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Instability of the ion hybrid wave in the presence of superthermal
alpha-particles
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D. A. Russell
Lodestar Research Corporation, Boulder, Colorado 80301
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The stability of the ion hybrid wave in a plasma containing two thermal ion species present in
comparable proportions and a low density population of superthermal alpha-particles is analyzed. A
simple, model distribution function consisting of a ring distribution in the perpendicular velocity
and a Maxwellian in the parallel velocity is used for the superthermal alpha-particles. This
distribution function is relevant to the core plasma of a tokamak in the immediate post-birth phase
before the alpha-particles have had time to relax collisionally and is therefore of interest to the
alpha-channelling question. It has also been used to interpret ion cyclotron emission from fusion
products in the edge plasma of large tokamaks. An approximate dispersion relation is derived which
allows the conditions for instability to be explored and an analytic expression for the growth rate to
be obtained. It is found that the ion hybrid wave can be unstable forv'0/cA!1 wherev'0 is the
alpha-particle ring speed andcA is Alfvén speed for a plasma with two ion species. The instability
conditions obtained from the analytic approximation are used to guide the solution of the exact
dispersion relation. Numerical solutions for the specific cases of deuterium–tritium core and edge
plasmas in the Tokamak Fusion Test Reactor~TFTR! @K. M. Younget al., Plasma Phys. Controlled
Fusion26, 11 ~1984!# are given.@S1070-664X~97!02602-5#
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I. INTRODUCTION

The existence of the ion hybrid resonance was fi
pointed out by Buchsbaum1 in 1960. This resonance, whic
is a property of a magnetized plasma with more than one
species, plays a very important role in ion cyclotron heat
schemes. The ion hybrid resonance of a two ion spe
plasma gives rise to an additional member of the family
ion Bernstein waves which, unlike all other ion Bernste
waves, does not have its cut-off frequency at a harmonic
the ion cyclotron frequency of one of the ion species. T
cut-off occurs at the ion hybrid frequency which lies betwe
the two cyclotron frequencies. For this reason it has b
suggested2 that this special wave be given its own name, t
ion hybrid wave. We shall adopt this nomenclature in t
present paper. It is worth observing that the cold ion hyb
resonance of a two ion species plasma turns out to be
cut-off frequency for a propagating wave in a hot, two i
species plasma.

The ion hybrid wave in a plasma with two or more io
species present with comparable concentrations has rec
been under very active investigation. This is because, un
these conditions, there can be very efficient mode conver
of the fast Alfvén wave to the ion hybrid wave in the vicinit
of the ion hybrid resonance. Furthermore, because of
large ion concentrations the ion cyclotron resonances
well separated from the ion hybrid resonance so that
cyclotron damping is negligible in the region of the hybr
resonance. The only collisionless damping suffered by
ion hybrid wave, near the hybrid resonance, is due to
electrons. This, of course, refers explicitly to the case
approximately equal ion concentrations. The comparable
Phys. Plasmas 4 (2), February 1997 1070-664X/97/4(2
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concentrations scheme has been studied by Majeskiet al.3

who first suggested that efficient mode conversion could
cur when the fast wave is incident from the low field si
and demonstrated experimentally on the Tokamak Fus
Test Reactor~TFTR!4 that, indeed, strong electron heatin
was produced.

Because the ion hybrid wave is capable of excitation
these means and because the location of the mode conve
is governed by the position of the ion hybrid resonance,
ion hybrid wave was suggested5 as a promising candidate fo
the alpha-channelling scheme proposed by Fisch.6 In this
scheme a suitable wave is required to interact with the c
trally born fusion alpha-particles before they have had ti
to slow down. The free energy of the superthermal alp
particles amplifies the wave which eventually deposits
energy gained into the thermal particles, either ions or e
trons. This is only part of the alpha-channelling scheme bu
provides a motivation to investigate the stability of the i
hybrid wave in the presence of superthermal alpha-partic

In order to gain insight into the conditions required f
instability we have considered a simple model for the sup
thermal alpha-particle distribution. The model we have ch
sen consists of a ring distribution in perpendicular veloc
and a Maxwellian for the parallel velocity with a high para
lel temperature. Such a distribution has been shown to
relevant to ion cyclotron emission7,8 from fusion products in
the edge plasmas of the Joint European Torus9 ~JET! and
TFTR. Although rather idealized, this distribution posses
the key ingredients of the immediate post-birth alpha-part
distribution, namely free perpendicular energy and a la
spread of parallel velocities. The use of this simple distrib
)/369/12/$10.00 369
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tion is justified by the fact that the still very complicate
dispersion relation is, nevertheless, analytically tracta
thus permitting the extraction of a number of important sc
ings and other aids to an understanding of the physics of
problem.

