
o Fe—=Bln ™21 +2d) 12+ 2d) 2 Texp{x[lin W24)1"2~ y[In w(2d)]}

224 Phys. Plasmas, Vol. 2, No. 1, January 1985

P. J. Catto and J. W, Connor



T(1/4YLDIw)\ 2y 1
2T, /M) 5/6°

w (40b)
which depend on 7 and therefore increase with increasing y
because of recycling.

Asymptotic evaluations of the density and temperature
can also be carried out in the SOL regions for —x>1 and
x> 1. Considering the private flux region for 1<y<1+d

|

first, inserting the —x>1 forms (36b) with y—1—y and
(37b) into. Eq. (39), defining the private flux region SOL
width '

3NT/2 12T, /M)*In y[*(r—a)™”?

Similarly, outside the separatrix, inserting the x>1 form
(34b) into (39), defining the leg or edge SOL width

M\ LD(1+2d)\'"?
Metlar,) ot )

and assuming (r—a)>w,, results in

N 2N [LD(1+2d)]%*exp(S,)
3NT/2| T 12T, M)l [ (r—a) "

|1n | ) h((2y—1)1n7){1
2(1+24)) "\ 2(1+2a) )| Ts

(42b)

Notice from the form of (41b) and (42b) that the density
decays algebraically rather than exponentially and the tem-
perature approaches a constant as |x|—sco, Moreover, the po-
loidal dependence in the private flux region is stronger, as
can be seen by comparing the cosh terms. The asymmetry
about the separatrix in the asymptotic behavior of the density
is clearer if we evaluate the ratio of (42b) divided by (41b) at
the target:

(42a)

X sinh(

(42b)
(41b)

1 +2d) V4 sinh[Iny/2(1+2d)]

ered ( 2d [ny/2(1+2d)]

Xexp(So+S1). (42c)
For y—1, the limiting form of (35) gives
exp(Sg+S)—[(1+2d)/2d]1'"* so that (42b)/(41b)

—[(1+2d)/2d}** rather than the ratio of the total to pri-
vate flux region field line lengths (1+2d)/2d. Finally, as a
further measure of the asymmetry of the SOL, note that
Egs. (41a) and (41b) give the characteristic widths of the
private flux region and leg regions with wydwi,
=[2d/(1+2d)]"*<1. Consequently, the legs need to be at
least a connection length long to equalize the heat load be-
tween the private flux region and leg portions of the target
plates.

Vi. DISCUSSION

The kinetic behavior of the ions in an idealized two-
dimensional divertor model having a private flux region is
considered for the first time. This introduces an additional
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N } N,(2d)V*(LD)>*cosh[(y— 1)In y/2d]exp(—S,) { 1

M. 1/4 2LDd 172 41
Yor=\27,) \Tm o) 412
and assuming |[r—a|>w,, gives |
(41b)

T,

parameter d, the distance from the X point to the target plate
normalized by the total length of the field lines just inside the
separatrix. The model balances radial diffusion from the core
with parallel streaming to recycling target plates, and finds
that the divertor legs must be deeper than a connection
length to equalize the heat load between the private flux
region and leg portions of the target plates.

The ion distribution function and its moments are shown
to be asymmetric about the separatrix because ions from the
core must diffuse across the separatrix and then stream pass
the poloidal field null before they can diffuse into the private
flux region. This behavior results in (i) a target SOL width in
the private flux region narrower than that beyond the sepa-
ratrix by [2d/(1+2d)]1"?, as found by comparing (34b) and
(36b) or (41a) and (42a), (ii) the private flux region density
at the target being lower than that beyond the separatrix by
roughly [2d/(1+2d)]** at the same distance |x| from the
separatrix as shown by (42¢), and (iii} a stronger poloidal
dependence in the private flux region [again compare (34b)
and (36b) or (41b) and (42b)], as the density increases to-
wards the target plates, where d/(1 +2d) is the length of the
field line from the X point to the target plate normalized to
the total length of the field line.

The boundary condition on the ion distribution function
and its moments [recall (31) and (40a)] depend on d, as well
as v, and recover the limiter (d—0) resuit of Ref. 4. For
finite y and d>1, ions from the core are able to diffuse
further from the separatrix as they recycle and thereby in-
crease the SOL widths (40b) and (43) to make the transition
from the core to the edge less abrupt. The smearing due to
the additional diffusion in the private flux region and divertor
legs enhances the ~|ln 71—1/2 spreading from a finite effec-
tive ion reflection coefficient y as can be seen from Egs.
(34b), (36b), and (37b); but does not affect the core boundary
conditions for perfectly absorbing walls (y=0) as shown by
the y—0 form of (34a) and (37c).
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APPENDIX A: ALTERNATE FORM OF qy , (k)

To obtain Eqs. (26) and {27) we generalize the procedure
of Ref. 4 by first integrating Eq. (22) by parts to find

1 [=%ié 2vyd
qu,(k)=— pury ‘_m:iadz exp(z?)— 1 + exp(2z%d)— v
y(1+2d) o’
T eI 2=y AT In(z—k&)
(A1)
and then using the expansion In(z—k)=Inz

—2¥ n~ ! (k/z)". Evaluating the integrals, as in Ref, 4, we
have

g? (*Fi8 dz z In(z—k)

R — —iy—

i —-oo:ia_z2(_22+—0'.2)—- _ln(+10' k), (A2)

v [*%ié dzzlaz _ 12

] I e

and

yK [©Fi8 dz Zl—n —(iiKIIZ)n

3 ~oo$i86xp(l<22)“")/—+ T{(n/2) $(1=n/2,y),
(A4)

which can be used to obtain Egs. (26) and (27). When y=1
the polylogarithm function on the right side of Eq. (A4) must
be replaced by the Riemann zeta function. However,
H(1—nl/2,y=1)#{(1—n/2) for n=0 because the inte-
grand in (A4) has a singularity at z=0 for y=1, but not for
y<1.

APPENDIX B: ASYMPTOTIC EVALUATION OF &,

The y—1 form of S, given in the second form of Eg.
(35) is obtained by using’
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I'(n/2)
In,7)=§(l-n/2), (Bl)

. (¢(1—n/2,7)
lim -

y—1 Y B Y[m Y

to rewrite it as

* (_ 1)n (Zd)nIZ (1+2d)n/2
S‘I_)E] n ((q+2d)n/2 (q+2d)n/2)
+0(]In 7|'?). (B2)

To evaluate the sum in (B2), we use 1/rz=f°f'dx/x"+l to
rewrite it as

(B3)

Inserting (B3) into (B2) gives the result shown in Eq. (35),
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(q+2d)12+(1+2d) ) -

Sq“*ln( (q+2d)]12+(2d)1/2
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