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Instability of the ion hybrid wave in the presence of superthermal
alpha-particles
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The stability of the ion hybrid wave in a plasma containing two thermal ion species present in
comparable proportions and a low density population of superthermal alpha-particles is analyzed. A
simple, model distribution function consisting of a ring distribution in the perpendicular velocity
and a Maxwellian in the parallel velocity is used for the superthermal alpha-particles. This
distribution function is relevant to the core plasma of a tokamak in the immediate post-birth phase
before the alpha-particles have had time to relax collisionally and is therefore of interest to the
alpha-channelling question. It has also been used to interpret ion cyclotron emission from fusion
products in the edge plasma of large tokamaks. An approximate dispersion relation is derived which
allows the conditions for instability to be explored and an analytic expression for the growth rate to
be obtained. It is found that the ion hybrid wave can be unstable fgtcy<1 wherev q is the
alpha-particle ring speed amg is Alfvén speed for a plasma with two ion species. The instability
conditions obtained from the analytic approximation are used to guide the solution of the exact
dispersion relation. Numerical solutions for the specific cases of deuterium—tritium core and edge
plasmas in the Tokamak Fusion Test Rea¢I#TR) [K. M. Younget al,, Plasma Phys. Controlled
Fusion26, 11 (1984)] are given[S1070-664X97)02602-5

I. INTRODUCTION concentrations scheme has been studied by Majeisal3
who first suggested that efficient mode conversion could oc-

The existence of the ion hybrid resonance was firsiur when the fast wave is incident from the low field side
pointed out by Buchsbauhin 1960. This resonance, which and demonstrated experimentally on the Tokamak Fusion
is a property of a magnetized plasma with more than one iofrest ReactoTFTR)* that, indeed, strong electron heating
species, plays a very important role in ion cyclotron heatingyas produced.
schemes. The ion hybrid resonance of a two ion Species pgecauyse the ion hybrid wave is capable of excitation by
plasma gives rise to an additional member of the family Ofihese means and because the location of the mode conversion
ion Bernstein waves vyh|ch, unlike all other ion Bernst_elnis governed by the position of the ion hybrid resonance, the
waves, does not have its cut-off frequency at a harmonic Ofon hybrid wave was suggesfeas a promising candidate for
She alpha-channelling scheme proposed by Fistm.this

cut-off occurs at the ion hybrid frequency which lies bEztweenscheme a suitable wave is required to interact with the cen-

the two cyclotron frequencies. For this reason it has been . : )

) . . : trally born fusion alpha-particles before they have had time
suggestetithat this special wave be given its own name, theto slow down. The free enerav of the superthermal albha-
ion hybrid wave. We shall adopt this nomenclature in the ' ay P P

present paper. It is worth observing that the cold ion hybrioparticles amplifies the wave which eventually deposits the

resonance of a two ion species plasma turns out to be the €19y g_ained into the thermal particles, eij[her ions or ele<_:-
cut-off frequency for a propagating wave in a hot, two ion trons. This is only part of the alpha-channelling scheme but it
species plasma provides a motivation to investigate the stability of the ion

The ion hybrid wave in a plasma with two or more ion hyPrid wave in the presence of superthermal alpha-particles.
species present with comparable concentrations has recently [N order to gain insight into the conditions required for
been under very active investigation. This is because, unddrstability we have considered a simple model for the super-
these conditions, there can be very efficient mode conversiotermal alpha-particle distribution. The model we have cho-
of the fast Alfven wave to the ion hybrid wave in the vicinity Sen consists of a ring distribution in perpendicular velocity
of the ion hybrid resonance. Furthermore, because of thanhd a Maxwellian for the parallel velocity with a high paral-
large ion concentrations the ion cyclotron resonances art¢l temperature. Such a distribution has been shown to be
well separated from the ion hybrid resonance so that iorielevant to ion cyclotron emissiéfifrom fusion products in
cyclotron damping is negligible in the region of the hybrid the edge plasmas of the Joint European TO(JET) and
resonance. The only collisionless damping suffered by thdFTR. Although rather idealized, this distribution possesses
ion hybrid wave, near the hybrid resonance, is due to théhe key ingredients of the immediate post-birth alpha-particle
electrons. This, of course, refers explicitly to the case ofdistribution, namely free perpendicular energy and a large
approximately equal ion concentrations. The comparable iospread of parallel velocities. The use of this simple distribu-
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tion is justified by the fact that the still very complicated (nf_Szz){(”f_Sxx)(“f_Syy)+8§y+(nf—8xx)ni}
dispersion relation is, nevertheless, analytically tractable,

thus permitting the extraction of a number of important scal-  —(nf—s,,)nn? —nfn? =g, fe. (N, N +8,,)
ings and other aids to an understanding of the physics of this )
problem. — ey (Nj— exx) )+ 8xz{3xy8yz+ (nyny+ 8xz)(nz_ Syy)}

The stability analysis of the ion hybrid wave in the pres- 2
ence of superthermafusion alpha-particles may also be +mn {exyey,tex (N = ey}, Y
relevant to the ion cyclotron emissiaiffCE) observations wheren,=ck/w, n, =ck, /o andn2=nf+nﬁ. Solutions to
from TFTR. This is because for most conditions'underwhicth_ (1) will be presented in Sec. IV. In order to gain some
ICE is observed, the alpha-particles are sub-Aifee The insight into the problem we introduce approximations to Eq.
favored emission mechanishwhich involves the fast Al- (1), First we not& that Eq.(1) has been written in a form in

fvén wave, whilst still operative, is less unstable under thesgyhich the right-hand-side disappears as the temperature
conditions. quever, since the ion hybrid wave is a slowtends to zero. The right-hand-side is small provided
wave the Alfven speed is of no significance and we may (y;;n,/c)?<1, wherev+; is the ion thermal speed, a condi-
expect the wave to be unstable independently of whether thgon which is well satisfied in present tokamaks. Further-
ring speedy o, is above or below the Alfue speedc, . more, for the ion cyclotron range of frequencies, is the