The stability analysis of the ion hybrid wave in the pre
ence of superthermal~fusion! alpha-particles may also b
relevant to the ion cyclotron emission~ICE! observations
from TFTR. This is because for most conditions under wh
ICE is observed, the alpha-particles are sub-Alfve´nic. The
favored emission mechanism,8 which involves the fast Al-
fvén wave, whilst still operative, is less unstable under th
conditions. However, since the ion hybrid wave is a sl
wave the Alfvén speed is of no significance and we m
expect the wave to be unstable independently of whether
ring speed,v'0, is above or below the Alfve´n speedcA .

The plan of the paper is as follows. In Sec. II we pres
the exact electromagnetic dispersion relation for a hot, u
form plasma containing two thermal ion species and a
concentration of superthermal alpha-particles. The emph
is on the case where the two thermal ion species have c
parable concentrations, for which an approximate dispers
relation is derived. In Sec. III the conditions for instability
the ion hybrid wave are discussed and the approximate
persion relation is solved analytically for the growth ra
Numerical solutions for the frequency and growth rate of
exact dispersion relation are given in Sec. IV and a summ
and conclusions are given in Sec. V.

II. THE DISPERSION RELATION

The ion hybrid wave is a member of the family of io
Bernstein waves. Since it originates from the cold plas
resonance, characteristic of a two ion species plasma,
logical to refer to it as the ion hybrid wave2 by analogy with
its two higher frequency counterparts, the lower hybrid wa
and the upper hybrid wave. The ion hybrid wave is a
distinguished amongst the ion Bernstein waves as being
only one whose cut-off frequency does not occur at a m
tiple of an ion cyclotron frequency. In order to analyze t
stability of the ion hybrid wave in the presence of a popu
tion of superthermal ions it will be necessary to consider
main damping mechanisms for this wave.

A case of particular interest is when the two ion spec
are present in comparable proportions. Under these co
tions, the ion hybrid wave for long wavelengths has a f
quency which is well separated from the two ion cyclotr
frequencies and therefore will not be subject to ion cyclot
damping even for significant values of the parallel wa
number. Because the ion hybrid wave can couple to the
Alfvén wave and because it is susceptible to collisionl
electron dissipation~electron Landau and transit time dam
ing! a quantitative description of the ion hybrid wave r
quires the full, electromagnetic dispersion relation. We c
sider the idealized model of a uniform plasma with t
magnetic field in thez-direction and waves with har
monic space and time dependence, expi (k • x 2 vt) where
k5~k',0,ki!. The dispersion relation can be written8 as
370 Phys. Plasmas, Vol. 4, No. 2, February 1997
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~n'
22«zz!$~ni

22«xx!~ni
22«yy!1«xy

2 1~ni
22«xx!n'

2 %

2~ni
22«yy!ni

2n'
22ni

2n'
45«yz$«xy~n'ni1«xz!

2«yz~ni
22«xx!%1«xz$«xy«yz1~n'ni1«xz!~n

22«yy!%

1nin'$«xy«yz1«xz~n
22«yy!%, ~1!

whereni5cki/v, n'5ck'/v andn25n'
21ni

2. Solutions to
Eq. ~1! will be presented in Sec. IV. In order to gain som
insight into the problem we introduce approximations to E
~1!. First we note10 that Eq.~1! has been written in a form in
which the right-hand-side disappears as the tempera
tends to zero. The right-hand-side is small provid
~vTini/c)

2!1, wherevTi is the ion thermal speed, a cond
tion which is well satisfied in present tokamaks. Furth
more, for the ion cyclotron range of frequencies«zz is the
dominant element of the dielectric tensor. Keeping only
terms on the left-hand-side of Eq.~1! which are proportional
to «zz and retaining only those terms on the right-hand-s
~as a perturbation! which contribute to the collisionless elec
tron absorption, Eq.~1! is reduced to the form

n'
2 ~«xx2ni

2!2~«yy
i 2ni

2!~«xx2ni
2!2«xy

2

.S «yz
2

«zz
1«yy

e D ~«xx2ni
2!1

ni
2n'

4

«zz
. ~2!

