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A theoretical framework is developed to describe the ideal magnetohydrodynamic~MHD! stability
properties of axisymmetric toroidal plasmas. The mode structure is described by a set of poloidal
harmonics in configuration space. The energy functional,dW, is then determined by a set of matrix
elements that are computed from the interaction integrals between these harmonics. In particular, the
formalism may be used to study the stability of finite-n ballooning modes. Using for illustration the
s-a equilibrium, salient features of then⇒` stability boundary can be deduced from an appropriate
choice of test function for these harmonics. The analysis can be extended to include the toroidal
coupling of a free-boundary kink eigenfunction to the finite-n ideal ballooning mode. A unified
stability condition is derived that describes the external kink mode, a finite-n ballooning mode, and
their interaction. The interaction term plays a destabilizing role that lowers the instability threshold
of the toroidally coupled mode. These modes may play a role in understanding plasma edge
phenomena, L–H physics and edge localized modes~ELMs!. © 1996 American Institute of
Physics.@S1070-664X~96!00402-3#

I. INTRODUCTION

The toroidal nature of tokamak confinement devices
complicates the theoretical assessment of their stability prop-
erties. In axisymmetric systems, the toroidicity of the equi-
librium couples all Fourier harmonics with the same toroidal
mode number. Additionally, shaping effects associated with
ellipticity, triangularity, etc., prominent in many of the
present day tokamak experiments with divertor geometries,
also have the effect of coupling poloidal harmonics. As such,
a linear eigenmode in a toroidal configuration is represented
as a sum over all the coupled harmonics.

For plasma equilibrium with low plasma pressure and
inverse aspect ratio~b52m0p/B

2;e2!1! and modest plasma
shaping, the toroidal coupling parameter can be taken as a
small quantity. With this approximation, it is possible to
make analytic progress using a perturbation theory. A proce-
dure for computing the stability properties of resistive mag-
netohydrodynamic~MHD! instabilities has been developed
using this approach.1–3 When the low-b ordering is accept-
able, it was found that for tearing instabilities, the toroidal
mode is comprised of a set of cylindrical tearing modes and
the stability properties can be deduced from a natural exten-
sion of cylindrical tearing mode theory. For modes with
twisting parity, however, the modes are found to be intrinsi-
cally toroidal, despite the perturbative nature of the theory,
and the toroidal mode is not constructed from a sum of the
cylindrical version of the twisting parity solutions. This con-
clusion is evident from an analysis of the singular nature of
the mode in configuration space, where the toroidal sideband
couplings play a crucial role near the rational surface.

For ideal MHD instabilities, this low-b expansion pro-
cedure is not appropriate, since instability thresholds for

ideal ballooning modes occur when the toroidal coupling pa-
rameter is of order unity. Ideal MHD instabilities can be
assessed by the use of the ballooning transform.4 The tradi-
tional ballooning theory involves a perturbation theory for an
asymptotically large toroidal mode numbern. To leading or-
der the linear eigenmode condition can be reduced to an
ordinary differential equation in the extended ballooning
variable. The actual eigenmode is then obtained by summing
solutions of this equation to yield the variation in poloidal
angle on a particular magnetic surface. The radial variation
of the eigenmode in real space is then obtained by a higher-
order expansion in 1/n. This method has proved valuable for
stability analysis of tokamak discharges, since the infinite-n
ballooning limit is known to be the most unstable. However,
if one is concerned with understanding the behavior of a
toroidal mode with a finite toroidal mode number or where
the plasma edge boundary conditions may be important, a
different approach is needed.

In this work, we address this problem by working in
configuration space. The goal is to obtain an analytic under-
standing of finite-n ideal ballooning modes and the effect of
toroidal coupling on external kink instabilities. Much
progress has been made in understanding the ideal stability
properties of shaped tokamak equilibria by using numerical
methods.5–7 In this work, we attempt to give analytic insights
into these numerical studies. The basic structure of the ana-
lytic formalism is outlined in Sec. II. In Sec. II A, the stabil-
ity properties of toroidally coupled internally resonant har-
monics are described using a matrix formulation. As
discussed in Sec. II B, the matrix elements are constructed as
interaction integrals of different Fourier harmonics. We pro-
pose a procedure for computing these matrix elements for a
models-a-type equilibrium as an example. In Sec. III A, the
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theory is extended to include the toroidal coupling of inter-
nally resonant harmonics with another Fourier harmonic,
whose rational surface lies outside the plasma region. A uni-
fied instability condition is derived for such a ballooning/
kink mode. In Sec. III B, we analyze modes whose last ra-
tional surface liesjust outside the plasma region. Finally, we
relate this work to the ideal MHD instabilities believed to
play a role in low to high~L–H! transitions, and edge local-
ized modes~ELMs! of type I and III.