The plan of the paper is as follows. In Sec. Il we presentominant element of the dielectric tensor. Keeping only the
the exact electromagnetic dispersion relation for a hot, uniterms on the left-hand-side of E¢{) which are proportional
form plasma containing two thermal ion species and a lowo ¢,, and retaining only those terms on the right-hand-side
concentration of superthermal alpha-particles. The emphasigs a perturbationwhich contribute to the collisionless elec-
is on the case where the two thermal ion species have confron absorption, Eq(1) is reduced to the form
parable concentrations, for which an approximate dispersion ,
relation is derived. In Sec. Il the conditions for instability of N7 (&xx—N7) = (eyy—NP)(exx—NF) —&f,
the ion hybrid wave are discussed and the approximate dis-

2.4
persion relation is solved analytically for the growth rate.  _ S_yz+8e (e —n2)+n” ng @)
Numerical solutions for the frequency and growth rate of the g, YY) T T €55

exact dispersion relation are given in Sec. IV and a summar

and conclusions are given in Sec. V. Nlotice that thes,, element has been separated into its ion

and electron parts'yy andsﬁy, respectively, and the electron
contribution, which describes transit time damping, has been
transferred to the right-hand-side of E@). The physical
Il. THE DISPERSION RELATION significance of Eq(2) is the following. If the right-hand-side

is neglected, the left-hand-side, fagny.T;/B5>my/m;, de-

The ion hybrid wave is a member of the family of ion scripes fast compressional Alfwewaves and ion Bernstein
Bernstein waves. Since it originates from the cold plasmayaves for which the parallel electric field has been
resonance, characteristic of a two ion species plasma, it igeglected (Nge is the equilibrium electron densityy, the
logical to refer to it as the ion hybrid wa¥ey analogy with  magnetic permeability of free spacs, the temperature of
its two higher frequency counterparts, the lower hybrid wavehe thermal ions anB, the equilibrium magnetic field Tak-
and the upper hybrid wave. The ion hybrid wave is alsojng account of the right-hand-side includes the effect of the
distinguished amongst the ion Bernstein waves as being thgarallel electric field and all the collisionless electron dissi-
only one whose cut-off frequency does not occur at a mulpative mechanisms. The first term on the right-hand-side of
tiple of an ion cyclotron frequency. In order to analyze thegq. (2) is responsible for the electron damping of the fast
stability of the ion hybrid wave in the presence of a popula-alfvén wave which arises from a combination of electron
tion of superthermal ions it will be necessary to consider thq gndau and transit time dissipation. The decay of the ion
main damping mechanisms for this wave. hybrid wave is due to electron Landau damping which is

A case of particular interest is when the two ion speciegjominated by the last term on the right-hand-side of Eq.
are present in comparable proportions. Under these condjg) 11
tions, the ion hybrid wave for long wavelengths has a fre- | the general case the hot plasma expressions for the
quency which is well separated from the two ion cyclotrongielectric tensor elements on the left-hand-side should be
frequencies and therefore will not be subject to ion cyclotronysed. In this way the effect of ion cyclotron damping is in-
damping even for significant values of the parallel wavetroduced. However, in the present analytic treatment we take
number. Because the ion hybrid wave can couple to the fagidvantage of the separation of the two-ion hybrid resonance
Alfven wave and because it is susceptible to collisionlessprequency from the ion cyclotron frequencies. Under these
electron dissipatiofielectron Landau and transit time damp- cjrcumstances the thermal ion terms can be represented by

ing) a gquantitative description of the ion hybrid wave re- their cold plasma approximations in E@2). Since e,y
quires the full, electromagnetic dispersion relation. We con-— siyy = &,, we write Eq(2) as

sider the idealized model of a uniform plasma with the

magnetic field in thez-direction and waves with har- (e, —n?)n?—(e, +iey—n?) (e, —ie—n2)

monic space and time dependence,iékp x — wt) where "o e w o o N
k=(k,,0,k,). The dispersion relation can be writfems =—g N+ (e —Neg (e —Ney +2exey,, (3
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where we have neglected the damping terms on the right- p2 0 (02— i) C/zukz
hand-side of Eq(2) for the moment but will consider their w |w QO+ —2— 0, (0F0, %0 (wz—ﬂi)]
effect later. The terms on the left-hand-side of B).are all 2 (@T3h2) @A

due to the thermal species of the plasma. The terms on the {(w _Qg) 2 /leku ]
right-hand-side of Eq(3), &jj, are due to the fusion alpha-

(w+92)+ o2 ——(w?— 2)
Q Q4
particles but, in general, could represent any small popula- (0= wp1

tion of superthermal ions. The alpha-particle terms are Q“ ) w2
treated perturbatively and only those terms linear in the :w_(w —09)(0?-0 )Qz
alpha-particle density have been retained. For two, arbitrary P
ion species, labelled 1 and 2, we have X{egn? — (e, —nDeg— (e, —NDeg,— 2emex);
S S @ ?
(2= Q%) »’-0Q5
iw,z,lw iwgzw wher_ec,i1 iszthe square of the Alf\m_speed associatec_i with
By = (5)  species 1Bg/ugp;) Wherep,=n;m, is the mass density of
(0= QDA (0°=05)Q; ion species 1 and

wherew,;, {); are the plasma and cyclotron frequencies of
the j-th ion species, respectively, and the vacuum and elec-

tron contributions te:, have been neglected but the electron 2_ (QZ0 l+Ql“’p2)
contribution toe,, is included. Using Eqs(4) and (5) we " (wpl-l-w 2)
obtain
e +ie ,231 + wSz ©) is the square of the two-ion hybrid resonance frequency.
L S H{o+Q)  Qy(w+Q,)’ Since we are considering a plasma with two thermal ion
s ) species present,in approximately equal proportions it is clear
ey = — Wp1 P2 ) that the fast Alfve wave will be supported by both ion spe-
Y Q(0—Q1) Qx(0—Qy) cies which must therefore be treated on an equal footing, in

