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An analytic study of the magnetohydrodynamic stability of inverse
shear profiles

C. G. Gimblett, R. J. Hastie, and T. C. Hender
UKAEA, Fusion (UKAEA/Euratom Fusion Association), Culham, Abingdon, Oxon, OX14 3DB,
United Kingdom

(Received 16 January 1996; accepted 17 May 1996

This paper reports on the ideal magnetohydrodyndMIidD) stability of tokamak field profiles that
have a non-monotonic safety factp(r). An analytic criterion is obtained for these “inverse shear”
profiles by expanding in inverse aspect ratio and assuming that the minimgnisislightly less

than them/n value of the mode under examinatiom (and n being the principal poloidal and
toroidal mode numbers of the instabilityThree terms are identified as controlling the stability of
this “double kink”; two of them are stabilizing and due, respectively, to field line bending and the
interaction of average favorable curvature with the pressure gradient. The possibility of instability
comes from the third term which is due to toroidal coupling and is ballooning in character. The
analytic results are compared with those from a fully toroidal stability code.
[S1070-664X96)00109-7

I. INTRODUCTION energy SW.X® A negative SW indicates the production of
plasma kinetic energy, i.e., an unstable plasma. In cylindrical

The “inverse shear” mode of operation in magnetic fu- geometry}’ the potential energyW reduces to an integral
sion experiments® is a new confinement regime in which, betweenr, andr, whereq(r;)=q(r,)=m/n. A “top-hat”
by a sequence of setting-up procedures involving auxiliaryadial displacemeng, in this region gives
heating or pellet injection during the current rise, a hollow ) )
current density profile is established in the device such that —5 2& zf’Zr (m2—1) 1 n
the safety factor profilg(r) is non-monotonic and typically eyl = em Ro & f
exhibits a single off-axis minimumg,,;,. Such a profile ) - )
should be advantageous in stabilizing ideal ballooning n 2rpep’ n*  2r° ”_(i_ ”_) ar. (1)
mode§~° and certain classes of micro-instabilities such as B m° Rjm?lg® m? ’
the trapped electron mod&!! Experimentally, particle and ) _ _
ion thermal diffusivities show a marked decrease and thé(vhere represents f[he radial derivative. _T_hus, for
latter can in fact drop tdelowthe neoclassical value in the (rz—rl_)/a<1 » expanding locally around the minimum of
reversed shear regibwith the resulting centrally peaked g we find
profiles enhancing the potential fusion power. An interesting SWe, 8
development is that the improved confinement will produce ——— 1—5(m2— 1)A%+
significant bootstrap currents that, provided they are distrib- 0
uted correctly, could lead to steady state inverse shear opergmereA = (1—nqpmi,/m), and the destabilizing, pressure in-
tion, an exciting power plant prospegt. dependent term which is of ordefA has been dropped.

Of course, the existence of the minimumgrbrings into  The positive first term on the right-hand sittas) of Eq. (2)
question the stability of global magnetohydrodynamicrepresents the well-known stabilizing effect of field line
(MHD) instabilities such as the double tearing and, if thepending, while the seconthegative for normal monotonic
shears=rq’/q in the core is small, the so-called “infernal” decreasing pressure profilesterm is the cylindrical
modes:>** The latter exists purely because of toroidal cou-“Suydam’8 drive due to the destabilizing effect of the pres-
pling between the sideband poloidal harmonics generated byre gradienp’ and field line curvature in a cylinder. As-
toroidicity, so any stability analysis must take this into ac-suming the lows ordering3~ O(€?), instability is predicted
count. In this paper we present an analytic stability analysisvheneverA <O(e). So, instability can occur g8 values for
of inverse shear profiles in toroidal geometry. Introducingwhich pressure driven toroidal coupling to sideband harmon-
the inverse aspect ratie (=a/R,, wherea andR, are the ics cannot be ignored. This situation is analogous to the case
device minor and major radii, respectivghand the plasma of the (m,n)=(1,1) internal kink in the tokamak orderifg,

B (=2pop/Bj, wherep is the plasma pressure a} is  where similar considerations apply.