II. INTERNAL MODES

For simplicity, we will consider a limiter plasma where a
plasma–vacuum interface is assumed at the surfaceq5qa .
The q profile is taken to be monotonically increasing in the
plasma region. Thus, we will be interested in plasma modes
with poloidal mode numbersm with m,nqa for a given
value of the toroidal mode numbern. These harmonics will
be referred to as internal modes since their rational surfaces
lie within the plasma region. In Sec. III, this analysis will be
extended to include couplings to an external mode whose
rational surface lies in the vacuum region.

A. Theoretical framework

The perturbed magnetic potential in a toroidal plasma is
written as a sum of Fourier harmonics,

c5e2 inz (
m51

M

ei ~m1m0!ucm~r2rm!Cm , ~1!

whereu and z are the poloidal and toroidal angles, respec-
tively. The different poloidal harmonicsm are given by a
mode amplitudeCm and a test functioncm that describes the
spatial structure of the harmonic centered around its rational
surfaceq(rm)5m/n, and is taken to satisfy a normalization
condition. The mode numberm0 is chosen so that
m0,nq0,m011, whereq0 is the magnetic axial value of
the safety factor. It is assumed that there areM resonant
surfaces in the plasma with toroidal mode numbern. Note
that we do not include harmonics whose rational surface is
outside the plasma region. For the pressure gradient-driven
modes discussed in this section, these harmonics do not pro-
vide any destabilizing effect and will be ignored.

Substituting the Fourier sum into the ideal energy func-
tional dW, we obtain the formal structure,

dW5 (
m51

M

Cm
2 E dx Km~cm ,cm!

1 (
m51

M21

CmCm11E dx Km
m11~cm ,cm11!

1 (
m51

M22

CmCm12E dx Km
m12~cm ,cm12!1••• ,

~2!

i.e.,

dW5 (
m51

M

Cm
2 f m1 (

p51

M21

(
m51

M2p

CmCm1pgm/m1p , ~3!

where

f m5E dx Km~cm ,cm!, ~4!

gm/m1p5E dx Km
m1p~cm ,cm1p!. ~5!

The operatorsKm andKm
m1p are functions of the equilibrium,

and, unless specified, are arbitrary. These functions are given
in Refs. 1–3 for a small aspect ratio expansion. For a model
s2a equilibrium @where the parameterss5r (dq/dr)/q and
a52q2R0(dp/dr)/B

2 are functions of the flux surface la-
bel#, the integralsf m andgm/m1p are specified in Appendix
B. The termsf m can be identified with the cylindrical poten-
tial energy involved with the presence of a particular Fourier
harmonic, while the termsgm/m1p describe the geometric
coupling of modes with differing poloidal mode number, and
satisfy the symmetry conditiongm/n5gn/m .

In order to describe the toroidal eigenmode, we now
need to specify the test function and the amplitude of each
harmonic. In the next section, we describe a method for
choosing the amplitudes by minimizing the energy integral.
In Sec. II C, the structure of the test function is investigated.

B. Finite- n ballooning stability

For the purposes of this section, the equilibrium opera-
tors Km andKm

m1p and the set of test functionscm are as-
sumed to be given. Thus, the set of potential energy termsf m
andgm/m1p can be treated as parameters, and thedW inte-
gral is given as a quadratic sum of the mode amplitudesCm .

We now address how to determine the amplitudes. Since
we are interested in finding an energy extremum, it is natural
to specify the amplitudes using a minimization scheme. In
particular, for a given amplitude of the last Fourier harmonic,
CM , the otherM21 amplitudes are determined from the
conditions ]dW/]Cm50 for m51 to M21. These condi-
tions are given by

2 f mCm1 (
r51

m21

Crgr /m1 (
p51

M2m

Cm1pgm/m1p50. ~6!

Multiplying theseM21 conditions byCm/2 and summing
yields the relation

(
m51

M21

Cm
2 f m1 (

m51

M21

(
p51

M2m

CmCm1pgm/m1p

2
1

2 (
m51

M21

CmCMgm/M50. ~7!

By subtracting this equation fromdW, the energy integral
can be written as

dW5 f MCM
2 1

1

2 (
m51

M21

CmCMgm/M . ~8!

The amplitudesCm can be deduced from theM21 condi-
tions given in Eq.~6!. These conditions can be written in a
matrix form,
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(
j51

M21

~HM21! i j Cj52CMSi , ~9!

where

Si5
gi /M
2

, ~10!

and the matrixHM21 is defined by

~HM21! i j5 f i , for j51,
~11!

~HM21! i j5
gi / j
2

5~HM21! j i5
gj / i
2
, for iÞ j .

The amplitudes can be determined from an inversion of
HM21. Inserting the solutions into Eq.~8! and summing, the
energy integral can be written, after some matrix algebra
manipulations, as

dW5CM
2 detHM

detHM21
5CM

2 dWB, ~12!

where the matrixHM is anM3M matrix defined in a similar
fashion as in Eq.~11!. The superscriptB is added to indicate
that this condition determines the stability properties of a
ballooning mode withM poloidal harmonics. The condition
that this expression minimizesdW is that the second deriva-
tive matrix, ]2dW/g!CiCj , is positive. This is given by
detHM21.0. Therefore the stability threshold condition is
given by the zero of the determinant ofHM .