Substituting Eqs(4), (6) and (7) into the left-hand-side cqntrast to the more usual minority ion case. With this in
of Eqg. (3) and multiplying through the equation by mind, Eq.(8) is divided throughout by
(QY ) (Qf— 0?)(0”—Q5)(?Q3) we obtain

(1)2 2
o2 (?—1 (02— Q3) 1+— 1+p
Gkl | 1+ | w2 0F+ Sy e '
- 14 282
p1 wherep, is the mass density of ion species 2 to obtain
w2
C2 k2 c k2 (QZ ((1) - %) w2 20 Q
AL L w2 ﬁ Al2 Il |w2—Q§ p2 (w 192)
14 P2 p2 p2 1 2
1+ — 1+ — | 1+=
P1 pl pl P1
4 2 2 L2 2 4
%&(wz—ﬂz _ 2CA Ki L (2= 02)— CAlkII pr(w _ )_CAlkH (02— 02) (02— 02)
31 Q% 1 w 2 wpl l 492 1 2
_0f (- 0](0*-0)) o .
_w_41 2 QZ{SXX (Sl_n\\)gxx_(sl nll) 28xy£xy} 9
"l —22) ( 1+ —)
wpl P1

We can now introduce the Alfvespeed defined in terms of the two-ion species, into(E@. and subsequent equations,
through the relation

B2 c2
c2= 0 _ AL (10)
o(p1tp2) (1+ &)
pP1

Equation(9) therefore becomes
Phys. Plasmas, Vol. 4, No. 2, February 1997 C. N. Lashmore-Davies and D. A. Russell 371
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2
2 2_ 02 p2
NH _f_l (a) _QZ) 1+E wz , Ql 2 2
(w?—cik?){ w?—QF+ 5 — p (Q 1) + 2N (w?— Q)
w
1+ 92 1+—"2 PLy 2 1+ 22
wp]_ p]_ P1
w2 N w2
+2Nﬁ— 02— 02+ ';(wz—(zi)( 02 1+ +Nf — 1)( %) 1+
Wp1 03 01
Q‘l1 (wz—Qi)(wz— 2) w?
=T 5 Qz{ sxxnl—k(sl n”)sxx+(sl n”)syy—i-ZsXysXy} (11
pl p2 P2
wpl P1
|
whereN?=c3k?/ w?. and z,=k, v, o/Q, is the argument ofl;, the first order

In order to calculate an explicit dispersion relation we Bessel function and its derivativ¥,
must specify the distribution function of the superthermal
ions. We choose the following model distribution which is
analytically tractable and possesses the main features rel-

evant to the problem, wfmf 1 7 )} =
a — _|__ p
T2 [ kHUTHa &1
foa= (272 | gur1a) L eXp{— (v, —vg) V5, .} +[1+ 1.2 fld)] 2 ]! (16)
T\Ia
X8&(v,—v,g)- (12

For the alpha-channelling application it is more appropriatevhere

to take the parallel drift velocity ;=0 and for the immediate

post-birth phase an isotropic shell is often used. However,

Eq. (12) allows the effects of anisotropy to be included,

which may develop subsequently, and incorporates the two _ 2 ,

key ingredients of the fusion alpha-particles, namely free P= z_a(l Z2)31d1, 17)
perpendicular energy characterized doy, and a significant

spreadvy, of parallel velocities. The distribution function

given by Eqg.(12) has previously been used to interpret ion

cyclotron emission from the edge plasma in JET and 2 Q
TFTR./® s§y=#[ —14 Z(gla)}Q
Referring to Eq.(11) it can be seen that the following @ 1Tl
energetic ion, dielectric tensor elements are required: 2
0
+[1+ 51a2<§1a>]%J1J1] : (18)
Tla“a
e b —1+——Z({ )}R
X w? l KivTia ta
2%, 3% Q=J1%+ %—1)35 (19
i )
+[1+Z) Z(é“la)]T—zJ (13 Zo
UTia 4a
where The above dielectric tensor elements are easily obtained, e.g.

by substitution of Eq(13) into Eq.(48), Chap. 10 of Stix?
In this paper, the superscripte™ refers to alpha-particles
but of course may be taken as any energetic ion species,