Notice that the«yy element has been separated into its i
and electron parts«yy

i and«yy
e , respectively, and the electro

contribution, which describes transit time damping, has b
transferred to the right-hand-side of Eq.~2!. The physical
significance of Eq.~2! is the following. If the right-hand-side
is neglected, the left-hand-side, form0n0eTi /B0

2.me/mi , de-
scribes fast compressional Alfve´n waves and ion Bernstein
waves for which the parallel electric field has be
neglected2 ~n0e is the equilibrium electron density,m0 the
magnetic permeability of free space,Ti the temperature of
the thermal ions andB0 the equilibrium magnetic field!. Tak-
ing account of the right-hand-side includes the effect of
parallel electric field and all the collisionless electron dis
pative mechanisms. The first term on the right-hand-side
Eq. ~2! is responsible for the electron damping of the fa
Alfvén wave which arises from a combination of electr
Landau and transit time dissipation. The decay of the
hybrid wave is due to electron Landau damping which
dominated by the last term on the right-hand-side of E
~2!.11

In the general case the hot plasma expressions for
dielectric tensor elements on the left-hand-side should
used. In this way the effect of ion cyclotron damping is i
troduced. However, in the present analytic treatment we t
advantage of the separation of the two-ion hybrid resona
frequency from the ion cyclotron frequencies. Under the
circumstances the thermal ion terms can be represente
their cold plasma approximations in Eq.~2!. Since «xx
5 «yy

i 5 «', we write Eq.~2! as

~«'2ni
2!n'

22~«'1 i«xy2ni
2!~«'2 i«xy2ni

2!

.2«xx
a n'

21~«'2ni
2!«xx

a 1~«'2ni
2!«yy

a 12«xy«xy
a , ~3!
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where we have neglected the damping terms on the ri
hand-side of Eq.~2! for the moment but will consider thei
effect later. The terms on the left-hand-side of Eq.~3! are all
due to the thermal species of the plasma. The terms on
right-hand-side of Eq.~3!, « i j

a , are due to the fusion alpha
particles but, in general, could represent any small pop
tion of superthermal ions. The alpha-particle terms
treated perturbatively and only those terms linear in
alpha-particle density have been retained. For two, arbit
ion species, labelled 1 and 2, we have

«'.2
vp1
2

~v22V1
2!

2
vp2
2

v22V2
2 , ~4!

«xy.2
ivp1

2 v

~v22V1
2!V1

2
ivp2

2 v

~v22V2
2!V2

, ~5!

wherevp j , V j are the plasma and cyclotron frequencies
the j -th ion species, respectively, and the vacuum and e
tron contributions to«' have been neglected but the electr
contribution to«xy is included. Using Eqs.~4! and ~5! we
obtain

«'1 i«xy5
vp1
2

V1~v1V1!
1

vp2
2

V2~v1V2!
, ~6!

«'2 i«xy52
vp1
2

V1~v2V1!
2

vp2
2

V2~v2V2!
. ~7!

Substituting Eqs.~4!, ~6! and ~7! into the left-hand-side
of Eq. ~3! and multiplying through the equation b
~V1

4/vp1
4 !~V1

22v2!~v22V2
2!~v2/V1

2! we obtain

cA1
2 k'

2 S 11
vp2
2

vp1
2 D H v22V i i

21
cA1
2

v2ki
2
S v2

V1
221D ~v22V2

2!

S 11
vp2
2

vp1
2 D J
Phys. Plasmas, Vol. 4, No. 2, February 1997
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2v2H v2V11
vp2
2

vp1
2

V1

V2

~v22V1
2!

~v1V2!
2
cA1
2 ki

2

v2V1
~v22V1

2!J
3H ~v22V2

2!