As M approaches infinity,HM has an infinite number of
identical rows. In this limit, the mode amplitudes are equiva-
lent to within a phase factor, and the marginal stability con-
dition is obtained by requiring that the sum of the phase
factor times the row element of theHM sum to zero. The
marginal stability condition is given by

f m1( gm/m1p cos~pk!50, ~13!

where k is the phase factor, which is chosen to minimize
dW.

A simple example of how Eqs.~9!–~12! can be used to
determine the stability condition and the mode structure is
given in Appendix A.

C. Structure of the eigenfunction

In this section, we suggest a form for the test functions
cm that are to be used to construct the matrix elements. In
order to specify the test functions in configuration space, we
rely on guidance from solving for the analogous problem in
ballooning space. As a specific example, we consider a
models-a equilibrium, and construct a test function that has
the proper singular behavior near the rational surface for this
situation.

In order to understand the test function in configuration
space, it is important to appreciate the singularity structure of
the toroidal mode near a rational surface. The asymptotic
behavior of resistive MHD modes near the rational surface is
given by

f>@ uxun21DTEuxun1#sgn~x!, ~14!

for tearing parity, wheref is the perturbed electrostatic po-
tential that is related to the magnetic potential byf5(m
2nq)c, and by

f>uxun21DTWuxun1, ~15!

for twisting parity, where

n652
1

2
6A1

4
1DI . ~16!

HereDI is the Mercier index,8 which involves the average
curvature and measures the available free energy for inter-
change instability, andD represents the discontinuities in the
ideal solutions atrm .

We now consider the caseDI50. For tearing parity
modes in toroidal equilibria, the asymptotic behavior off as
uxu⇒0 is3

f>F 1uxu
1DTES p

2 D Gsgn~x!, ~17!

which is what would be expected for cylindrical modes.
However, the twisting mode structure asuxu⇒0 is quite dif-
ferent from the cylindrical prediction. As shown in Ref. 3, it
is given by

f>d~x!2~1/p!DTW loguxu1C1 , ~18!

where C1 is a constant. Clearly, toroidal twisting parity
modes cannot be computed by coupling cylindrical eigen-
functions, but rather by coupling modes that exhibit the sin-
gularity structure given by Eq.~18!.

The discussion in the previous paragraph describes the
singular structure for resistive modes. For ideal perturba-
tions, the associatedD8 ~the ratio of the small to large solu-
tions! of the modes becomes infinite. This is achieved by
setting the amplitude of the large solutions to zero while the
small solution amplitudes remain nonzero. Thus, the ideal
ballooning mode eigenfunction in configuration space, when
the Mercier indexD1 is zero, is given byf>C0 loguxu1C1
as the rational surface is approached. As was shown in Ref.
3, an analysis in configuration space demonstrates that the
logarithmic singularity generated at a particular rational sur-
face is driven by the toroidally coupled sideband solutions.

There have been previous derivations of analytical ex-
pressions for ideal ballooning stability boundaries.9,10 In
these calculations, a trial function was used in an energy
principle integral expressed in ballooning space. The toroidal
nature of the eigenmode was introduced by having a side-
band toroidal coupling term in the test function. We will use
a similar procedure, but in configuration space.

The Euler–Lagrange equations obtained from a varia-
tional form of Eq.~2! yield the following equation:

LmCmcm5 (
p51

Lm
m1pCm1pcm1p1 (

p51
Lm
m2pCm2pcm2p ,

~19!

where the operatorsLm andLm
M1p can be deduced fromKm

andKm
M1p. All of these operators for ans-a equilibrium are

described in Appendix B. Using them for infiniten, where all
the mode amplitudesCm have the same amplitude, it is pos-
sible to show that Eq.~19! is equivalent to thes-a ballooning
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mode equation for the Fourier transformed variable, by mak-
ing use of the propertycm(x)5cm1p(x2pD), whereD is
the radial distance between rational surfaces. As demon-
strated in Ref. 3, the toroidal coupling operators are respon-
sible for the logarithmic singularities induced at the rational
surface discussed above. Since we are interested in ideal bal-
looning instability thresholds, it is important to account for
the singularities due to toroidal coupling in the test function
we use for describing the matrix elements. The following
form for the test function to be used is suggested from the
‘‘solution’’ of Eq. ~19!,

Cmcm5CmCm1 (
p51

Cm1p

1

L̂m

Lm
m1pCm1p

1 (
p51

Cm2p

1

L̂m

Lm
m2pCm2p , ~20!

where 1/L̂m is an inversion of the cylindrical tearing operator
andC is a function with twisting parity to be specified. Near
its rational surface, this function has logarithmic contribu-
tions generated by the toroidal coupling terms. A simpler and
analytically tractable version of Eq.~20!, which contains the
essential toroidal coupling harmonics of the eigenmode, is
given by keeping only the first terms of the sums,

Cmcm5CmCm1Cm11

1

L̂m

Lm
m11Cm11

1Cm21

1

L̂m

Lm
m21Cm21 . ~21!

