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Theory of isolated, small-scale magnetic islands in a high temperature 
tokamak plasma 

J. W. Connor and H. R. Wilsona) 
UKAEA Government Division; Fusion (UKAEAlEuratom Fusion Association), Culham, Abingdon, Oxon, 
OX14 3DB, United Kingdom 

(Received 15 June 1995; accepted 31 July 1995) 

A theory for the existence of noninteracting small-scale, "drift" magnetic islands in a high 
temperature tokamak plasma is presented. This situation contrasts with that discu_ssc:d by Rebut and 
Hugon [Plasma Phys. Controlled Fusion 33, 1085 (1991)] which involves a background "sea" of 
magnetic turbulence caused by island overlap. The island~- are <4iven by the effect of finite ion 
Larmor radius on the particle drifts and they propagate with a velocity comparable to the 
diamagnetic velocity. In contrast with the work of Smolyakov [Plasma Phys. Controlled Fusion 35, 
657 (1993)] collisions are assumed to be rare. Although the saturated island size is independent of 
the collision frequency in the model discussed here, collisions playa crucial role in determining the 
frequency of the magnetic islands. An estimate is made of the anomalous heat transport which 
results from the fluctuations in the electrostatic potential associated with these magnetic islands. The 
predicted thermal diffusivity has several, but not all, of the characteristies of the Rebut-Lallia
Watkins transport model. 

.~. 

I. INTRODUC1]ON 

Heat and particle transport in tokamaks is generally 
"anomalous," exceedinK the predictions of neoclassical 
theory by up to two orders of magnitUde. This is thought to 
be the result of fine-scale turbulence in the tokamak, though 
the origin of the turbulence is not yet fully understood. I In 
this report we investigate the possibility of small-scale mag
netic islands existing in the tokamak2 and look at. some of the 
consequences of such islands for the radial electron thermal 
transport. It is interesting to note that a correlation between 
magnetic fluctuations and confine~ent has been observed in 
Tore Supra.3 

Rutherford theory for a simple resistive magnetohydro
dYVarnic (MHD) plasma4 predicts that small-scale magnetic 
islands evolve at a rate proportional to the tearing mode pa
rameter, fl.', -'with fl.'> 0 corresponding to island growth. 
Clearly, at large poloidal mode number, m, 'when 
fl. ' = - 2m! r (r represents the mirior radius of the mode ra~ 
tional surface), this theory predicts no island growth. How7 
ever, for more complex plasma models, extra drives for the 
island growth can appear from the island region itself and 
high In magnetic islands are predicted to exist with a width 
w determined by a balance between this drive and the damp
ing of the fl.' term. The drive arises from a perturbed parallel 
current and there are theories fOL this based on the bootstrap 
current,5-7 drift effects,8-I3 and current diffusion. 14 In this 
report we concentrate on drift magnetic islands which have a 
width comparable to the ion Larmor radius, when the island 
drive is a consequence of finite ion Larmor radius modifica
tions to the perpendicular drift velocities. The different re
sponses of electrons and ions result in a perpendicular cur
rent which, through V·J =O,~implies a parallel current, and 
this can sustain the island against the fl.' damping. 

Growth of these drift islands depends on the island rota-
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tion frequency, w, so that this must be determined as well; An 
equation for this is deduced from toroidal torque balance, 
which in turn is related to entropy production (i.e., dissipa
tion) so that the island properties typically depend on ·the 
collisionality regime' or the level of plasma turbulence 
(which can lead to an "anomalous" viscosity). Someprevi
ous auth6rsE,13,15 have considered the plasma turbulence to 
be the dominant effect. In a self-consistent theory, in which 
this turbulence is itself a result of the magnetfc islands, the 
evolution of a single island chain cannot be deduced inde
pendently of the others. In other work9,lO the finite resistivity 
of the plasma provides the dissipation and then the island 
chains evolve independently. A collisional· electron plasma 
was assumed in this latter work so that Braginskii fluid 
theory was appropriate. In this paper we address the situation 
for an isolated· island chain in a ·low collisiol}ality plasma, 
when the Landau resonance, w=knvn' has an important ef
fect on the electron distribution function, particularly for low 
parallel velocity electrons. 

Actually, three collisionality regimes can be identified 
which are reminiscent of those found in neoclassical trans
port theory. 

(1) At the lowest collision frequency the electron orbits 
form "drift islands" around the Landau resonance which 
lead to plateaus in the distribution function. I5 The result 
of this is that there IS no energy transfer from the par
ticles to the wave due to Landau damping. However, 
when a low level of collisions is introduced, the plateaus 
partially relax to a Maxwellian which then restores a 
residual Landau damping, giving rise to dissipation pro
portional to· the collision frequency, ve .16 This collision 
frequency regime is analogous to the banana collisional
ity regime of neoclassical theory and is relevant when· 

.. 

kOPi vthi (' .Ln)3(ml)-3/i(w)3, v<---- - - -,. e 16 Ln !'-s me Pi . '_ 
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where Pi is the ion Larmor radius, Ln is the density scale 
length, Vthi = ~2TJmi is the ion thermal velocity, Ve is the 
electron collision frequency, Ls=Rqls is the shear length, W 
is the island width, q is the safety factor, R is the major 
radius, k e= ml r, S = rq' I q is the magnetic shear, and m j is 
the mass of the species labeled by the subscript j. This re
gime has not been investigated previously and is the subject 
of this paper. 