~v2V1!
1

vp2
2

vp1
2
V1

V2
~v1V2!1

cA1
2 ki

2

v2V1
~v22V2

2!J
5

V1
4

v .p1
4 ~v22V1

2!~v22V2
2!

v2

V1
2

3$«xx
a n'

22~«'2ni
2!«xx

a 2~«'2ni
2!«yy

a 22«xy
a «xy%;

~8!

wherecA1
2 is the square of the Alfve´n speed associated wit

species 1~B0
2/m0r1! wherer1[n1m1 is the mass density o

ion species 1 and

V i i
25

~V2
2vp1

2 1V1
2vp2

2 !

~vp1
2 1vp2

2 !

is the square of the two-ion hybrid resonance frequency.
Since we are considering a plasma with two thermal

species present in approximately equal proportions it is c
that the fast Alfve´n wave will be supported by both ion spe
cies which must therefore be treated on an equal footing
contrast to the more usual minority ion case. With this
mind, Eq.~8! is divided throughout by

S 11
vp2
2

vp1
2 D S 11

r2
r1

D ,
wherer2 is the mass density of ion species 2 to obtain
s,
cA1
2 k'

2

S 11
r2
r1

D H v22V i i
21

cA1
2 ki

2

v2

S v2

V1
221D ~v22V2

2!

S 11
vp2
2

vp1
2 D J 2

v2

S 11
vp2
2

vp1
2 D S 11

r2
r1

D H v22V2
21

2vp2
2

vp1
2

V1

V2
~v22V1V2!

1
vp2
4

vp1
4

V1
2

V2
2 ~v22V1

2!2
2cA1

2 ki
2

v2 ~v22V2
2!2

2cA1
2 ki

2

v2

vp2
2

vp1
2 (v

22V1
2)2

cA1
4 ki

4

v4V1
2 (v

22V1
2)(v22V2

2)J
5

V1
4

vp1
4

~v22V1
2!~v22V2

2!

S 11
vp2
2

vp1
2 D S 11

r2
r1

D
v2

V1
2 $«xx

a n'
22~«'2ni

2!«xx
a 2~«'2ni

2!«yy
a 22«xy

a «xy%. ~9!

We can now introduce the Alfve´n speed defined in terms of the two-ion species, into Eq.~10! and subsequent equation
through the relation

cA
2[

B0
2

m0~r11r2!
5

cA1
2

S 11
r2
r1

D . ~10!

Equation~9! therefore becomes
371C. N. Lashmore-Davies and D. A. Russell
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vp2
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v2

S 11
vp2
2

vp1
2 D H vp2

2

vp1
2 S V1

V2
21D 2 v2

S 11
r2
r1

D 12Ni
2~v22V2

2!

12Ni
2
vp2
2

vp1
2 ~v22V1

2!1
Ni
4

V1
2 ~v22V1

2!~v22V2
2!S 11

r2
r1

D 1Ni
2S v2

V1
221D ~v22V2

2!S 11
r2
r1

D J
5

V1
4

vp1
4

~v22V1
2!~v22V2

2!

S 11
vp2
2

vp1
2 D S 11

r2
r1

D
v2

V1
2 $2«xx

a n'
21~«'2ni

2!«xx
a 1~«'2ni

2!«yy
a 12«xy«xy
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ies,
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whereNi
25cA

2ki
2/v2.

In order to calculate an explicit dispersion relation w
must specify the distribution function of the supertherm
ions. We choose the following model distribution which
analytically tractable and possesses the main features
evant to the problem,

f 0a5~2p3/2v'0vTia!21 exp$2~v i2vd!
2/vTia

2 %

3d~v'2v'0!. ~12!