Since the test function itself depends on the mode ampli-
tudes, one must redo the minimization ofdW in Eq. ~6!. This
has the consequence that there are modifications and mixing
of the types of integrals in Eqs.~4!–~5!, leading to the ex-
pressions shown in Appendix B, Eqs.~B11!–~B15!.

It is worth noting that the procedure outlined above is
not rigorous. However, with a reasonable choice ofCm , the
s-a diagram of ballooning theory can be represented by an
analytic expression~see Fig. 1!.

III. COUPLING TO FREE-BOUNDARY MODES

The theory can be extended to free-boundary instabilities
by including the effects of a Fourier mode whose resonant
surface lies outside the plasma boundary.

A. Inclusion of external modes

For this case one can write the eigenmode,

c5e2 inz (
m51

M11

ei ~m1m0!ucm~r2rm!Cm , ~22!

wherecM11 is the external mode amplitude. Using this ex-
tended form ofc, the energy integral takes the form

dW5CM11
2 dWK1 (

m51

M

Cm
2 f m1 (

p51

M21

(
m51

M2p

CmCm1pgm/m1p

1 (
q50

M21

CM2qCM11I q , ~23!

wheredWK represents the cylindrical potential energy of an
external kink and the terms proportional toI q represent the
toroidal coupling of the external Fourier amplitude to the
internal mode amplitudes. The remaining terms describe the
internally resonant modes and their couplings described ear-
lier in Sec. II. The interaction integralsI q are defined in an
analogous way to thegm/m1p , in that they are functionals of
the plasma equilibrium and the test functions.

To choose the Fourier amplitudesCm , we follow the
same procedure as given in Sec. II. We take the interaction
integrals f m , gm/m1p , and I q and the kink potential energy
dWK as given, so thatdW is a quadratic function of the
mode amplitudes. MinimizingdW by taking ]dW/]Cm50
for m51 to M for a fixed external mode amplitudeCM11
yields the equations

2 f mCm1 (
r51

m21

Crgr /m1r1 (
p51

M2m

Cm1pgm/m1p1CM11I M2m

50. ~24!

These conditions are analogous to those given by Eq.~6!,
except that there areM conditions for theM internal ampli-
tudes, and the effect of the external mode amplitude is de-
scribed by the interaction integralsI M2m . Multiplying each
condition byCm/2 and subtracting the sum fromdW, we
express the energy integral in the form

dW5CM11
2 dWK1

1

2 (
m51

M

CmCM11I M2m , ~25!

FIG. 1. The boundaries forn⇒` ideal ballooning stability as deduced from
the equationf m1gm/m111gm/m121gm/m131gm/m1450, where the matrix
elements are given in Appendix B. The two curves correspond to the first
and second region stability boundaries for ans-a equilibrium.
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which is similar to the result given by Eq.~8!. Inverting the
matrix equation given in Eq.~24!, and inserting into Eq.
~25!, leads to the expression

dW5CM11
2 S dWK2

1

4

1

detHM
(
mi

M

cofmi~HM !I M2mIM2 i D ,
~26!

where the cofactors ofHM enter the sum. Assuming that the
toroidal coupling of the last internal harmonic and the exter-
nal mode dominate the sum, Eq.~26! can be written as

dW5CM11
2 S dWK2

I 0
2

4dWB ~11••• ! D , ~27!

where the expressiondWB describes the stability properties
of the ballooning mode withM internally resonant poloidal
harmonics, as given in Eq.~12!. The dominant toroidal cou-
pling integral given byI 0 describes the interaction of the last
internal resonant harmonic and the external kink harmonic.
An alternative form fordW can be derived by fixing the last
internal Fourier harmonicCM instead ofCM11. For this
case, the minimization procedure would givedW as

dW5CM
2 S dWB2

I 0
2

4 dWK
~11••• ! D . ~28!

Clearly, this expression gives the same marginal stability
condition as that given by Eq.~27!.

Equations ~27! and ~28! are analytic expressions for
ideal ballooning-kink instabilities. The toroidal coupling in-
tegral I 0 plays a destabilizing role. As the stability threshold
of either the internal ballooning mode or the external kink
mode is approached, the interaction term becomes more
prominent. It is possible for the ballooning-kink instability to
be unstable when the fixed boundary ballooning mode and
the cylindrical external kink mode are independently stable.

B. Coupled peeling/ballooning instabilities

In Secs. II and III A, a rather general procedure has been
outlined, which can be used to study the ideal MHD stability
properties. In this section, we will use the theoretical formu-
lation to investigate a special case. In particular, we are con-
cerned with external modes whose rational surface is just
outside the plasma edge. In order to make analytic progress,
some simplifying assumptions are made so that the interac-
tion integral and kink potential energy terms of Eq.~27! can
be estimated.