At an "intermediate" collision frequency, which is suf
ficiently large that the drift islands do not form, but suffi
ciently small that collisional fluid dissipation is not impor
tant, the linear Landau dissipation is fully restored and is 
independent of collision frequency. This is analogous to the 
plateau regime of neoclassical theory and is relevant when 
ve < 1 klllvthe and veff >1 k11lvthe where Veff is an effective elec
tron collision frequency close to the Landau resonance and 
kll = -kewlLs is an effective parallel wave number. In terms 
of the equilibrium parameters the frequency regime is 

kePi Vthi (Ln)3(mi)3/2(W)3 kewvthe ---- - - - <ve< . 
16 Ln Ls me Pi Ls 

This can only be satisfied for very thin islands, in which case 
the Landau resonance of electrons with VII - Vthe is typically 
outside the island. Such a case has been considered by 
Smolyakov and Hirose,1I who showed that islands can exist 
with a width of the order the collisionless skin depth and a 
propagation frequency w- w*e( I + 'TIe 12), which is the 
same as that obtained in the linear theory of collisionless 
tearing modes. 17 This is consistent with the observations of 
Dubois et al. 2 who argue that when the Landau resonance is 
a long way from the magnetic island, then the electrons can
not reach an equilibrium over length scales of the order of 
the parallel wavelength at the resonance. The current pertur
bation which drives the island is then insensitive to the island 
topology and rather results from this lack of equilibrium, 
which can be determined by the linear theory. 

At the highest collision frequency collisional dissipation 
dominates and a fluid theory is appropriate. This is analogous 
to the Ptirsch-Schliiter regime of neoclassical theory and is 
relevant when lie >1 klllvthe' or 

and is the regime which has been considered by 
Smolyakov.9,JO 

The relevant collisionality regime for given eqUilibrium 
parameters is determined by the island width and length as 
illustrated in Fig. 1. 

We stress that the theory of magnetic island evolution in 
a "collisionless" plasma presented here assumes isolated 
chains of islands, so that they evolve independently of each 
other. A theory of small-scale magnetic islands in a collision
less plasma has also been developed in Ref. 15, where the 
interaction of the electron Landau resonances associated with 
adjacent magnetic island chains breaks up the drift islands 
and results in an "anomalous" electron viscosity taking a 
similar form to the linear Landau dissipation. This interac-
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(W)3 16u l ('-s)3(m )312 
kePi Pi =~ Ln ~ 
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Pi 

FIG. I. Sketch of k op/wfp,)3 = (16veLn !u,n;l(L,lLn )\me lmi)1.5 (fuJI 
curve) and kOPi(W!P,) = (V,LJU'hel (dashed curve) to illustrate the three 
collision frequency regimes. 

tion occurs when the electron Landau resonances of adjacent 
island chains overlap; for the isolated magnetic island chains 
considered here, this process is neglected. 

The model which we adopt in our calculation is as fol
lows. Island drive mechanisms from magnetic curvature are 
neglected so a sheared slab magnetic geometry is adequate to 
represent the standard nested surfaces of the tokamak 
plasma, which we shall refer to as the "equilibrium" plasma. 
We then impose on this a helical magnetic perturbation 
which results in a chain of magnetic islands propagating in 
the flux surface, perpendicular to the equilibrium magnetic 
field, with a rotation frequency, w, The electrons and ions 
respond differently to this perturbation because of tinite Lar
mor radius (FLR) effects and different parallel dynamics and 
therefore a local electrostatic potential exists in the vicinity 
of the magnetic island to satisfy quasineutrality. The re
sponses to the magnetic and electrostatic potential perturba
tions are calculated using the drift-kinetic and gyrokinetic 
equations, respectively. The perturbed current which results 
is used in Ampere's law to deduce the self-consistent island 
width, while the rotation frequency is found from toroidal 
torque balance, with collisions restoring a "residual" Landau 
damping to provide the dissipation, Here, we are interested 
in stationary solutions for the saturated island width. The 
nonlinear evolution of tearing modes in a collisionless 
plasma has been developed for a simpler model in Ref. 18, 
where electron inertia provides the dissipation necessary for 
the tearing of field lines which occurs during island growth. 
This dissipation plays a quite distinct role from the Landau 
damping which we appeal to in the steady-state torque bal
ance equation. 

The paper is structured as follows. In Sec. II we describe 
the calculation of the island width and rotation frequency. 
We introduce the magnetic geometry and dispersion relation 
in Sec. II A and calculate the ion distribution function from 
the gyrokinetic equation in Sec. II B. In Sec, II C we calcu
late the electron response and mode frequency. This rather 
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involved calculation is described as follows. In Sec. II C 1 
the drift-kinetic equation for the electrons is simplified and 
the concept of the "drift" islands is introduced. The leading
order solution for the electron distribution function is calcu
lated in Sec. II C 2. This depends on a free function which is 
constant on the drift orbits and is to be determined from a 
constraint equation, which is also derived in this section. In 
Sec. II C 3 this constraint equation is shown to be a station
ary point of a functional, K where K can be related to the 
entropy productiqn. Thus the constraint equation is solved by 
a variational procedure, which has the physical meaning that 
it minimizes the entropy production. A Lorentz collision op
erator is employed for the calculation presented here. In Sec. 
II C 4 we demonstrate that the equation for torque balance, 
which determines the island frequency, can be expressed as 
K =: o. The expression for K obtained in Sec. II C 3 then 
yields the island frequency. Finally, we derive the electron 
density in Sec. II C 5 and apply quasineutrality to determin~ 
the electrostatic pot~ntial; this provides all the information 
required to calculate the saturated island width. Analytic re
sults are obtained in the limits wiP Pi and W~Pi. In Sec. III 
we address the thermal transport which might be expected to 
result from the island structures. The model for the transport 
which is introduceCI here neglects island interaction effects, 
which are outside the scope of this work; thus we do not 
consider transport resulting from magnetic stochasticity. In
stead we consider a particular model in which the transport 
results from th.e electrostatic perturbations associated with 
the islands, in which case we argue that interaction between 
adjacent island chains is weak and can be neglected. The 
thennal diffusivity which we calculate has several, but not 
all, of the characteristics of the widely used, but semi
empirical, Rebut-Lallia-Watkins law.19 We close with a 
summary in Sec. IV. 