R= 3\]1\]1, (14) described by the form given in E¢L2).
Za The final form of the approximate dispersion relation can
be obtained by substituting Eg4.3), (16) and(18) into Eq.
{1a= (0 =Kpg=Q )/ (Kpya), (15 (11 giving
372 Phys. Plasmas, Vol. 4, No. 2, February 1997 C. N. Lashmore-Davies and D. A. Russell
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2

w P2
NZ| —5—1|(0?—Q3)| 1+ —=
2 2.2 2 2 : Qi )(w 2) pP1 w2 wSZ(Ql_QZ)ZwZ
(0°=Cchpk]) | ™= Qji+ 2 2 v
Wp2 Wp2 Wp1 P2 2
1+—2 1+—2 1+ — QZ
Wp1 Wp1 p1
2, 22 2‘”!232 2_ 2 Nj 2_02y.2_02 p2 of @ 2_ 02 p2
2N = 09) 4 2Nf —=(0® = Q) + F3(0® ~ ) (0~ Q5)| 1+ == +Nf| 57— 1 |(0?-Q3)| 1+ =
pl 1 P1 1 P1
R+P—2—
=—w—§a(w2—92)(w2—92) -1+ ——2Z(¢ )} N?R+ : QlQ
(w;231+w§2) ! 2 Kvmie 1 (020 (L+palpy)
w J2 w JJ]
R+P—2— —+J2-2
wly 02 2% 22| L2 ez |z Tla g,
w2 (U)Z_Qz) p +N||(R+ P) +[1+§1az(gla)]v2_ NLZ_2+(w2_QZ p
pl 2 1+_2 Tl o 1 <1+_2)
p1 P1
J2 w JlJi)
—+J2-2—
who 0 \Z TN "0, z, 3,
Wy (0?—03) b Nzt @0
pl 2 1+_2 a
P1
[
whereN? =c3k?/w?. lll. THE STABILITY OF THE ION HYBRID WAVE

The dispersion relation given in EO0) is symmetric in
the two ion species, subscripts 1 and 2, as it must be sincgbt

; ained treating the influence of the superthermal alpha-
they have been treated on an exactly equal footing. As al-~ " . . .
. articles perturbatively. The perturbation parameter is clearly
ready mentioned, we shall concentrate on the case whe

. . . the ratio of the alpha-particle density to the sum of the den-
species 1 and 2 are present in comparable proportions and. ) . L

) . sities of the two thermal ion species and is given by the term
will treat the case of equal proportions when we come to a

2 2 2 v ; : o0
+ . .
discussion of the solutions of E(0). wp,/(wpy + wpp)in Eq. (20). Before discussing the stability

Althouah Ea(20 h licated it ‘ tOf the ion hybrid wave we remark that although we are jus-
ough Eq.(20) appears rather complicated its conten tified in neglecting the cyclotron damping of the thermal

can b? readily appreciated. The Ieﬁ-hand-side of the eqqatio;%ns, the finite Larmor radius terms will contribute a small
describes the fast Alfvewave, the first bracket, and the ion o ection to the frequency of the ion hybrid wave. In order

hybrid wave, the second bracket. These two waves may, aygid a further significant complication of E€RO) we
couple wherc,k, =(;; and this can be seen most easily for paye neglected these terms. However, they are included in
N,=0. However, the coupling is not restricted to this speciakne numerical solutions to be presented later. In discussing
case but can occur over a significant range of parallel wavgye significance of the alpha-particle terms on the right-hand-
numbers when the two-ion species are present in comparabigye of Eq.(20) it is still a reasonable approximation to as-
concentrations. However, we shall not be concerned witlyyme w~();; since our analysis is restricted to long wave

this COUp”ng in this paper but instead will concentrate on tthngthS,kiv_zl_J/sz < 1 where the Subscriptj‘” refers to the
solutions for the ion hybrid wave for shorter wavelengthsthermal ion species.
away from the coupling region, nameky >(};;/c,. Returning to our discussion of the right-hand-side
The right-hand-side of Eq20) describes the cyclotron ofEq. (20) we note the following. As already mentioned
interaction of the superthermal iorithe alpha-particles in there are two groups of terms, one for each thermal ion
this papey with the ion hybrid wave or with the fast Alfve  species.In addition, each of these groups can be divided into
wave supported by the two-ion species. The correspondingvofurther sub-groups, the first is proportional fo-1
interaction with the fast wave for a single ion species plasma-(Q , /kv1,,)Z({1,)] and the second td1+¢;,Z({14)]-
has been analyzed in Ref. 6. Since the ion hybrid wave iThe significance of the first sub-group is that it survives
supported by two ion species there are two groups of termwhen the alpha-particle distribution is isotropic and can pro-
on the right-hand side, corresponding to the interaction of theluce instability for either sign af;,. The second sub-group
alpha-particles with each ion species. A further discussion oérises directly from anisotropy and can only produce insta-
this point will be given in the next section. bility when ¢,,<0, a characteristic of the effect of anisot-

In this section a solution for the ion hybrid wave will be
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ropy. Applied to the case of an inhomogeneous plasma, thealue ofv | o/c, required for instability. Evidently, instability
isotropic mechanism can produce instability on both highcan occur for sub-Alfveic alpha-particles even for an iso-
and low magnetic field sides of the Doppler shifted cyclotrontropic distribution, e.g. a shell distribution. This conclusion
resonance of the superthermal alpha-particles whereas the not surprising since the ion hybrid wave is a slow wave
anisotropic mechanism can only drive an instability on thepecoming progressively slower &s increases. The second
high field side. and third terms of this sub-group tend to cancel sin@é (

In the case of the isotropic sub-group, the dominant term_ ()2 2) and @2 — 02) are necessarily of different signs. The

is NIR whereN?>1 away from the coupling region with o, NZ(R+ P) is less important than the first sind&<1.
the fast Alfven wave. For this term to be destabilizing, we By the same reasoning the dominant term from the aniso-
require R<0. This will occur first between the first maxi- tropic group is the first terni2J2/22