We calculate the kink-free energy for a simplified model,
in which the edge parallel current is constant in the plasma
region and drops to zero at the plasma–vacuum boundary.
For this case, the kinkdW can be written as

dWK5
a

~M11!

1

cK

dcK

dr U
a1e

a2e

2
qa~Rji /B!a
M112nqa

, ~29!

where the last term is evaluated just inside the plasma edge
and the first term describes the logarithmic jump of the per-
turbed magnetic potential across the plasma–vacuum inter-
face atr5a. The value of the vacuum field contribution to
the first term indWK is stabilizing and depends upon the
position of the conducting wall. In the cylindrical approxi-

mation, this term is given by [11(a/b)2(M11)]/
[12(a/b)2(M11)], wherer5b is the location of a conduct-
ing wall. For modes whereM112nqa!1, the vacuum con-
tribution will be smaller than the remaining terms in Eq.
~29!.

To compute the contribution from the first term in Eq.
~29!, the behavior of the eigenfunction in the plasma region
as it nears the edge must be determined. The stability of
highly localized ideal kinks, or peeling modes, has been ana-
lyzed previously.11 The theoretical treatment is similar to the
Suydam/Mercier analysis of fixed boundary modes. For the
condition M112nqa!1, the singular nature of the
pressure–curvature term causes the eigenfunction to have the
shape

cK;ur2r 0u2n1, ~30!

in the vicinity of the rational surface, whereq(r 0)5M11/n
and the Mercier index 11n252n1 is defined in Eq.~16!;
the choice of the Mercier index is determined by requiring
that the eigenfunction die away far from the rational surface.
Using Eq.~30!, the peeling modedW is given by

dWK>
sn12qaR ji /B

M112nqa
1O~1!, ~31!

where the vacuum field contribution enters in higher order.
The peeling stability criterion is given by

A1

4
1DI2

1

2
2
qaR ji
Bs

.0, ~32!

where the last term, evaluated at the plasma–vacuum inter-
face, is destabilizing, while the magnetic well term is gener-
ally stabilizing for tokamaks. To be consistent with the tok-
amak ordering used in the remaining part of this section, the
Mercier term is given byDI5(2p8r /B2)(12q2)/s2. How-
ever, it should be noted that Pfirsch–Schlu¨ter contributions,
which are not included in Eq.~31!, provide an additional
stabilizing effect.

It now remains to calculate the interaction termI 0. To do
this we follow the procedure outlined in Sec. II C, where we
use a models-a-type equilibrium. The expression forI 0 is
given by

I 0>E dx Km
m11~cM ,cM11!1E dx 2S 1

M
D 2 “cM

–“

1

L̂M

LM
M11cM111E dx 2S 1

M
D 2“cM11

–“

1

L̂M11

LM11
M cM1E O~a3!, ~33!

where the first term describes the interaction integral of the
cylindrical eigenfunctions and the middle two terms describe
the effect of the interaction of toroidal sideband contributions
to the eigenfunction. The last integral represents integrands
of ordera3, analogous to the last seven terms ingm/m11 of
Eq. ~B12!. These terms are negligible in the small quantity
M112nqa as compared with the terms kept. Since we are
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interested in the case whereM112nqa!1, it is possible to
show that the leading-order contributions of Eq.~33! are
given by

I 0>E dx Km
m11~cM ,cM11!

12aS 1
M

D 2 dcM

dr

1

L̂M

LM
M11cM11ur5a , ~34!

where the last term is evaluated at the plasma–vacuum inter-
face and the terms higher order inM112nqa have been
ignored.

To make further analytic progress, the shapes of thecM

andcM11 need to be specified. It is also assumed that the
profile parametersa and s are constant in the integration
region of interest. We approximateM2nq52x/D and
M112nqa5(D2x)/D, wherex is the radial distance away
from the rational surfaceq5M /n andD is the distance be-
tween the two rational surfaces. ForcM11, Eq. ~30! is used.
Assuming thatcM varies slowly near the plasma–vacuum
interface,I 0 is given by

I 0>acMcM11

D

a
~11s!S ~M112nqa!

2n121

n1 D ,
~35!

where all the terms are evaluated atq5qa . In the limit
DI⇒0, I 0 reduces to

I 052acMcM11

D

a
~11s!ln~M112nqa!. ~36!

Recalling the normalizations used forcM andcM11 in de-
riving dWK anddWB, we obtain the desired result,

I 052
a

s2
~11s!e21/s ln~M112nqa!. ~37!

Notice that the peeling modedWK is more singular in the
small quantityM112nqa than the toroidal interaction term.
Therefore, unless one is rather close to the ideal ballooning
mode stability threshold, the ballooning/peeling mode crite-
ria is dominated by the ‘‘cylindrical’’ contribution, as given
by Eq. ~32!.