II. SATURATED ISLAND WIDTH AND FREQUENCY 

A. Magnetic topology and island "dispersion" relation 

We represent the eqUilibrium magnetic field (we shall 
refer to the plasma without the island as the "equilibrium") 
using a slab geometry with the shear in the magnetic field 
represented by a radial-dependent equilibrium flux: A helical 
magnetic perturbation is imposed with a parallel vector po
tential Au= -if/cos g which is symmetric about the rational 
surface m = nq, where m and n are the poloidal and toroidal 
mode numbers of the perturbation, respectively. Here g can 
be expressed in terms of the tokamak poloidal and toroidal 
angles (0 and <P respectively) and the rotation frequency, w: 

(1) 

Taylor expanding the equilibrium magnetic field about the 
rational surface m = nq, we can express the total magnetic 
field as 

B=BoVz- V t/lxVz, (2) 

where Bo is the equilibrium field and 
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FIG. 2. Magnetic island geometry. 

(3) 

The radial distance from the rational surface has been repre
sented by x. The equilibrium magnetic field at the rational 
surface is in the z direction and the shear length, L s ' mea
sures the rate ,of variation of this field direction with radius. 
Then V g, V x, and V z, form a convenient orthogonal coor
dinate system, with 

(4) 

The expression for t/I can be written in terms of the island 
width, w 

I{I 2X2 
- -= = n = -::-:-:T - cos g, 

I{I w . (5) 

where 

(6) 

and we have defined a convenient new dimensionless flux 
function, n. the solutions for the constant t/I surfaces then. 
depend on the value of n. For n> 1 the constant t/I surfaces 
are open. For the special case n= 1 the t/I surface is described 
by x = ± w cos(lj2) and fonus the separatrix of the island 
with X-points at g= ± 'fT. For -1 <n< I the solutions are the 
closed elliptical surfaces of the island, with n=-1 corre
sponding to the island O-point. The geometry is shown in 
Fig. 2, together with the orthogonal coordinate system used, 
where we recall that x represents the radial distance from the 
rational surface, ~ is along the length of the island chain and 
z is the direction of the eqUilibrium magnetic field and is a 
direction of symmetry for the full system. 

We shall be concerned with the . 'steady-state " solution 
in which '(p and w are independent of time so that Eq. (5) 
represents an island chain which propagates in the g direction 
at frequency w. We consider '(pto have a slow radial variation 
(compared with the island width): the so-called "constant !fl' 
approximation. However, a narrow current sheet exists near 
the rational surface m = nq and this leads to a discontinuity 
in the radial derivative of Au, which is denoted by IJ.': 
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(7) 

where r~:!::) indicate the asymptotic limits as r approaches the 
rational surface from either side. For large m, A' = - 2m/ r 
and then the constant I/J approximation corresponds to 

(8) 

The island saturation condition is determined from the pa
rameter A' by asymptotically matching the island solution to 
the external solution. Using Ampere's law to relate All to the 
perturbed parallel current J II and projecting out the cos g and 
sin g components we obtain the following matching condi
tions which determine the saturated island width and rotation 
frequency, respectively, 

f 'IT f'" cA' 
-'IT _/11 cos g dx dg= 4;j, (9) 

(10) 

We assume the current is localized around the island and so 
are justified in taking the limits on the x integration to be 

It is interesting to note that Eq. (10) results from toroidal 
torque balance as folIows.2o The toroidal component of 
torque, T"" can be expressed as 

T¢>= f (oJXOB)·Vc/> dx dg, (11) 

where oj and bB are the perturbed current and magnetic 
field. The perturbed magnetic field is dominated by the par
allel component of the vector potential, so that Ampere's law 
requires that oj be parallel to the magnetic field. Thus 
&J =Jllb, where b is a unit vector in the direction of the 
magnetic field, and 

T¢>= f JII[bx(VA11XVZ)]'Vc/> dx dg, (12) 

which reduces to 

ml/J f . T ¢>= R2q J II Sill g dx dg. (13) 

Neglecting any external torques with the same helicity, 
torque balance then requires T¢>=O and we obtain Eq. (10). 

B. Ion response 

In this section we calculate the ion density response as
suming the standard drift wave ordering, in which the ions 
satisfy w-w*pk11vn. This ordering implies that we are con
sidering islands of width 

w Ls 
-~
Pi Ln 

(14) 

and is consistent with the assumption that the ions carry no 
parallel current. However, the ion dynamics do playa role in 
determining the perpendicular current which is not diver
gence free and therefore drives a parallel current in the elec-
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trons. Because the finite size of the ion Larmor radius rela
tive to the island width is important, the ion response is 
calculated from the nonlinear ion gyrokinetic equation:21 

= ~ FMi(W- W~i) :gfj (CP>a- :" All)' 
(15) 

where g i is the nonadiabatic part of the perturbed ion distri
bution ofi' We have also defined k~:; -koX1Lp 
w*j=kqCT/qjBLn,andw~j = w*Jl + (v 2

/Vthj - 3/2)17j] 
with qj the species charge, Tj the temperature and 
17j = Lnl LTj , where C;; 1 = d In nldr and Lr/ = d In T/dr. 