For the alpha-channelling application it is more appropri
to take the parallel drift velocityvd50 and for the immediate
post-birth phase an isotropic shell is often used. Howe
Eq. ~12! allows the effects of anisotropy to be include
which may develop subsequently, and incorporates the
key ingredients of the fusion alpha-particles, namely f
perpendicular energy characterized byv'0 and a significant
spreadvTia of parallel velocities. The distribution functio
given by Eq.~12! has previously been used to interpret i
cyclotron emission from the edge plasma in JET a
TFTR.7,8

Referring to Eq.~11! it can be seen that the followin
energetic ion, dielectric tensor elements are required:

«xx
a 5

vpa
2

v2 H F211
Va

kivTia
Z~z1a!GR

1@11z
1a
Z~z1a!#

2v'0
2

vTia
2

J1
2

za
2 J , ~13!

where

R5
2

za
J1J18 , ~14!

z1a5~v2kivd2Va!/~kivTia!, ~15!
372 Phys. Plasmas, Vol. 4, No. 2, February 1997
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and za5k'v'0/Va is the argument ofJ1 , the first order
Bessel function and its derivativeJ18,

«yy
a 5

vpa
2

v2 H F211
Va

kivTia
Z~z1a!GP

1@11z1aZ~z1d!#
2v'0

2

vTia
2 J18

2J , ~16!

where

P5
2

za
~12za

2 !J1J18 , ~17!

«xy
a 5

ivpa
2

v2 H F211
V

a

kivTia
Z~z1a!GQ

1@11z1aZ~z1a!#
2v'0

2

vTia
2 za

J1J18J , ~18!

Q5J18
21S 1za

221D J12. ~19!

The above dielectric tensor elements are easily obtained,
by substitution of Eq.~13! into Eq. ~48!, Chap. 10 of Stix.12

In this paper, the superscript ‘‘a’’ refers to alpha-particles
but of course may be taken as any energetic ion spec
described by the form given in Eq.~12!.

The final form of the approximate dispersion relation c
be obtained by substituting Eqs.~13!, ~16! and~18! into Eq.
~11! giving
C. N. Lashmore-Davies and D. A. Russell
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The dispersion relation given in Eq.~20! is symmetric in
the two ion species, subscripts 1 and 2, as it must be s
they have been treated on an exactly equal footing. As
ready mentioned, we shall concentrate on the case w
species 1 and 2 are present in comparable proportions
will treat the case of equal proportions when we come t
discussion of the solutions of Eq.~20!.

Although Eq.~20! appears rather complicated its conte
can be readily appreciated. The left-hand-side of the equa
describes the fast Alfve´n wave, the first bracket, and the io
hybrid wave, the second bracket. These two waves m
couple whencAk'.V i i and this can be seen most easily f
Ni50. However, the coupling is not restricted to this spec
case but can occur over a significant range of parallel w
numbers when the two-ion species are present in compar
concentrations. However, we shall not be concerned w
this coupling in this paper but instead will concentrate on
solutions for the ion hybrid wave for shorter wavelengt
away from the coupling region, namelyk'.V i i /cA .

The right-hand-side of Eq.~20! describes the cyclotron
interaction of the superthermal ions~the alpha-particles in
this paper! with the ion hybrid wave or with the fast Alfve´n
wave supported by the two-ion species. The correspond
interaction with the fast wave for a single ion species plas
has been analyzed in Ref. 6. Since the ion hybrid wav
supported by two ion species there are two groups of te
on the right-hand side, corresponding to the interaction of
alpha-particles with each ion species. A further discussion
this point will be given in the next section.
Phys. Plasmas, Vol. 4, No. 2, February 1997
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III. THE STABILITY OF THE ION HYBRID WAVE

In this section a solution for the ion hybrid wave will b
obtained treating the influence of the superthermal alp
particles perturbatively. The perturbation parameter is clea
the ratio of the alpha-particle density to the sum of the d
sities of the two thermal ion species and is given by the te
vpa
2 /(vp1

2 1 vp2
2 )in Eq. ~20!. Before discussing the stability

of the ion hybrid wave we remark that although we are ju
tified in neglecting the cyclotron damping of the therm
ions, the finite Larmor radius terms will contribute a sm
correction to the frequency of the ion hybrid wave. In ord
to avoid a further significant complication of Eq.~20! we
have neglected these terms. However, they are include
the numerical solutions to be presented later. In discuss
the significance of the alpha-particle terms on the right-ha
side of Eq.~20! it is still a reasonable approximation to a
sumev.Vi i since our analysis is restricted to long wa
lengths,k'

2vT j
2 /V j

2 ! 1 where the subscript ‘‘j ’’ refers to the
thermal ion species.