Edge ballooning and peeling modes are now unified by
the expression

dW>dWK2
I 0
2

4 dWB

>
sn12qaR ji /B

M112nqa

2
a2~11s!2

4s4
e22/s ln2~M112nqa!

dWB 1O~1!,

~38!

wheredWB describes the internal ballooning instability. The
structure of the marginal stability condition is described in
Fig. 2. The axes are labeled by the value of the edge current
and the pressure gradient, as measured by the ballooning
parametera, wheres, e, andqa are all treated as fixed pa-

rameters. The set of curves is parametrized by the value of
M112nqa . The ballooning effect is most prominent at the
optimized value of M112nqa5exp~22!>0.1353. The
curves are labeled by the valuesM112nqa5exp~22!,
0.05, 0.01, 0.005, 0.001, and the dashed line is the peeling
criterion. As mentioned previously, fora much smaller than
the ballooning threshold valueac , the peeling criterion de-
termines stability, while for larger values ofa, the mode
becomes more like an ideal ballooning mode.

IV. DISCUSSION

A method for studying the ideal MHD stability proper-
ties of toroidal plasmas in configuration space is introduced.
This work provides an extension of previous work concern-
ing toroidal resistive MHD modes. The toroidal mode is rep-
resented as a sum of poloidal harmonics characterized by a
harmonic amplitude and a test function, which describes the
radial structure of the harmonic around its resonant surface.
The harmonic amplitudes are determined by the properties of
a matrix comprising a set of test function interaction inte-
grals. The zeros of the determinant of this matrix determine
the marginal stability of the mode. A test function structure is
suggested that has the correct singularity structure at each
rational surface.

This analysis is extended to include the coupling of har-
monics whose rational surfaces lie within the plasma region
to an external, free-boundary harmonic, whose rational sur-
face lies in the vacuum region. Thus, the free-boundary
mode is able to access external kink free-energy sources. A
unified marginal stability condition is derived in Eq.~27!,
which includes contributions from the ideal internal balloon-
ing, the external kink perturbation, and their interaction. The
interaction term is destabilizing and may cause the
ballooning/kink mode to be unstable when the internal bal-

FIG. 2. A characteristic plot of edge ideal-MHD instability threshold, as
given by Eq. ~37!. The value of the edge current is plotted against the
ballooning parametera for fixed values fors and e~12q22! andM is as-
sumed to be large. The dashed line represents the peeling mode stability
threshold, as given in Eq.~32!. The ideal ballooning threshold is given by
a/ac51, which is a vertical line in this plot. The set of solid curves describ-
ing the union of the peeling and ballooning modes are parametrized by the
value of M112nqa . The lowest curve is evaluated at the
M112nqa5exp~22!>0.1353, where the ballooning effect is the most
prominent. The other curves are evaluated at the valuesM112nqa50.05,
0.01, 0.005, and 0.001. AsM112nqa becomes very small, the ballooning
effect becomes less important.
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looning and external kink mode are independently stable.
This analysis is specialized to a case where the external
mode’s rational surface lies just outside the plasma–vacuum
interface, i.e., the peeling mode. In this asymptotic limit, the
external kink mode’s stability is determined by the peeling
mode criterion, Eq.~32!. When the ballooning effect is in-
cluded the ballooning/kink mode stability properties are
given by Eq.~38!.

The stability properties of edge ideal MHD instabilities,
as given by Eq.~38! are schematically described in Fig. 2. At
low values of the ballooning stability parametera, marginal
stability is controlled by the peeling mode criterion, which
describes the competition between the stabilizing contribu-
tion of the average curvature with the destabilizing contribu-
tion of edge parallel plasma current. As the plasma pressure
gradient increases, ballooning effects become more impor-
tant and the mode becomes unstable at a value ofa some-
what below the ideal ballooning mode threshold. In light of
these observations, we suggest a model for L–H physics and
ELMs. Referring to Fig. 2, we notice that at small values of
edgea and sufficiently large edge current, the peeling mode
criterion is violated. In this regime, a spectrum of peeling
mode instabilities is present that would produce large anoma-
lous transport rates. This might be identified as L-mode con-
finement. Asa increases or the edge current decreases, the
peeling mode stability boundary is approached. When this
boundary is crossed, the peeling mode turbulence will disap-
pear and the anomalous transport will be reduced: the L–H
transition. Although most of the peeling modes are stabi-
lized, a few modes may remain that we might identify as
type III ELMs. With the confinement improvement, the value
of a will increase and stabilize all of the peeling modes. This
region can be identified as the ELM-free H mode. Asa in-
creases further, the ballooning effect becomes more impor-
tant and the onset of type I ELMs can be identified with
crossing the ideal ballooning stability boundary at largea.