The particle thermal velocity is defined as vthj = ~2Tjlmj' 
Here F Mi is the leading order ion distribution function which 
is taken to be a Maxwellian in velocity space and with a 
spatial dependence on the "radial" variable x only [note, this 
differs from other calculations9,10.13 in which the leading
order distribution function is taken to be a function of I/J,but 
is equivalent provided the "drive" terms on the right-hand 
side of Eq. (I5) are retained]. The angled brackets (-"}a 
represent an average of the enclosed quantity around the ion 
Larmor orbit where a is the gyroangle and g i is independent 
of this quantity. It is therefore convenient to introduce the 
guiding center coordinate, X::= x - p cos a where p:; v ~J w ci 

and wei is the ion cyclotron frequency. The ion density per
turbation on I(X) is easily derived in terms of g i by Fourier 
transforming 

(16) 

so that 

To evaluate the ion density response we integrate Eq. (15) 
over the parallel velocity variable, neglecting the small par
allel derivative term since wpkUUII' to obtain 

aOil c 
W ag x - B6 (BoxV(cp}",)'VOi 

(18) 

where G i = f~", gi dUll and terms odd in VII have disappeared 
on integrating. Clearly a solution of the linear equation, 

(19) 

is a solution of the nonlinear equation (18) if the arbitrary 
function of x which results from integrating Eq. (I9) is set to 
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zero. Thus Fourier analyzing the scalar potential cp and G I 
with respect to x and integrating over the gyrophase angle, 
we obtain the solution 

(20) 

The ion density response'is then calculated from G(k) 

on/ q·cp(x) , 'J"" 'J"'" (CO -;;;=-T+~ _oodk_;",d;'IIJo VJ. dvJ. 

xq/~(k) PMi (1- W~i)[Jo(kP)]2e-ikX. (21) 
Ti no ,w ' 

The velocity int~g!als c~.be performed analytically so that, 
after expressing ¢(k) in terms of cp(x)y.te obtain a final 
expression for the ion density perturbation: 

q/cp(x) no q/ fco dx ' I 
ontCx)=-no--+~- , -cp(x) 

Tj 2'71" TI , -co PI 

XG(x-x ' ), (22) 

where we have defined the Larmor radius at the ion thermal 
velocity, PI = v thJ w ci and the kernel 

-' ... ' 

Here ,the functions Kn(z), are the, Besse1.Junctim}.& which 
have the integral representation ' .. " 

K
l1
(z) = fooo 

e -z cosh t cosh(nt)dt. (24) 

This agrees with the result obtained in Ref. 8 for 7]/= O. Two 
liniitsare of 'interest: (i)p/~w and (li) Pi~W. Since 
G(x-x') issrnall unlessix-x ' l:5pi' and cp(X') is small 
unless x' :5w, we find that if wi P/~ I the integral is negli
gible and the ion density perturbation is' simply the Boltz
mann response: , 

(25) 

In the opposite limit, Pl~W, the only contribution to the 
integral comes from x' =x; ,thus we can. approximate 
cp(x')= cp(x) + (x- x') cp' (x) + (x- x,)2cp"Cx)12 so that 

q/cp(x) no q/ Jco dx ' ( , 
onj=-no--+~- - cp(x) 

, T/ 2'7T Ti -co Pi , 

(X-X / )2 d 2cp) I 

+ 2 dx2 ,G(x-x ). (26) 

The x' integral can be performed analytically with the result 
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on.= -no qiCP W*i + nO ~ 
, ,. Ti 'w 2 W Ti 

.' ,', , . • ,',', 2 d 2 cp, 
X[W-W*i(1 + 7]i)]Pi dx2' (27) 

where the second term represents the leading finite ion Lar
mor radius correction which must be retained in order to 
derive the island evolution equation. Physically, this term 
results from the ion polarization drift. Both of the-above 
limiting forms will be used ,later in order to derive analytic 
expressions for the conditions necessary for island growth 
and the corresponding saturated island width. In general the 
full expression in Eq. (22) should be used for the ion density 
perturbation. 

\ .... 

c. Electron response and mode frequency 

In this section we derive the electron response and the 
island rotatiop frequency, w, in a low collision frequency 
plasma. We shall see that the calculatio,n of w requires 
knowledge of the electron dissipation which, in the linear 
theory of low collisionality plasmas, is dominated by the 
Landau resonance and.'leads to w= w*e(l + 7]/2).17 The 
nonlinear eqUilibrium theory described here predicts that the 
electron distribution is distorted around the resonance to 
form "drift" islands, so that energy transfer between the 
electrons and the wave does not occur and no "linear" elec
tron Landau damping results. However, a low level of colli
sions attempts to restore a Maxwellian distribution and so a 
residual Landau damping exists which is proportional to the 
electron collision frequency, ve ;16 this is the dominant dissi
pation mechanism here.'It is therefore important to retain the 
effects of the drift islands on the Landau resonance to cor
rectly calculate ,the dissipation, though we will regard the 
parameterwlkllvlle' as small when appropriate, 