1Yl “a-

mum ofJ, and its first zero, i.e. the argumentof J, should Let us now obtain the condition for instability of the ion

be in the range 18z,<3.8. Choosing,=3 as a represen- hvbrid The ab ts indicate that th ¢
tative value and puttinds, =x{;;/c,, wherex>1, we ob- yord wave. 1he above arguments indicate that the mos
tain unstable conditions occur whetfa) ¢;, = —1 and (b)
1.8<z,<3.8, sayz,=3. We shall restrict the present analy-
sis to long WavelengthkLp2<1 where p; —uTJ/Q2 and
Yio_ & (21) N?<1 in order to minimize the collisionless electron damp-
Ca XL ing. Under these circumstances we can assumg); on the
right-hand-side of Eq.(20) and look for a solution
Hence, the shorter the perpendicular wavelength of the iom=€); + dw. Substituting this into Eq(20) and solving for
hybrid wave the larger the value of and the smaller the Im(dw) we obtain

Q;
R+P-2-"
Im(Sw)= “pe (QiZ9)(@-03 |0, N?R+ 03 QlQ)
(whytpy) 204 (ciki —QF) ke | © (QF—QF) 1 2)
pP1
2 2 |R+P-2=-Q )2 2 O3 3B+2201°-25-2,013;
w07 Q, vio| ., J1 “ 0,
+NAR+P) | +201,—5—| N2 5+
0%, (Q5-0%) PR I By L2 02
pL ARt R 1+ 2 Tle « 2Qi-0H| 1+ =
p1 P1
QO
2 02 (J%sziJiZ_ZQ_HZaJlJi 2
5 : +N2| 54372 2 exp(—¢2,). (22)
R R i\z o b
“ p1

This expression can be greatly simplified for a specific case such as a deuterium—tritium plasma with equal concentrations.
Under these conditions, E¢R2) reduces to the following expression for the bare growth rate:

Yo dw (na/nD) Qa 2 6 \/
—=Im| —|=— NTR— +Nf(R+P)|+2¢4,
Qji (Qii> 10NZ-1) | krie| + 53 FOHNiC ) = '2|'Ha
J2 612 3.J; J2
2 Y1 112 _ 2

It is clear thaty,>0 for z,~3 and{;,~—1. For instability to occur the growth rate, given by E(&2) or (23) must exceed
the damping rate of the electrons. The electron damping rate of the ion hybrid wave has been derived pfexulily,a
D-T plasma with equal concentrations, is given approximately by

(P 09) (0= 0D o nint Kfofe 7% exp— 20
W02 03 (N-1) 20%, [HEZGIP

603
Im(6w)ez 5—0 w—zD (24)
p
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where.= w/(kjv1e). In the Figs. 2, Ba), 5(b), and 6 below Core Parameters

we have further simplified this expression by replacing Ty =2MeV,T  =15MeV
with Q;;, consistent with the perturbative nature of these 35
approximations.

33 4
IV. NUMERICAL SOLUTIONS OF THE GENERAL 0-5m

DISPERSION RELATION

In this section we present solutions of the full electro-
magnetic dispersion relation, Edl), for a deuterium—
tritium plasma containing a small population of alpha-
particles having the distribution given by E@l2). The
results presented are for equal concentrations of deuterium
and tritium ions. We assume that the deuterium and tritium
ions and the electrons have Maxwellian distributions. Un- 2m
stable solutions of the full dispersion relation were sought for 274
the conditions obtained from the analysis of the reduced dis-
persion relation. We present results typical of both the core
and edge plasmas of TFTR. The first set are relevant to the 25 . I : T ,
alpha-channelling mechanism and the second to ion cyclo- 0.00 0.25 0.50 0.75 1.00
trqn emission from the edge plasma. The parameters appro- (@ k,/2n (cm™)
priate to the core are taken to WBy=4.9 T, n,.=7x10"
m~3, T,=10 keV, To=T;=20 keV with an alpha particle Core Parameters
densityn,=0.01n,. The densities of deuterium and tritium T)=2MeV, T, =15MeV
are, of courseny=n;=0.4N,. The parameters assumed for 30
the edge region arB,=3.62 T,n,=1.5x10° m™3 T,=1 | 1m
keV, Tp=T+=3.5 keV, n,=0.000h, with np=n;. The 2m
parameters for the alpha-particle distributidr®) are speci- 20 1
fied as T,,,T,, and vy where T, ,=3m,w?, and
T)o= 3M,0% .- [Notice thatv?2) ,= v, for the distribution
(12).] In all of the numerical results presented harg=0,
and we have held, ,+T,,=3.5 MeV, consistent with our
desire to simulate fusion-born alpha-particles.

In Fig. 1(a) we show dispersion curves of the ion hybrid
wave driven unstable by the alpha-particles for core param-
eters withT,,=2 MeV andT, ,=1.5 MeV. The real part of
the frequency of the ion hybrid wave as a functionkefis
plotted for five different values of parallel wavelength, indi-
cated in meters in insets to the figure. In Figb)lwe show
the growth rates of these five waves. As the ion hybrid wave
approaches cut-off with decreasikg, near the two-ion hy-
brid frequency(30.5 MHz, herg it smoothly connects with
the fast Alfven wave and plunges toward zero frequency.
(We have not analyzed this connection in the present paper,
and our approximations are not applicable to the fast wave.
Growth is clearly confined to the ion hybrid wave. FIG. 1. (@) Re(w) and(b) Im(w) versusk, for parameters typical of the core

The computed results shown in Fig(bl confirm the plasma at TFTR, given in the text, the indicated alpha-particle temperatures

- . o . . and parallel wavelengths=3.3, 2, 1, 0.67 and 0.5 m. Itb) dashed lines
predlctlon thaiza23 for mStab”'ty’ as discussed in Sec. lll. are used for every other parallel wavelength for clarity and a horizontal
For the core parameters of Figs(all and 1b), z,=3 at dotted line indicates zero growth rate.