In this model, the poor confinement in L modes corre-
sponds to the existence of an edge current that destabilizes
the peeling modes. This suggests that an L–H transition may
be caused by reducing the edge current. There does seem to
be some evidence of this on the COMPASS tokamak, which
was able to induce the H mode by current ramp-down.12,13

Additionally, there are indications that edge currents play a
role in numerical studies of the MHD stability properties of
edge plasmas.7

An additional experimental observation at the L–H tran-
sition is the change in the edge radial electric field. The
model presented here is only concerned with the linear sta-
bility properties of the ideal MHD modes, and a description
of the nonlinear evolution of the plasma edge is outside the
scope of the present work. However, it may be that the radial
electric field change arises as a consequence of the peeling
mode suppression.
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APPENDIX A: FINITE- n BALLOONING THRESHOLDS

As a demonstration of how to use the matrix information
given in Sec. II B, we consider a simple model. We assume
that the dominant geometric coupling is given by the toroidal
coupling to nearest neighbor rational surfaces. As such, we
takegm/m11Þ0, andgm/m1p50 for p>2. To simplify mat-
ters, we also take the cylindrical potential energy terms to be
identical for each poloidal harmonic,f m5 f andgm/m115g.
TheH matrix has a tridiagonal form, with the diagonal com-
ponents beingf and (HM21) i i615g/2, all other matrix ele-
ments zero. This matrix has a number of useful properties.
For example, it is easy to derive the relation

detHM5 f detHM212
g2

4
detHM22 , ~A1!

which is true for all values off and g. For M sufficiently
large andg/ f smaller than unity, the approximationdWB

> ( f /2)(11 A12g2/ f 2) models the behavior ofdWB.As the
marginal stability condition is approached,dWB drops
quickly to zero after attaining the approximate value
dWB> f /2 when ugu/ f51. Clearly, forM⇒`, the marginal
stability condition isf2ugu50, where the ballooning phase
is chosen so thatg is maximally destabilizing.

The marginal stability condition and harmonic ampli-
tudes for this model equilibrium can be found simply from
the inversion of theH matrix. Solving for the marginal sta-
bility point yields a stability criterion for the matrix element
g/ f . Table I lists the marginal stability condition and gives
the harmonic amplitudes for cases with a small number of
harmonics. As can be seen, the larger the number of modes,
the easier it is to destabilize the ballooning mode. Table I
also shows that then⇒` limit, g/ f51, is approached as
more mode amplitudes are added. Besides those listed in
Table I, there are other roots todWB. These correspond to
higher harmonic combinations with higher marginal stability
thresholds. For example, another root toM55 is given by
u f /gu52, with harmonic amplitudes~1,1,0,21,21!, which
corresponds to two sets of uncoupledM52 modes.

TABLE I. Stability thresholds as given by the ratio ofg/ f for the equilib-
rium described in Appendix A. As more harmonics are introduced, the sta-
bility threshold asymptotes to the idealn⇒` limit ug/ f u51. The harmonic
amplitudes are evaluated at the threshold value for the givenM .

M Marginal stability Amplitudes

2 lg/fl52 1,1
3 lg/fl51.414 1,1.414,1
4 lg/fl51.236 1,1.618,1.618,1
5 lg/fl51.155 1,1.732,2,1.732,1
6 lg/fl51.11 1,1.80,2.25,2.25,1.80,1
7 lg/fl51.082 1,1.85,2.42,2.62,2.42,1.85,1
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APPENDIX B: CONFIGURATION SPACE OPERATORS

The operators implemented in Sec. II C are all easily
derived from expressions defined in Refs. 1–3 for ans-a-
type equilibrium. They are reproduced here for complete-
ness:

Km~c,c!5S 1mD 2Udc

dr U
2

1
Pm
m1a2@11~m2nq!2#/2

r 2~m2nq!2
ucu2,

5S 1mD 2Udc

dr U
2

1
Pm
m

r 2~m2nq!2
ucu21kmucu2, ~B1!

Km
m11~c,f!5

a

r 2 S ~11s!cf

~m2nq!~m112nq!
1

~m112nq!

~m2nq!

3c
r

m11

df

dr
2

~m2nq!

~m112nq!
f

r

m

dc

dr D ,
~B2!

Km
m12~c,f!52

a2

2r 2
~m112nq!2

~m2nq!~m122nq!
cf, ~B3!

where

Pm
m5~m2nq!21~rs8!q

~m2nq!

m
1
2rp8

B6
2 ~12q2!, ~B4!

km5
a2@11~m2nq!2#

2r 2~m2nq!2
, ~B5!

and terms involving the Shafranov shift and (r /R)2 are not
included here, but may be retained in more general expres-
sions. TheL operators are defined by

Lmc5
1

m2r

d

dr
r
dc

dr
2
Pm
m1a2@11~m2nq!2#/2

r 2~m2nq!2
c

5
1

m2r

d

dr
r
dc

dr
2

Pm
m

r 2~m2nq!2
2kmc, ~B6!

Lm
m11c5

1

2r 2 S a~11s!

~m2nq!~m112nq!
c

1a
~m112nq!r

~m2nq!m11

dc

dr
1

r

m

d

dr

a~m2nq!

~m112nq!
c D ,
~B7!

Lm
m21c5

1

2r 2 S a~11s!

~m2nq!~m212nq!
c

2a
~m212nq!r

~m2nq!m21

dc

dr
2

r

m

d

dr

a~m2nq!

~m212nq!
c D ,
~B8!