"The calculation ,of the electron dynamics is described 
within this section as follows. In Sec. II C 1 we simplify the 
electron drift-kinetic equation and introduce the concept of 
the drift islands. A leading-order expression for the nonadia
batic electron response, g e' is, derived in Sec. II C 2 by 
adopting an expansion in small ccplvllA Il . This result for the 
response is expressed in terms of a function, h, which is 
constant on the drift surfaces and is determined by a con
straint equation, also derived in Sec. II C 2. A variational 
approach which exploits some of the mathematical tech
niques used in the banana regime calculation of neoClassical 
transport22 is developed to solve this constraint equation in 
Sec. II C 3. The constraint equation for h can be shown to 
result from the stationary point of a self-adjoint f!lQ.9t,ional 
K(g ,g) which can be related to entropy production. Thus, 
physieally the free function, h, adjusts so as to minimize 
entropy production. In Sec. lIe 4 'we show that K(g ,g);' 0 
corresponds to the island frequency equation of the disper
sion relation; this allows us to determine U). finally the elec
tron density and saturated island width are derived in, Sec. 
n C 5. 
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1. Electron drift equation 

The electron Larmor radius is assumed to be much 
smaller than the island width so the electron distribution 
function can be calculated from the drift kinetic equation. 
The nonadiabatic response, g e' where 

qeFMe 
ofe=--r-+ ge 

e 
(28) 

(29) 

The term in ag i aVII is smaller than all other terms by a 
factor -wlLn and will be ignored in the following. It is 
convenient to define a variable, y 

( 
L ) 2 1 

y= -k S (w-k ll vlI)2- -2 cos ~, 
OWVII 

(30) 

which can be interpreted as a new radial coordinate. The drift 
equation then simplifies to 

kowvlI agel c 
u-L-P(Y'~) 8[ +fi2(BxVge )·Vcp 

S y 0 

_ qeFMe T a I ( VIIAII) 
-----r;-(w-w*e) a~lx Cp--c- -C(ge), (31) 

where we have defined 

(32) 

and u= ± 1 is the sign of (w - k11vlI)lvll' When the nonlinear 
Ex B term is neglected the characteristics of Eq. (31) are the 
surfaces of constant y. These surfaces are the same as the 
constant ifJ surfaces in shape and size, but are shifted in x to 
form the so-called drift islands, centered on the Landau reso
nance for the particular parallel velocity under consideration. 
It is interesting to note that the presence of these drift is
lands, illustrated in Fig. 3, modifies the electron distribution 
function in the vicinity of the Landau resonance so that the 
collision less dissipation, which would be present in the linear 
theory, is absent. Collisional relaxation tries to restore the 
Landau resonance and leads to a dissipation proportional to 
collision frequency;16 this is the dominant dissipation mecha
nism for isolated magnetic islands. In the limit wlkIlVII->O, 
y->OI2 and the drift islands are coincident with the mag
netic island. However, it is important to retain the small, but 
finite, difference between y and 0 to obtain the dissipation. 

2. Form of electron solution 

We solve for the electron response g e assuming 
ccplvlIAII~ 1 for the electrons so that, to leading order, Eq. 
(31) becomes 

(33) 
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FIG. 3. Constant y "drift" surfaces (full lines) for wllklllvn= 1 shown rela
tive to the constant Ifj magnetic surfaces (dashed lines). 

Thus 

(34) 

where hey) is, as yet, an arbitrary function of y. Outside the 
drift island hey) may depend on 0-; however, inside the drift 
island hey) must be independent of u so that g~ is single 
valued at p = ° (i.e., the Landau resonance position). At con· 
stant y, vII labels the positions of the different drift islands. 
Since the electrons mainly respond to the magnetic perturba
tion, all these drift islands are equivalent in the constant '" 
approximation and we are justified in taking h to be indepen
dent of VII at constant y (it has a weak VII dependence at 
constant x). 

The function hey) must be chosen so as to satisfy a 
certain constraint equation which can be derived from Eq. 
(31). This takes different forms according to the topology of 
the constant y surfaces, for which two regions can be iden
tified. First, for y> 112, the surfaces are "open" and cover 
the full range -7T<~<7T. Thus, dividing Eq. (31) by p and 
integrating over a period in ~ at constant y and with the 
periodicity boundary condition on g e' we obtain the con
straint equation for g e for this case. When - 1/2 < y < 1/2 
the constant y surfaces are closed so we integrate Eq. (31) 
over -~o<~<~o, where cos ~o= -2y, and sum over 0'. The 
constraint equation for g e in this region results from the 
boundary condition that g e be single valued at g= go. Thus 
the constraint equations in the two regions are 

2: 
q=:!: 1 

1 
Y>-2' 

1 I 
-- <y<-2 2' 

(35) 

where the integrals over ~ are to be taken at constant y. By 
assuming an explicit form for the collision operator, Eq. (35) 
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can be solved to derive the formfor hey). A variational 
approach to this calculation is described in the following 
section. 

Before we discuss the solution to Eq. (35) we first com
ment on the validity of the electron distribution function 
given by Eq. (34). Its derivation relies on the smallness of 
the parameter ccp/vIIA II , where we have the ordering 
ecp/Te~wlLn' Thus, for VII ~ Vthe this is easily satisfied, 
while for resonant particles, with VII~ w/kll this is marginal at 
x = w. However, these slow electrons are only important for 
determining the dissipation, which is dominated by the re
gion . far from the magnetic island. Here, cP decays suffi
ciently fast with x that the assumption remains valid and the 
form for g~ which we have derived can be used in the cal
culation of the dissipation below. 