k, /27=0.13 cm}, very near the maximum growth rate ob-

served for the different values &f studied. The dependence

of the growth rate ofk; is governed by the alpha-partidler

hot ion) cyclotron resonance condition. The requirement carrespectively. The variation of the growth rate withclearly

be written (approximately as —2<{;,<0. This guarantees shows the existence of an optimum valuexpf

that both terms in Eq(23) are positive and that there is a Instability can only occur, of course, provided that the
significant number of resonant alpha-particles. This is illus-alpha-particle drive exceeds the electron Landau damping.
trated by Figs. (@ and Xb) where the maximum growth The dependence of the electron Landau damping on the vari-
rates obtained for various values xffrom 0.5 m to 3.3 m ous parameters is very well described by E¥l). The first
correspondapproximately to values of;,, of —0.3 and—2,  point to note is that the damping is weak provided is not

31 + 0.67 m

29

Re(w) / 2 (MHz)

i

1

33 m

33m

Im(w) / 2n (kHz)

0.50 0.75 1.00

k, /2m (em™)
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FIG. 3. The growth rate of the ion hybrid waveXat=1 m according to Eq.
kJ_ /2n (cm"l) (1) versusk, for the parameters of Figs. 1 and 2 but for different choices of

the alpha-particle temperatures, as indicated, With=3.5 MeV —T,, en-
forced. A dotted line indicates zero growth rate.

FIG. 2. A comparison of the analytic predictions with the full numerical

solution: the bare growth rate, E3) (dotted, the bare growth rate cor-

rected by the electron Landau damping decrement given by (&4, . ) . )

(dashediand the growth rate given by E€L) (“Full 3 x3,” solid) versusk, lent approximation to the threshold for growth in this case

for the parameters of Fig. 1 ang=1 m. (damping by deuterium and tritium is ignorahl@and is in-
valuable for providing a global picture of the instabilitsee
Fig. 6 below.

phase speed to the electron thermal velocity. The weaR function ofT,, (=3.5 MeV—-T, ) for the core parameters
electron Landau damping is due to the fact(%w%e/wse using tte 1 m parallel wave length, approximately the fastest

which is of the order 10 for parallel wavelengths of about growing wave in the core plasma. As expected, the range of

a meter. It should also be emphasized that E2(3.and(24) unstable frequencies is significantly broadenedTgs in-

apply to the case wherd, >1. It can be seen that the elec- creases. Another noteworthy point concerns the natigc,

tron Landau damping reaches a minimum value whien for the unstable waves. For the core parameters studied, this

= 2. The optimum value dN, for instability, corresponding ratio varies from 0.42T, ,=0.25 MeV) to 1.04 (T, ,=3

to z,=3, gives a values oN, =3.5 for the parameters of MeV), and for the edge parameters from 0.27 to 0.66 for the

Fig. 1. same alpha-particle temperatures. Thus, except near the cou-
By a straightforward extension of the arguments in Secpling region with the fast wave, the ion hybrid wave is sub-

1l it is anticipated that more than one interval of instability Alfvenic which, as already mentioned, is to be expected

may be observed with increasirg , though with progres- since the ion hybrid wave is a slow wave which has in gen-

sively smaller growth rates. For the core parameters the 2 ngral no connection with the Alfwespeed. It is also worth

parallel wavelength is unstable on three such intervals, asoting that(k, pp)? varies from 0.04 to 0.4 at maximum

shown in Fig. 1b). However, as Eq(24) shows, the damp- growth rate for the core parameters&s, changes from 3

ing increases wittN? and eventually becomes strong enoughMeV to 0.25 MeV; lower values of | , require higher values

to prevent further unstable intervals. of k, to maintain the instability criteriom,=3. For the edge
Both sets of curves in Figs(d) and ib) were obtained plasma the corresponding range(kf pp)? is 0.01 to 0.4 for

by solving the complete dispersion equati@n numerically.  the fastest growing2 m) parallel wavelengtiisee Fig. 4b)].

In Fig. 2 we compare this solution to our approximations,Hence the small Larmor radius assumption used to derive the

Egs.(23) and (24), for the case of fastest growtfRe(w) is  analytic results is reasonably well satisfied by the fastest

set equal td); in these equations for the calculations in this growing waves.

section] The bare growth ratey,, alone predicts instability Notice that in Fig. 1a) waves with shorter parallel wave

in several intervals on thk, -axis; however these high&r-  lengths approach the deuterium cyclotron freque(®y.4

bands are stabilized by electron Landau damping, and th®Hz, herg with increasingk, , whereas those with longer

bare growth rate corrected with the approximate electromparallel wavelengths approach the tritium cyclotron fre-

damping decrement, E§R4), agrees well with the exact re- quency(24.9 MH2). It is tempting to conjecture that by tun-

sult in this regard. The corrected growth rate gives an exceling the parallel wavelength it may be possible to preferen-
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Edge Parameters 100 from the core-parameter values, consistent with the re-

Ty =2MeV, T, =15MeV duction inn,,. _ _ _
23.00 Notice that the maximum growth rate is achieved for
longer parallel wavelengths at the edge than in the core, con-
sistent with the requirement, discussed above, that
(0—Q)/Kv1,=—1, imposed here for thiower magnetic
field strength of the edge plasma. The cooler electron tem-
perature of the background edge plasma allows more bands
of instability to emerge at the longer parallel wavelengths,
5m compared to the core plasma, and we discover six or more
2225 bands of instability along thd, -axis for parallel wave-
lengths greater than about 3 m, though the growth rates in
the higher-order bands are much reduced from the peak
22.00 growth rate in the primary band. Our approximate growth
rate, yo—Im(dw,), is again in very good agreement with the
growth rate obtained by solving E¢l) in regions of insta-
bility and gives excellent approximations to the locations of
threshold values df, [see Figs. &) and 8b)]. In Figs. Ga)
and 6b) we have plotted the approximate growth rate as
contour lines in(k, ,\;)-space for the edge and core param-
eters respectively, witf, ,=1.5 MeV andT;,=2 MeV and
N=2m/K,. Upper-most contour levels were chosen near the
maximum growth rate value in each case, with successive
lower levels reduced by a factor of 10 from the previous
level. The maximum growth rate occurs within the inner-
2m most contour in the lower left corner of each figure. The
higher-band unstable regions are only very weakly unstable;
the spectrum of unstable waves is clearly dominated by
waves with parallel wavelengths of (core or 2 (edge
meters and perpendicular wavelengths of about 10 cm, for
this choice of alpha-particle temperatures.