Returning to our discussion of the right-hand-si
ofEq. ~20! we note the following. As already mentione
there are two groups of terms, one for each thermal
species.In addition, each of these groups can be divided
twofurther sub-groups, the first is proportional to@21
1~Va /kivTia)Z(z1a)] and the second to@11z1aZ(z1a)].
The significance of the first sub-group is that it surviv
when the alpha-particle distribution is isotropic and can p
duce instability for either sign ofz1a . The second sub-group
arises directly from anisotropy and can only produce ins
bility when z1a,0, a characteristic of the effect of aniso
373C. N. Lashmore-Davies and D. A. Russell
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ropy. Applied to the case of an inhomogeneous plasma,
isotropic mechanism can produce instability on both h
and low magnetic field sides of the Doppler shifted cyclotr
resonance of the superthermal alpha-particles whereas
anisotropic mechanism can only drive an instability on
high field side.

In the case of the isotropic sub-group, the dominant te
is N'

2R whereN'
2.1 away from the coupling region with

the fast Alfvén wave. For this term to be destabilizing, w
requireR,0. This will occur first between the first max
mum ofJ1 and its first zero, i.e. the argumentza of J1 should
be in the range 1.8,za,3.8. Choosingza.3 as a represen
tative value and puttingk'5xV i i /cA , wherex.1, we ob-
tain

v'0

cA
5
3Va

xV i i
. ~21!

Hence, the shorter the perpendicular wavelength of the
hybrid wave the larger the value ofx and the smaller the
374 Phys. Plasmas, Vol. 4, No. 2, February 1997
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value ofv'0/cA required for instability. Evidently, instability
can occur for sub-Alfve´nic alpha-particles even for an iso
tropic distribution, e.g. a shell distribution. This conclusio
is not surprising since the ion hybrid wave is a slow wa
becoming progressively slower ask' increases. The secon
and third terms of this sub-group tend to cancel since (V i i

2

2 V1
2) and (V i i

2 2 V2
2) are necessarily of different signs. Th

termNi
2(R1P) is less important than the first sinceNi

2!1.
By the same reasoning the dominant term from the an
tropic group is the first termN'

2J1
2/za

2.
Let us now obtain the condition for instability of the io

hybrid wave. The above arguments indicate that the m
unstable conditions occur when,~a! z1a . 21 and ~b!
1.8,za,3.8, sayza.3. We shall restrict the present anal
sis to long wavelengthsk'

2r j
2!1, wherer j

25vT j
2 /V j

2, and
Ni
2!1 in order to minimize the collisionless electron dam

ing. Under these circumstances we can assumev.Vi i on the
right-hand-side of Eq. ~20! and look for a solution
v5Vi i1dv. Substituting this into Eq.~20! and solving for
Im~dv! we obtain
trations.
Im~dv!.
vpa
2

~vp1
2 1vp2

2 !

~V i i
22V1

2!~V i i
22V2

2!

2V i i ~cA
2k'

22V i i
2 ! H Va

kivTiaF N'
2R1

V1
2

~V i i
22V1

2!

SR1P22
V i i

V1
QD

S 11
r2
r1

D

1
vp2
2

vp1
2

V1
2

~V i i
22V2

2!

SR1P22
V i i

V2
QD

S 11
r2
r1

D 1Ni
2~R1P!G12z1a

v'0
2

vTia
2 F N'

2
J1
2

za
2 1

V1
2S J121za

2J18
222

V i i

V1
zaJ1J18D

za
2~V i i

22V1
2!S 11

r2
r1

D

1
vp2
2

vp1
2

V1
2

~V i i
22V2

2!

S J121za
2J18

222
V i i

V2
zaJ1J18D

za
2 S 11

r2
r1

D 1Ni
2S J12za

2 1J18
2D G J p1/2 exp~2z1a

2 !. ~22!

This expression can be greatly simplified for a specific case such as a deuterium–tritium plasma with equal concen
Under these conditions, Eq.~22! reduces to the following expression for the bare growth rate:

g0

V i i
[ ImS dv

V i i
D 52

~na /nD!