3. Variational solution for electrons 

The constraint equation can be solved by a variational 
technique by defining a functional K(f,g) 

K(j,g) = f d3
v f d2

x b~)c;:<g), (36) 

where b(v) = (wlLn)FMe(w - w~e)/w*e, so that 
g ~ = b (v) ( ap - h). Requiring K to be stationary with respect 
to variations in the adjoint function j reproduces Eqs. (35) 
which determine the form for h. [An equation for j is de
rived from Eq. (36) by requiring K(f,g) to be stationary with 
respect to variations in g.J In fact, because K(f,g) is self
adjoint, j=g so that we . need. only consider K(g,g) and 
choose h so that K(g,g) is stationary with respect to varia
tions in h. 

In order to solve explicitly for the "arbitrary" function 
h (y) and the island frequency, w, it is necessary to assume a 
specific model collision operator; we retain only e-i colli
sions so that we can use the Lorentz model: 

(37) 

x(~1 -::;:~I' )g 
aVII v,y VII ayvlI,v eo 

(38) 

where v(v) = v(Vthe)(Vthe!v)3 and a=2Lsw/k(Jw. In the 
variational treatment it is sufficient to retain pitch angle scat
tering terms only in the collision term because of the small 
width of the drift islands. Thus, as in neoclassical theory, it is 
unnecessary to retain the effects of the mean ion flow in the 
electron-ion collision operator. Using the identity 

2fOO dx f7r dl;= L foo dYfgo~, (39) 
-0:: w -7r u=±l -1/2 -/;0 p(y,g) 

where 

cos l;o=-2y, -112<y<1I2, 

l;o='1T, y>ll2; (40) 
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the functional then becomes 

crap a I ) --z-
. vn ay VII ,v 

(41) 

The method for determining h(y) and the island frequency is 
now clear. We evaluate the velocity integrals assuming that 
B/ ay derivatives dominate those involving B! av n (recall that 
this is a consequence of the fact that all drift islands are 
equivalent for the leading-order electron response). How
ever, in the constant if, approximation the velocity integrals 
are divergent at low vII' which corresponds to the drift is
lands which are farthest from the magnetic .island. In per
forming the veloci!}' integrals it is therefore necessary to re- . 
tain the decay of !/J with x in order to obtain convergence. 
Thus we have . ',. 

K(g,g)='1TWL ("'dv VV(V)b(V)f
v 

dvnf"" dy 
u J 0 -v -1/2 

2 2 ( ) 2 go v -VII ap a 
x f dt; -- """'2 - (up-h) 

-go p VII ay 

. ( k()Wa) 
Xexp -~' (42) 

where the exponential factor takes account of the slow if, 
radial decay of the form - e-kolxl. Defining the angled 
brackets by 

and performing the velocity integrals we obtain 

_ 2w .w (kIlVthe) nOVe 
K(g ,g) - (k w)3 L -:-;;;- -;-

IJ n.' *e 

112 dh u 
{[ ']2 

X (p) dy - 2(p)1I2 

1 [/1)'1 ]} + 4 \-p- (p) , 

(43) 

(44) 

where Ve = v( v the)' The value of K(g ,g) is .minimized when 
the first square bracket is closest to zero. Outside the drift 
islands h . can depend on u so the condition on h is that the 
first square bracket be zero. However, inside the island such 
a solution violates the condition that h be independent of u 
[see below Eq. (34)] so that inside the island we must choose 
h(y)=O. Thus we have 
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dh(y) ( 1) u 
dj=0 y- 2 2(p)' (45) 

where 0(x) is the Heaviside function. 

4., Equation for w 

Expressions (29) and (31) can be used to derive the cos g 
and sin g components of the parallel current perturbation. 
First, an equation for the cos g component is obtained by 
multiplying Eq. (29) by q e and integrating over velocity 
space: 

alII I noq; acpl a I 
kll ag if! = T; w*e ag x +qew ag }onJ 

cqe 
- fj2 (BxV cp). V( onJ, 

o 
(46) 

where we have neglected ll1i and assumed quasineutrality; 
this equation is essentially V·J =0. The current is then deter
mined once the electrostatic potential perturbation cp is 
known; this is derived from the quasineutrality condition. 
Since cp is symmetric in g, Eq. (46) only yields a cos g com
ponent for the current perturbation. To derive an expression 
for the sin g component of current we multiply Eq. (31) by 
gel( W - w~e)F Me and integrate over space and velocity. It is 
convenient to transform from x to y as the radial variable, in 
which case the spatial integrals can be carried out using the 
identity in Eq. (39). We then find that Eq. (10) for the fre
quency becomes 

L J d3vf'" dyfSO dg ~ C(ge) =0 (47) 
rr - 112 -go b(v) p(y,g) . 

Thus we see from Eq. (36) that Eq. (47) is equivalent to 
K(g,g)=O. It follows from Eq. (44) for K(g,g) that the 
island frequency 

(48) 

Clearly the collision frequency does not appear explicitly in 
our final result, though the velocity dependence of the colli
sion operator influenced the coefficient of 'TJe' The result 
which we obtain here in the low collisionality regime differs 
from that deduced by Smolyakov9

•10 in the collisional fluid 
regime. Since we shall see that Eq. (9) for the island width 
depends on w, we derive different criteria for the existence of 
microislands in a hot plasma. 