Lm
m12c52

a2

4r 2
~m112nq!2

~m2nq!~m122nq!
c, ~B9!

Lm
m22c52

a2

4r 2
~m212nq!2

~m2nq!~m222nq!
c. ~B10!

The matrix elements generated by using the test function of
Eq. ~21! gives the expressions

f m5E dxFKm~Cm ,Cm!2S 1

m21D
2UdC̃m

1

dr
U2

2
Pm21
m21

r 2~m212nq!2
uC̃m

1u22S 1

m11D
2UdC̃m

2

dr
U2

2
Pm11
m11

r 2~m112nq!2
uC̃m

2u21km11uC̃m
2u2

1km21uC̃m
1u21Km21

m11~C̃m
1 ,C̃m

2!G , ~B11!

gm/m115E dx@2Km
m11~Cm ,Cm11!12kmCmC̃m11

1

12km11Cm11C̃m
21Km21

m ~C̃m
1 ,C̃m11

1 !

1Km
m11~C̃m11

1 ,C̃m
2!1Km11

m12~C̃m
2 ,C̃m11

2 !

1Km
m12~Cm ,C̃m11

2 !1Km21
m11~C̃m

1 ,Cm11!#,

~B12!

gm/m125E dx@2km11C̃m12
1 C̃m

21Km
m12~Cm ,Cm12!

1Km11
m12~C̃m

2 ,Cm12!1Km21
m11~C̃m

1 ,C̃m12
1 !

1Km11
m13~C̃m

2 ,C̃m12
2 !#, ~B13!

gm/m135E dx@Km11
m12~C̃m

2 ,C̃m13
1 !1Km

m12~Cm ,C̃m13
1 !

1Km11
m13~C̃m

2 ,Cm13!#, ~B14!

gm/m145E dx Km11
m13~C̃m

2 ,C̃m14
1 !, ~B15!

where

C̃m
25

1

L̂m11

Lm11
m Cm , ~B16a!

C̃m
15

1

L̂m21

Lm21
m Cm , ~B16b!

C̃m11
1 5

1

L̂m

Lm
m11Cm11 , ~B16c!

C̃m21
2 5

1

L̂m

Lm
m21Cm21 , ~B16d!

and similar expressions forC̃m12
2 , C̃m13

1 , etc.
For n⇒`, the ideal stability threshold is given by Eq.

~13!. Analytic expressions for the stability boundary can be
derived usingCm5(m3/2x/r s)e

2uxum/r s, C̃m
252@a f (s)/A8#

3@m3/2(x2D)/r s#e
2uxum/r s, C̃m

1 5 2@a f (s)/A8#@m3/2(x
1 D)/r s#e

2uxum/r s, where r s is the location of the rational
surface,m2nq52x/D, whereD is the distance between
rational surfaces,D5r s/ms, and a and s are taken to be
constant over the region of integration. The functionf (s) is
chosen, asf (s)5[114s/(1116s2)] 1/2 is not derived ana-
lytically. A more consistent treatment in whichC̃m

2 andC̃m
1
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are calculated from Eq.~B16! will be reported later. The
current gradient term in~B4! will not contribute at largen.
For simplicity, we also neglect the magnetic well term. With
these approximations,~B11!–~B15! can be evaluated with
the results

f m511
a2

2s2 S 11
s2

2 D ~12 f 2!1
a4

4s2 S 11
s2

8 D , ~B17!

gm/m1152ae21/usuS 5

3s3
1

2

s2
1
1

sD 1a3e21/usuF f 2S 23

24s3

1
3

4s2
1

3

8sD 2
f

&

S 7

6s3
1

5

4s2
1

1

4s
1
1

4D G ,
~B18!

gm/m1252a2e22/usuF S 1

3s3
1

1

2s2
1

1

2s
1
1

4D 1
f

&

S 8

3s3

1
3

2s2
1
1

2D G , ~B19!

gm/m135a3e23/usuF f 2S 9

8s3
1

1

2s2
1

1

8sD 1
f

&

S 3

2s3
1

5

4s2

1
3

4s
1
1

4D G , ~B20!

gm/m1452a4e24/usu f 2S 1

3s3
1

1

4s2
1

1

8s
1

1

32D . ~B21!

In f m , the first term results from the stabilizing cylindrical
energy of the primary mode. The second term represents the

cancellation between the destabilizing sideband energies, as
described by the second through fifth integrals of Eq.~B11!
and the stabilizing contribution fromkm . It is possible to see
this cancellation by examining the asymptotic properties of
the eigenmode equation near the rational surface for small
values ofs.10 The last term off m becomes more important at
largera, and is responsible for the second stability root. The
destabilizinggm/m11 term represents toroidal coupling en-
ergy and becomes more prominent at larges, indicating the
broadening of the eigenfunction, which allows easier acces-
sibility to pressure gradient-free energy. The solutions to
f m1gm/m111gm/m121gm/m131gm/m1450 yield stability
boundaries in ans-a curve shown in Fig. 1.
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