We calculated relaxation ratésfor 3.5 MeV alpha-
R particles in deuterium and in tritium for the core and edge
parameters used in this paper. For the core parameters we
find the rate of alpha-particle collisional energy relaxation to
be 0.096 5 in deuterium and 0.064 ¢ in tritium. For the
edge parameters the rate of energy relaxation is 0.02ins
deuterium and 0.0147$ in tritium. (Energy relaxation rates
dominate slowing-down and parallel and perpendicular dif-
fusion rates in all casgsMaximum growth rates for each set

T - T y of parameters studied here are well above these values, how-
0.0 0.2 04 0.6 ever the feeble rates, particularly near the threshold, may not
(b) k, /2m (cm™) be observable. The relaxation rates should serve as effective
lower bounds for the growth rates presented here; for ex-
ample, in Fig. 6a) the lowest contour level is at 0.1r%

FIG. 4. (a) Re(w) and(b) Im(w) versusk, for parameters typical of the edge - - _ - _
plasma at TFTR, given in the text, the indicated alpha-particle temperaturegbOUt five times Iarger than the alpha partlcle energy relax

and parallel wavelengths=5, 3.3, 2 and 1.5 ms. Ifb) dashed lines are ation rate for the edge parqmeters. )
used for every other parallel wavelength for clarity and a horizontal dotted ~ TO generate our numerical results we solve the full dis-

line indicates zero growth rate. persion relation by Newton—Raphson iteration in the
complexw plane using a tolerance of error that is adjusted
until a certain accuracy criterion is met at each candidate

tially heat one or the other majority ion species via cyclotronrOOt' Equation(1) results from equating to zero the determi-

damping at the fundamental in an inhomogeneous plasma nant of the coefficient matrix of the well-known eigenvalue

For the edge parameters we find many more bands Ot?quation for the components of the wave electric fleldVe

instability in k, -space due to the smaller electron tempera-erte the eigenvalue equation in the form

ture assumed in this case. Dispersion curves and growth rates .-

are shown for four different parallel wavelengths in Figs. [ 7°(kk—1)+1+x]-E(k,0(k))=0. (25
4(a) and 4b), for the same alpha-particle temperatures used

in Fig. 1. The growth rate is reduced by roughly a factor of The susceptibility tensor is defined By

22.75 1

22.50

Re(w) / 2n (MHz)

21.75

21.50 . : : , :
0.0 0.2 0.4 0.6

(@ k, /2m(em™)
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T//a=2 MeV,T, = 1.5 MeV
200

1133 m
100 - i
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o
!
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Edge Parameters
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Edge Parameters
To= 2MeV, T =15MeV
2 iy
=5..,51Im

Im(w) / 2r (Hz)
o
!

2 . : :
0.50 0.75 1.00

(b) k, /2m(em™)

Contours of Constant Growth Rate

(a) Edge Parameters

. T T :

0.25 0.50 0.75 1.00
-1

k, /2 (cm’)

g (b) Core Parameters

, .
0.25 0.50 0.75 1.00
k,/2n (cm)

FIG. 6. Contours of constant growth ratg,—Im(dw,), according to our
analytic approximations for edde) and core(b) parameters witfl, ,=1.5
MeV andT;,=2 MeV. In (a) contour levels are at 100, 10, 1 and 0.1 Hz and
in (b) contour levels are at 20, 2, 0.2, 0.02 and 0.002 kHz. The maximum
growth rate is reached inside the small oval in the lower left corner in each
case.

which expresses the conservation of the sum of the electro-
magnetic field energy density of the wave and the total par-
ticle kinetic energy density(E; denotes the transverse part
of the electric field andE™ the Hermitian conjugate.Our
accuracy criterion is defined by insisting that this equation be
satisfied to a certain number of significant digits, typically 4.
Writing the susceptibilityy as the sum of the suscepti-

bilities of each particle species, we can identify on the left-

FIG. 5. (@) A comparison of the analytic predictions with the full numerical hand-side of Eq(26) the sum of the power absorbed by each

solution, as in Fig. 2 but for the edge parameters of Fig. 4)ga@ m. (b)
A similar comparison as ifg) but here for\;=3.3 m and at higher values of
k, . The full solution(solid) and the analytic approximationy—Im(dw,)

(dashegl are plotted; the bare growth rate is not shown.