the toroidal magnetic field the calculations hinge on the The main result of this paper is to demonstrate that in a
assumption that the criticg8/e is small, permitting the use torus thesW produced by a similar displacement consists of
of a low B expansiort® Further, we will require that the three terms:

quantity (m/n—qu,,) [where (n,n) are the primary poloidal

2porp’
s @
0

and toroidal mode numbers under investigatisrsmall, in a SWor 5 E(mz—l)szL 2uorp’ (1- Q2 )— Aa?Al®2
sense to be explained beldBec. I)). gg 15 Bcz, min '

The calculation is based on computing the ideal potential 3
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The first term on the rhs of E¢3) again represents field line ng \d .

bending and is unchanged from the cylindrical calculation. +&o| 1 m) a(ff(lm ))],

Comparing the second term with its cylindrical counterpart

we see thaffor g,j,>1) the favorable toroidal curvature A [dgmrD))2

converts the destabilizing cylindrical Suydam drive to a sta- 5= {fz( dr )

bilizing (if qmi,>1) Mercier® term. The third term, which

gives the only possibility for instability, is a new ballooning (m+1)

destabilization. In Eq(3), A is a number that encapsulates +m(m+2) &y

information regarding the coupling to toroidally induced

sideband displacementséT'“!  with mode numbers 1 n )Z[ Z(dg(lml))z
g (m-1) ' dr

+m(m—2)gm Y

1 n
q (m+1)

’

(m=1,n) (the §m+1 extend across the minor radiasof the le=
plasma, and a= — (2uoRop’ q%)/B3 is the well known pa-
rameter that controls the stability of high-ballooning
modes?! The implications of Eq(3) are discussed in Secs. II
and V below.

In Sec. Il we show how Eq3) is obtained. In Sec. llI
we deduce growth rates for these instabilities by matchmg§
the external MHD solutions to the solutions in the two iner-
tial layers atr; andr,. In Sec. IV the analysis is validated by
comparing the analytic growth rates with code results, an

where the scalag functions refer to radial components.

We first note that the terms ii(r) that are quadratic in
o are all stabilizing, and so a first minimization is clearly to
take &y(r)=0 in the regions &r<r; andr,<r<a and we
aeallze that it is only the coupling of, to its sidebands

we conclude with a discussion in Sec. V. £M=1) as represented Hy, that can provide the possibility
of mstablllty In the regions &r<r,; and r,<r<a the

Il TOROIDAL ANALYSIS Euler-Lagrange minimizing equations fgf™V)(r) are the
homogeneous cylindrical equatiotrs,

The initial analysis follows that of Ref. 15. This refer-

ence addressed the problem of the stability of thed n 2d§(1mil)

(m,n)=(1,1) mode in the case thig—1|~O(e=a/R) in  dr|" a (m=+1) dr

the core region. Following the spirit of the procedure of Ref. 5

15 we assume the standard tokamak ordering and expand the _ m(m+2)r(3— ) g““il) ©®)

plasma displacemenritas &'+ e£™ Y+ ... with - q (m=x1)) *t =
&'=&(r)expi(mbé—ng)), We next form the Euler-Lagrange minimizing equations for

these sidebands in the regiop<r <r,. On rearranging the
canonical form of these equations, and approximating the
factor 1§—n/(m=1) by £n/m(m=1), we find that they

0 and ¢ being poloidal and toroidal angles, respectively.
With these assumptiondW at first order can be mini-
mized to zero by the choice

satisfy

d .

E(r§or>+|m§oe=0, 4 %[erl%(égm+l)r2+m) — (m2 b d (ar M&o)
which eliminates the compressional Alfvevave. If we then (7)
useA~O(e) as part of the expansion, we arrive at second Lnd
order with the analogue of E¢l4) of Ref. 15,

d d (m-1) d
| ¢2m=1_" g(m=1) 2—my | _ . m

OWo=27r —J ri(r)dr, :E dr[r dr(g1 = 2 dr(ar &). @

5 ) A notable feature of Eq47) and(8) is that a first integral is

[.= (E_ E) rz(% +(m2—1)§2} clearly available. Before addressing this, we record the