5. Electron density and saturated island width 

In principle the saturated island width could be calcu
lated numerically from Eqs. (9), (22), (23), (46), (48), and 
(34) without expanding Eq. (34) in wlkllVlle~ 1 for the elec
trons and without assumptions on the size of the ion Larmor 
radius relative to the island width. However, in order to dem
onstrate the existence of microislands it is convenient to ex
pand Eq. (34) for small wlknVlle and consider the two limit
ing cases for the island width discussed in Sec. II B. While it 
was essential to retain wlklivil effects in the electron equation 
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in order to derive the island frequency, these are not impor
tant for the island width. The condition under which they can 
be ignored is 

r l/2 Pi _e ...!. (1- 'TJe)~ 1, (m)"2L 
w mi Ln 

(49) 

where r= TiT;. This is generally easily satisfied except for 
very small island widths. Thus the electron density response 
is 

x(::'- 0(0-1) fn dO' ) 
w 2,fi 1 P(O') , 

(50) 

where 

(51) 

The full system of equations to be solved can now be sum
marized as 

(52) 

q cp r q foe dx' 
(1 + r) T

e 
- 2=3721 T

e 
-. G(x-x')cp(x') 

e 7T' e -00 PI 

w= w*A 1- 'TJe), (55) 

where Eq. (54) results from quasi neutrality. 
Analytic expressions can be obtained in the limits 

p/w'$> 1 and p/w~ 1 as follows. For the case p/w~ 1, 
cp(x') can be expanded for small (x-x') as outlined in Sec. 
n B, with the result that the perturbed current is 

w 
x- h'[h' +2(0+cos g)h"], (56) 

w*e 

where h'=d[h(O/2)]ldO and h"=d2[h(012)]ld0 2• The 
spatial variation of 111 is illustrated in Fig. 4, where it can be 
seen that all the current perturbation lies outside the mag
netic island. Substituting this expression for the current into 
the dispersion relation in Eq. (9) yields the following equa
tion for the saturated island width in the limit p/w~ 1: 
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Current Density Perturb~tion 

FIG. 4. Current perturbation around a magnetic island for the case w:ll> Pi' 

t ' (Ls )2(Pi)2 W [W-W, *e(1 + 1Ji)] II W-8C 1T,8 - - - =0. 
, Ln W' W*e w*e 

(57) 

Here we have definedj3=2noTefB2 and evaluated 

C)=8-/i71" f" Q2(2-/iSQW-T)dfi=2.24, (58) 

where 

1 1 
Q = -' -:-;:::===:-; 2-12 (~fi+cos I;): 

1 
T= 27T f cos I; 

I dg, 
"fi+cos I; 

S=_1 .l 
271" j ~fi+cos ( 

(59) 

Equation (57) agrees with that derived by Smolyakov9,lO in 
the fluid limit. However, we have seen that kinetic effects are 
important in the calculation of the'island frequency; w, at low 
collision frequency and this influences the criteria for island 
growth as follows. Using Eq. (55) for W and II t = -2m! r for 
large m, Eq. (57) predicts that drift islands with W ~ Pi can 
only exist in a low collisionality plasma when the electron 
temperature gradient satisfies 

(60) 

The condition for the existence of small islands, with W~Pi' 
is different. The ion response is, ,then BoltzIDlmn and the cur-
rent pertUrbation is ' ' 

T LsI (w-w*e)(W-W*i) 
J II=-4n

oQe (1+T) Ln ke w*e 

Xht( ;-::h(fi»). ' (61) 

The dispersion relation for the saturated island width in this 
case is 
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(
L)2 T (W-W )(w-w .) 

ll'w+8C2 ,B -.!... -- *e 2 *' =0, (62) 
Ln I+T w*e 

where the immerical factor C2 is given by the integral 
'j •. 

I
e:> dh '--

C2 =-4.fi,7T 1 h dfi T dfi= 1.2, . (63) 

with, T defined in Eq. (59). This again gives the same relation 
between the island width and its freguency that Smolyakov 
obtained usinl5 fluid theory, but once more the criteria for the 
existence of islands differ as a consequence of the different 
expression for the island frequency in the two cases. Thus 
again using Eq. (55) for W we find small islands (w<tPi) can 
only exist if one of the following criteria on the electron 
temperature gradient is satisfied 

(64) 

III. ELECTRON HEAT TRANSPORT 

In this section we consider the effect of the island chain 
on the electron heat transport. The conventional view is that 
island chains on adjacent rational surfaces overlap, so that 
they are separated by regions of stochastic magnetic field. 
This will then result in anomalous transport as argued by 
Rechesfer and Rosenbluth.23 Our calculation does not en
compass this situation because we consider the case when 
the islands evolve independently of each other, neglecting 
any drive or damping mechanisms which result from cou
pling of adjacent island chains. However, an interesting 
transport mechanism which we can address is the possibility 
that it is the electrostatic fluctuations associated with the is
land stnictures 'wnich determine 'the transport. According to 
arguments given by Hegna and Callen24 the anomalous tranS'~ 
port is negligible unless the regions containing the fluctua
tions touch, essentially because of the "series" nature of the 
contributions of adjacent radial transport regiOns to the over
all transport. As the electrostatic fluctuations, extend a dis
tance ~ w beyond the magnetic islands the region between 
adjacent chains will be filled witli a fluctuating electrostatic 
field when the magnetiC island chains are still a 
distance~ 4 w apart. In this' situation the transport in a real 
tokamak is expected to be dominated by the effect of these 
electrostatic fluctuations' on the trapped particles.25 How'ever, 
in calculating this effect, we assume that toroidicity, implicit 
in the presence of trapped particles, will not quiilltatively 
alter the conclusions of our slab-like island analysis, above. 