10~N'
221! H Va

kivTia
FN'

2R2
6

5

A2
A3

Q1Ni
2~R1P!G12z1a

v'0
2

vTia
2

3FN'
2
J1
2

za
22

6

5

A2
A3

J1J18

za
1Ni

2S J12za
2 1J18

2D G J p1/2 exp~2z1a
2 !. ~23!

It is clear thatg0.0 for za.3 andz1a.21. For instability to occur the growth rate, given by Eqs.~22! or ~23! must exceed
the damping rate of the electrons. The electron damping rate of the ion hybrid wave has been derived previously,2 and for a
D–T plasma with equal concentrations, is given approximately by

Im~dv!e>
6

50S VD
2

vpD
2 D 2 ~v22VD

2 !~v22VT
2!

vV i i
2

v2

VD
2

ni
2n'

4

~N'
221!

ki
2vTe

2

2vpe
2

p1/2ze exp~2ze
2!

u11zeZ~ze!u2
, ~24!
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whereze5v/(kivTe). In the Figs. 2, 5~a!, 5~b!, and 6 below
we have further simplified this expression by replacingv
with V i i , consistent with the perturbative nature of the
approximations.

IV. NUMERICAL SOLUTIONS OF THE GENERAL
DISPERSION RELATION

In this section we present solutions of the full electr
magnetic dispersion relation, Eq.~1!, for a deuterium–
tritium plasma containing a small population of alph
particles having the distribution given by Eq.~12!. The
results presented are for equal concentrations of deute
and tritium ions. We assume that the deuterium and triti
ions and the electrons have Maxwellian distributions. U
stable solutions of the full dispersion relation were sought
the conditions obtained from the analysis of the reduced
persion relation. We present results typical of both the c
and edge plasmas of TFTR. The first set are relevant to
alpha-channelling mechanism and the second to ion cy
tron emission from the edge plasma. The parameters ap
priate to the core are taken to beB054.9 T, ne5731019

m23, Te510 keV, TD5TT520 keV with an alpha particle
densityna50.01ne . The densities of deuterium and tritium
are, of course,nD5nT50.49ne . The parameters assumed f
the edge region areB053.62 T, ne51.531019 m23, Te51
keV, TD5TT53.5 keV, na50.0001ne with nD5nT . The
parameters for the alpha-particle distribution~12! are speci-
fied as T'a ,Tia and vd where T'a5 1

2mav'0
2 and

Tia5 1
4mavTia

2 . @Notice that̂ v i
2&a5 1

2vTia
2 for the distribution

~12!.# In all of the numerical results presented here,vd50,
and we have heldT'a1Tia53.5 MeV, consistent with our
desire to simulate fusion-born alpha-particles.

In Fig. 1~a! we show dispersion curves of the ion hybr
wave driven unstable by the alpha-particles for core par
eters withTia52 MeV andT'a51.5 MeV. The real part of
the frequency of the ion hybrid wave as a function ofk' is
plotted for five different values of parallel wavelength, ind
cated in meters in insets to the figure. In Fig. 1~b! we show
the growth rates of these five waves. As the ion hybrid wa
approaches cut-off with decreasingk' , near the two-ion hy-
brid frequency~30.5 MHz, here!, it smoothly connects with
the fast Alfvén wave and plunges toward zero frequenc
~We have not analyzed this connection in the present pa
and our approximations are not applicable to the fast wa!
Growth is clearly confined to the ion hybrid wave.

The computed results shown in Fig. 1~b! confirm the
prediction thatza.3 for instability, as discussed in Sec. II
For the core parameters of Figs. 1~a! and 1~b!, za.3 at
k'/2p50.13 cm21, very near the maximum growth rate ob
served for the different values ofli studied. The dependenc
of the growth rate onki is governed by the alpha-particle~or
hot ion! cyclotron resonance condition. The requirement c
be written ~approximately! as22,z1a,0. This guarantees
that both terms in Eq.~23! are positive and that there is
significant number of resonant alpha-particles. This is ill
trated by Figs. 1~a! and 1~b! where the maximum growth
rates obtained for various values ofli from 0.5 m to 3.3 m
correspond~approximately! to values ofz1a of 20.3 and22,
Phys. Plasmas, Vol. 4, No. 2, February 1997
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respectively. The variation of the growth rate withli clearly
shows the existence of an optimum value ofli .