Ylg m dr oy Euler-Lagrange minimizing equation f@g in r,<r<r,,
a’és d 1 ngo 1 n\?
_ v =__|¢3| Z_ I
|2_2_q2_| [(50) dr r (q m) dr ( 1)<q m)
dg 1 a?  2ruep’ 1
|3=—fm<1——)§év 22 8 ?”fo
©) _
o -~ d 1 n ar™m
|, =— (m+1) 4 ¢(m—1) _{r (___) (m+1)p m+2
4 q2{Q[§1 & ]dr €o q m —2(m+1)q dr[§ ]
(m+1) (m—1)
+§O(§1 +§1 ) ar™ [g(m 1) 2— m] (9)
n 2(m—1)g® dr
+&| 1— _q ( g(m+l))
0 m+1 Returning to Eqs(7) and (8), first integrals are simply
3370 Phys. Plasmas, Vol. 3, No. 9, September 1996 Gimblett, Hastie, and Hender
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d m+1 B=(2—m+b,_)r"&m™ Yr,). 13

a(rm+2§§[m+l)):Arl+2m_( 5 )arm+1§o, (10) ( . m l) 161 ( 1) ( )
Here we have introduced

d m—1 +

S(r2 g ) —privany m-1 5 Lar-migy, ] rp o dgmey

1= =D ) (ri=),

with A andB as yet unknown constants. We note in passing . | ) . . )

that on substituting the relatiori&0) and(11) into the rhs of ~ Which is the value of this particular quantity obtained by
Eq. (9), the parts of the sidebands that are due to the direct®!Vind Eq.(6) in the region 8<r<r, [|n+trl1)e.ever_1t that the
& drive add together and have the effect of cancelling thdm+ 1) harmonic has a resonance :élff' in this region
term —r a2£,/(2q?) that appears on the left-hand sidles)  then Eq.(6) must be integrated in{™")<r<r, using the
of Eq. (9). “small” solution at r{™*1?2]. Similar considerations natu-

To proceed further, boundary conditions for Eqs0)  rally apply atr=r, and we can deduce

and(11) can be found by integrating Eq&) and(8) across LI 25 mtb,.,
r=r, and, making use of the continuity &f"*") there][i.e., EM=(ry)= (r_ #) =Yy, (19
M= (r —)=¢™1(r,+)] to find that 1 - m1
_ —me(m+1) where ¢+, are the quantities analogous bg,.; for the
A=(2Fmtbmg)ry 78T (r) (12 outer regionr,<r<a. We can now integrate Eq410) once
and more to find that

(M+1)%(2+m+byy1)(2+M+Cpi )

- b r2
A= rmlagydr. 15
(M=bpyi 1) (2+ M+ Ce DFE™ Y — M=y 1) (24 M+by s ) r 3™ f “to (19

Similarly,

(m_1)2(2_m+bm—1)(2_m+cm—1)

: -
B= "Ml gqdr. 16
[(M+Cp_1)(2—m+by )r ™ —(m+by_1)(2—m+cy_rit™™| frlr agodr (16

With the £&M*1) sidebands satisfying their respective Euler-Lagrange equafidasd(8), we find thatsW, is now given
by

Bg ) )
SWo=—27% = f §o 2 (&o)dr, 17
RO rl
with #(&,) as given in Eq(9). Collating all these results gives finally

Ry 6W, ffzgl n\2/dé&)\? 5 jrz 1 n\%, f’z , HoP’
BSZWZ_ rlr q " m ar dr+(m-—1) rqu o &odr r12r Bé

raf 1 m+1 2 rof r -m+1 2
X[frl(a> C(godr] _A(ml){ frl(a) C(godr] , (18)

1 2

where

—n?(m+1)(2+m+by;1)(2+M+Cryq)

A ) D (M= By ) (24 M s 1) — (M= Cogy 1) (24 M+ By ) (1 7 )2 T (19
—n?(m—1)(2—-m+by_1)(2—m+cny_1)
Am-1=5= T-m - (20
2m(m+by_1)(2=m+Cp_1) —(M+Cp_1)(2—M+by_1)(ro/rq) ]