e=l+y,

wherel is the unit dyadic. Notice that all quantities appear-
ing in Eq. (25), exceptk, are complex, includingy=kc/

w(k).
From the dispersion equatio@5) it follows directly*
that
Im(w(K)E* - x-E)
=—Im(w(k)), 26
e e~ et 29
378 Phys. Plasmas, Vol. 4, No. 2, February 1997

species. This sum must equal ttreegative growth rate of

the wave. The left-hand-side may be further dissected to dis-
cover that portion of the power going into irreversible heat-

ing of a particular species and that portion associated with
that species’ participation in the wave motibrThus, since

the ion hybrid wave is supported by the two bulk ion species,

we may write

IM(wE" - x'-E)=wrE" - x| - E+Im(w)
d + i
X%((DE 'XR'E)wRi (27)

where we have used the fact thatwg with w=wg+iy
Xk and x| are the real and imaginary parts of the bulk ion
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susceptibilities, respectively, where the superscript de- the hybrid resonance. The only damping for frequencies
notes deuterium or tritium. With the aid of E@7), Eq. (26) close to the two-ion hybrid frequency is provided by the

can be written in the form electrons.
We have demonstrated that the ion hybrid wave can in-
—Im(w) deed be driven unstable by the immediate, post-birth alpha-
particles. This instability is relevant to the alpha-channelling
> wrET-x{-E proposed of Fisctet al>® However, the instability mecha-

o

= 5 nism discussed in this |53aper is complementary to the scheme
21 =T|2 2 ¥ o proposal by Fisctet al”> The radial inhomogeneity of the
LALEE +2 E(wE 'XR(w)'E)‘”R alpha-particle distribution is a crucial ingredient of the Fisch
29) alpha-channeling mechanism since the alpha-particles are
displaced radially outwards as they exchange energy with the
where the third term in the denominator will be recognizedion hybrid wave. The instability mechanism discussed in the
as the contribution to the wave energy density of the plasmaresent work is a local effect which relies on the population
particles. The summation is over all species but for thdnversion in velocity space of the alphas at birth and does not
present case, as already mentioned, the ion hybrid wave €quire radial inhomogeneity. The role of radial inhomoge-
supported by the two thermal ions species. For comparableeity will enter through its effect on the local resonance con-
concentrations of the two ion specieg; can be approxi- ditions of the ion hybrid wave which govern which plasma
mated by the cold plasma value. The summation in the nuspecies interact with the wave.
merator of Eq(28) is also over all species. In the instability Since we have restricted our attention to a local model
region the only significant contribution tff comes fromthe and the case of equal concentrations of deuterium and tri-
alpha-particles and the electrons. The cyclotron damping dfium, we have not addressed the gquestion of whether such an
the deuterons and tritons is negligible. However, on examiamplified wave might eventually damp on the thermal ions.
nation of Fig. 1, it can be seen that for larger valuek othe ~ For the alpha-channelling application a launched wave
ion hybrid wave can be in fundamental cyclotron resonancevould evidently be more effective than a spontaneously ex-
with either the deuterons or tritons, depending on the valueited one since it could operate at larger amplitude and thus
of k,. Hence, in an inhomogeneous plasma, for conditions ofransfer the alpha-particle energy at a faster rate. The present
weak electron damping, the ion hybrid wave could eventucalculation provides some guidance on the conditions re-
ally transfer some of its energy to the thermal ions. quired to amplify a launched wave or just to ensure that
energy flows from the alpha-particles to the wave even fif,
overall, the wave is damped. An advantage of the use of a
launched wave is that the latter requirement would be suffi-
cient.

We have analyzed the stability of the ion hybrid wave in The other situation to which the present calculation may
the presence of a low density population of superthermabe relevant is that of ion cyclotron emission from the edge
ions. The specific case where the superthermal ions are také@gion of a tokamak. The alpha-particle distribution function
to be fusion alpha-particles has been considered. Two pathat we have used has been shown to be relevant to ion
ticular scenarios have been studied. The first is concerneeyclotron emission from fusion products in the edge plasmas
with the core plasma of the tokamak TFTR and is relevant t®f both JET and TFTR® The instability associated with the
the question of alpha-channelling in which a wave is re-fast wavé (the magnetoacoustic cyclotron instabilitias
quired to extract the free energy from the alpha-particles antieen identified as the probable ICE mechanism in JET and
eventually transfer it to thermal particles, which can be eithemFTR.”8*¢ It is stronger in the JET discharges where the
ions or electrons. This mechanism is required to operate ihirth speeds of the alpha-particles are super-Affedut it is
the immediate post-birth phase before the alpha-particleslso relevant for TFTR where the alpha-particles are usually
have slowed down collisionally. A rather simple, non- sub-Alfvenic at the edge. This was strikingly demonstrated
thermal distribution function has been used for the fusiorby the stronger ICE signal at the fundamental cyclotron fre-
alpha-particles which enabled an approximate but tractablguency of the alpha-particles in the low-confinement-mode
analytic dispersion relation to be obtained. This proved to béL-mode TFTR discharge¥€ for which the alpha-particles
valuable in guiding a full numerical solution of the exact are super-Alfvaic. The time evolution of the ICE amplitude
dispersion relation. The alpha-particle distribution functionhas also been modelled successfully in terms of the linear
consisted of a ring distribution for the perpendicular velocitygrowth rate of the fast wave instability for TFTR Never-
and a Maxwellian for the parallel velocity with a large par- theless, the particular feature of the present calculation which
allel temperaturéof the order of a MeV. The large parallel might be of interest to TFTR is the insensitivity of the ion
temperature is essential to enable the alpha-particles to be/brid wave to the ratiaw  y/c,. Instability has been ob-
Doppler shifted into cyclotron resonance with the ion hybridtained for values of this quantity as low as 0.27 and even
wave, since the frequency of the ion hybrid wave lies bedower values would be expected to give rise to instability
tween the cyclotron frequencies of the two-ion spe¢iesi-  simply by increasing the perpendicular wave number of the
terium and tritium. Under these conditions the ion hybrid ion hybrid wave. Unlike the fast Alfuewave, increase of the
wave will not be damped by the thermal ions in the region ofperpendicular wave number produces only a small change in

V. SUMMARY AND CONCLUSIONS
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