The mechanism which we consider has been described 
by Connor et at. 25 The electrostatic fluctuations have a long 
parallel wavelength (of the order of the connection 
length~Rq) so that, while the passing particles experience a 
full variation of ' the fluctuation as they travel around the 
torus, a (magnetically) trapped electron will see a steady per
turbation durirtg many banana orbits if the fluctuation fre~ 
quency w~w* ~wb;'" where wbe is the electron bounce fre
quency. Thus during a half-period of the electrostatic 
oscillation the passing particles will have a negligible radial 
drift while trapped electrons will travel a radial distance 

J. W. Connor and H: R~ Wilson 4583 

Downloaded 31 Oct 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://pop.aip.org/about/rights_and_permissions



V Er ck</>'P 
b-r-----

w wB e ' (65) 

In the absence of a mechanism to decorrelate the trapped 
particle from its orbit, it will experience a drift in the oppo
site direction over the second half-period of the fluctuation 
and return to its initial starting position. However, in the 
presence of collisions the trapped particle can be decorre
lated from its orbit and thereby acquire a net radial drift. We 
consider the particles which are within a narrow pitch angle 
band -8 of the trapped-passing boundary; there are a frac
tion {j12 of these. They experience a large effective colli
sional scattering frequency - v/ o. Their contribution to the 
electron thermal diffusivity is 

Xe-8112(b-r)2(veI8), (66) 

which is clearly dominated by small 8. A cutoff in 8 arises 
from the condition that the effective collision frequency can
not exceed the fluctuation frequency, otherwise the trapped 
electrons do not perform a full radial excursion and less 
transport results: hence the transport is dominated by those 
trapped particles with 8- v / w. This results in a thermal 
diffusivity 

~( kepscs)1I2(qe'P )2 
Xe Ve L T Ln 

n e 
(67) 

We have commented above that the global confinement will 
not be significantly affected unless the electrostatic structures 
touch. Considering a fixed toroidal mode number, this con
dition provides an expression relating the island width to the 
poloidal mode number: 

(68) 

where we have assumed that the electrostatic perturbation 
extends a distance- 2 w from the rational surface. (Strictly, 
we assumed kew~ 1 in our island theory, which requires 
s> 1I4.) Equations (68) and (57) imply W'PPi and we can 
use the result of Eq. (57) to determine the island width: 

(69) 

where numerical factors and 7 and 'YJj dependencies have 
been ignored for simplicity. Using Eq. (54), the electrostatic 
perturbation has the form qe'P1Te-w/Ln' Combining this 
with the expressions for wand ke in Eqs. (68) and (69), we 
obtain an expression for the electron thermal diffusivity 
which results from the "isolated drift islands" considered in 
this paper: 

(v) 112 ( ) 114 (L ) 112(L )3/2 2 
Xe_€3/4;e :~ sIl4f33/4; L: P~:s. 

(70) 

Of course, the condition (60) on 'YJe must be satisfied for this 
transport process to be operative. It is interesting to note 
some similarities between the expression for Xe derived here 
and the semiempirical result derived by Rebut, Lallia, and 
Watkins19 which can be cast in the form 

Xe- €3/4( ~:) ( ~n) f3-112( V;e) 112 Pi: s . (71) 
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However, the two formulas have significantly different f3 
scalings. 

IV. SUMMARY 

The evolution of isolated islands involves coupled equa
tions for the island width and frequency. The principal new 
result presented here is a calculation of the rotation fre
quency of an isolated island in a low colIisionality plasma; 
this complements the collisional fluid treatment of 
Smolyakov.9

,IO This frequency has been determined from the 
electron response to the magnetic island and results from the 
effect of the small, but finite, electron-ion collision fre
quency on electron orbits near the Landau resonance 
w = klivll' Although the collision frequency does not appear 
explicitly, the result does depend on the particular form (Le., 
the velocity dependence) of the collision operator. We have 
employed a Lorentz model collision operator which neglects 
electron-electron collisions and obtained the result 
w= w*e( 1- 77e). Saturated islands are then predicted to ex
ist if 1<'YJe<1+7- 1(l+'YJ.) if p.~w and 1? <0 or 

_ I . " '/e 
'YJe> 1+ 7 If Pi'Pw. (A system of equations [(52)-(55)] 
has been presented which allows the existence of islands to 
be investigated for arbitrary ion Larmor radius, though these 
require a numerical treatment.) These results can be com
pared with those of Smolyakov,9,10 who finds that (for 7= 1, 
Zeff=2) islands can exist provided 0.49< 'YJe<0.49(2+ 'YJi) 
for Pi~w and 'YJe>O.98 or 'YJe<O for Pi'Pw. 

We have presented a model for the transport which re
sults from the electrostatic fluctuations associated with the 
magnetic islands, and have argued that this does not require 
a strong interaction of islands on adjacent rational surfaces. 
Therefore we expect that our model, which describes the 
evolution of isolated magnetic islands in a collisionless 
plasma, provides an adequate description of the island dy
namics for this case. It is interesting to note that the expres
sion which we obtain [Eq. (70)] shows some similar charac
teristics to the Rebut-Lallia-Watkins semiempiricaI result 
(e.g., the scalings with v* and geometry) but not the inverse 
f3 scaling. It remains to be established whether the transport 
from the stochastic magnetic fluctuations associated with 
somewhat larger islands, when there is a stronger island in
teraction, dominates this electrostatic contribution. A further 
point which could be addressed using a transport code is the 
self-consistency of the island existence criteria involving 'YJe 
with the values of 'l/e which arise from the anomalous trans
port resulting from the islands. 
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