We can now identify the various terms in the expressioriower poloidal harmonic sidebands and provide the possibil-
(18), as discussed briefly in the Introduction. The first twoity of an instability (W<0).
terms on the rhs of Eq18) represent the stabilizing effect of To produce a specific criterion, we introduce a “top-
field-line bending, while the third is the stabilizing Mercier hat” trial function for &,.*” We will further expand around
term. The last two terms stem from the coupling to upper andmin. the radius at which q=Qmi,. Writing x

Phys. Plasmas, Vol. 3, No. 9, September 1996 Gimblett, Hastie, and Hender 3371
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:(r

=T min)/ T min We have

1 n) 1 nré;.q"x?
g m  mg| ™ minm

n? q”
ZW( e {A-x3, (21
where
~ 2m NQmin 2q
A= ,,( - = —A. 22
Nreind m Fmind (22
The integrals in Eq(18) transform as
) 1 X
rdr—2r2, Af dy, y=—». 23
frl - m|n\/—’r 0 y y \/Z ( )

With &, a top hat the first integral on the rhs of E{.9)
vanishes. Evaluating the remaining integrals using E2(.
and (23), and assumingn is sufficiently small so that we
may take (/r;)™~1 in[rq,r,] we arrive at

2r pop’
~DA%+ (1= gl
0

qminA vz 2
- 2r2 ” Aa 1
mind

§W2<X )

15(M*~

(29)

with
_(24+m+Dbpy)(2+M+Cryg)
(bm+l_
(2—=m+by_1)(2—m+cp- 1)
(bm-1—Cm-1)

Cm+ 1)

(29)

An immediate conclusion that can be drawn from Eq.

(24) is that the system is stablgvith this trial function for
&o) whengpp is just belowm/n (i.e.,A—0), as in this case
the Mercier term dominategprovided gni>1). On the
other hand, when,, is reducedi.e., A=(1—ngyi,/m) is

increased the field line bending terms will eventually domi-

nate. Clearly there is a most unstable valueAgfwhich is

obtainable by performing a simple minimization. In fact the

most unstable\ is given by
15Aa2 2/3 ZQmin 1/3
Sleam*-1)| \r2. g

We can now calculateSW,(min) by inserting expression
(26) into Eq.(24), and deduce a criterion for instability,

(26)

21 mintoP’ ( I min )8/5
—| ———|>1.82Am?— 1) ——
( Bo A ) RoGmin
2 m\ 2I5 4/5
rminq 1) 2 3/5
X — =1 (2
( . ) (A (g°—1) 27

This gives a scaling for the critic#l asO(€®) occurring at
a A that is O(e”® and (,—ry)/rmin~ VA which is
0(62/5).

3372 Phys. Plasmas, Vol. 3, No. 9, September 1996

lll. CALCULATION OF GROWTH RATES

Calculation of ideal growth rates follows the general
method of Ref. 16. The finite inertia of the plasma will lead
to the creation of inertial layers at andr,. The sum of the
kinetic (K) and potential {V) energies at either of these
layers is given by

d§
K+W=2m poRo—f (1+2q2)r dr
la

+— B 1 (1 ) (dg)zd (28)
ZMO RO layer q m ' dl’ r
and ¢ will obey
¥ (1+29?) d¢|
dr[ T*(q‘m) a]—o- @9

[In Egs. (28 and (29 py is the plasma densityy is the
required growth rate, andy, is the Alfven frequency
Bo/(RoVmopo); the term (1 2g?) is an enhancement of the
inertia due to toroidal effects] In this layer the displace-
mentéy(r) rises from 0 atr,(—) to the valueé, atr(+).
To proceed, atr, we introduce a layer variable
X=(r—rq)/rq and expand (q locally as
g=m/n+xr,q'[ =m/n(1+xs;) with the shear
s;=r1q9’'/q]. Integrating Eq.(29) once and substituting into
Eq. (28) gives
2

» Bo
W+K=272r
,uoRo
o [ ar2e®) s T
X&j | ;Zﬁ— 72~ dxp
(30
{lsll Vi+2¢®
=27Tr
oRo q m Ya’
A similar contribution will arise at,, and so
Ya 27 1t2q? By (fsd+rils:D| &
(31

[with sW as defined in Eq(5)].

IV. COMPARISON WITH CODE RESULTS

The growth ratd Eqg. (31)] has been compared with re-
sults computed with thear resistive MHD codé* The FAR
code solves the full resistive MHD equations in toroidal ge-
ometry with no ordering assumptions. To facilitate this com-
parison it was necessary to find conditions for which the
assumed ordering is valid, in particular thag,<<1, im-
plying a small Shafranov shift of the equilibriufIn prac-
tice this resulted in using relatively extreme parameters to
effect the comparison. An aspect ratio of 100 and a non-
monotonicq profile varying between 2.95 on axis and 3.1 at
the edge with a minimum of 1.974 was used, and the growth
rates of them=2, n=1 instability as predicted by thear
code, and the above three coupled harmonic analysis, were
compared ag, was increased. The results of the comparison

Gimblett, Hastie, and Hender
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an equilibrium the marginally stable MHD eigenmode can be
Y p——— . adequately described by just three poloidal harmomicand
4 # FAR m=*=1. When qn;, does not satisfy the ordering
: o (1—nqpin/m)~ €*® marginal stability to ideal MHD modes
occurs at highep and the analytic methods employed in this
calculation must fail to be accurate. The variation of the
critical value of By asqpmin is varied is clearly shown in the
work of Phillips et al?® for several differentm,n modes
(e.g., Figs. 4 and 6—9 of Ref. 26Thus Fig. 4 of Ref. 26
shows a distinct minimum in the critical value 8§, at val-
ues ofqgpip just below the corresponding rational value of
m/n. So the qualitative feature of a local minimum B{,;;
as a function ofA=(1 — nq.,;/m) persists at tight aspect
0 4x10-4 8x10-4 ratio (A<3). Another limitation of the analytic calculations
B.dp/dr of this paper arises from the use of a trial function §gin(the
“top-hat” form) in evaluating Eq(18). Comparison with the
: " , _ , FAR code shows that the choice fgp appears to be good
profile was taken8 tlc;4 bex ‘I’z }IISf ls the poloidal flux funct!oin and close to marginal stability at the lowest point. However,
q=2.95(1+ (r/1.2)%)¥4— 8.64 2~ 15¢ 025 The |astrar data point corre- . . .
sponds toe3, = 0.16. comparison Wlth_thes,\, againstg,, plots of Ref. 26 suggest
that it becomes inadequate @g;,— m/n.

This paper has only addressed the stability of equilibria
using these equilibrium parameters with a direct calculatiorwith circular cross sections. However, as found in the analy-
of Eq. (31) is shown in Fig. 1for greater accuracy in calcu- sis of the internal kink mod#,2®shaping of the cross section
lating the SW of Eq. (31) we used the\ .1y forms of Egs.  will drive additional poloidal harmonics in the eigenfunction.
(18)—(20) rather than that of Eq$24)—(25)]. In the case of elliptic shaping these harmonics give rise to

It can be seen that there is very good agreement betweeatlditional contributions to the energy integral of E8). that
the analytic theory and thear computation. Further, exami- are quadratic in the ellipticity. A second shaping effect arises
nation of the eigenfunctions shows th&§ does have the because of the direct coupling of the toroidal sideband har-

Y/Ya X103

FIG. 1. Growth rate in poloidal Alfue units againsB,dp/dr. The pressure

assumed “top-hat” form between the twp=2 radii. monics by the ellipticity. As a result of this E¢) will also
contain a contribution linear in the ellipticity. The coeffi-
V. DISCUSSION AND CONCLUSIONS cients of these terms will, likd, depend on the details of the

We have presented an analytic study of the ideal mppd(r) profile. So iF appears t.hat the effect_ of ellipticity will
stability of inverse shear profiles, using an expansion in théiepend on th? orientatidhorizontal or vertica| C,)f the elon- .
inverse aspect ratio, coupled with the assumption that thgation. Work is underway t(,) determine th? sign and ampli-
minimum in the safety factoq,,, is close to and less than tude of these effects and will be reported in a later paper.
the m/n value of the mode under consideration. This insta-
bility might be termed the pressure driven “double kink” ACKNOWLEDGMENTS
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