Instability can only occur, of course, provided that t
alpha-particle drive exceeds the electron Landau damp
The dependence of the electron Landau damping on the v
ous parameters is very well described by Eq.~24!. The first
point to note is that the damping is weak providedN' is not

FIG. 1. ~a! Re~v! and~b! Im~v! versusk' for parameters typical of the core
plasma at TFTR, given in the text, the indicated alpha-particle temperat
and parallel wavelengthsli53.3, 2, 1, 0.67 and 0.5 m. In~b! dashed lines
are used for every other parallel wavelength for clarity and a horizo
dotted line indicates zero growth rate.
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large, regardless of the value ofze , the ratio of the parallel
phase speed to the electron thermal velocity. The w
electron Landau damping is due to the factorki

2vTe
2 /vpe

2

which is of the order 1027 for parallel wavelengths of abou
a meter. It should also be emphasized that Eqs.~23! and~24!
apply to the case whereN'.1. It can be seen that the ele
tron Landau damping reaches a minimum value whenN'

5 2. The optimum value ofN' for instability, corresponding
to za.3, gives a values ofN'.3.5 for the parameters o
Fig. 1.

By a straightforward extension of the arguments in S
III it is anticipated that more than one interval of instabili
may be observed with increasingk' , though with progres-
sively smaller growth rates. For the core parameters the 2
parallel wavelength is unstable on three such intervals
shown in Fig. 1~b!. However, as Eq.~24! shows, the damp-
ing increases withN'

2 and eventually becomes strong enou
to prevent further unstable intervals.

Both sets of curves in Figs. 1~a! and 1~b! were obtained
by solving the complete dispersion equation~1! numerically.
In Fig. 2 we compare this solution to our approximation
Eqs.~23! and ~24!, for the case of fastest growth.@Re~v! is
set equal toVi i in these equations for the calculations in th
section.# The bare growth rate,g0, alone predicts instability
in several intervals on thek'-axis; however these higher-k'

bands are stabilized by electron Landau damping, and
bare growth rate corrected with the approximate elect
damping decrement, Eq.~24!, agrees well with the exact re
sult in this regard. The corrected growth rate gives an ex

FIG. 2. A comparison of the analytic predictions with the full numeric
solution: the bare growth rate, Eq.~23! ~dotted!, the bare growth rate cor
rected by the electron Landau damping decrement given by Eq.~24!,
~dashed! and the growth rate given by Eq.~1! ~‘‘Full 333,’’ solid! versusk'

for the parameters of Fig. 1 andli51 m.
376 Phys. Plasmas, Vol. 4, No. 2, February 1997
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lent approximation to the threshold for growth in this ca
~damping by deuterium and tritium is ignorable!, and is in-
valuable for providing a global picture of the instability~see
Fig. 6 below!.

In Fig. 3 we summarize the behavior of the instability
a function ofTia ~53.5 MeV2T'a! for the core parameter
using the 1 m parallel wave length, approximately the fast
growing wave in the core plasma. As expected, the rang
unstable frequencies is significantly broadened asTia in-
creases. Another noteworthy point concerns the ratiov'0/cA
for the unstable waves. For the core parameters studied,
ratio varies from 0.42~T'a50.25 MeV! to 1.04 ~T'a53
MeV!, and for the edge parameters from 0.27 to 0.66 for
same alpha-particle temperatures. Thus, except near the
pling region with the fast wave, the ion hybrid wave is su
Alfvénic which, as already mentioned, is to be expec
since the ion hybrid wave is a slow wave which has in ge
eral no connection with the Alfve´n speed. It is also worth
noting that ~k'rD!2 varies from 0.04 to 0.4 at maximum
growth rate for the core parameters asT'a changes from 3
MeV to 0.25 MeV; lower values ofT'a require higher values
of k' to maintain the instability criterionza.3. For the edge
plasma the corresponding range of~k'rD!2 is 0.01 to 0.4 for
the fastest growing~2 m! parallel wavelength@see Fig. 4~b!#.
Hence the small Larmor radius assumption used to derive
analytic results is reasonably well satisfied by the fas
growing waves.

Notice that in Fig. 1~a! waves with shorter parallel wav
lengths approach the deuterium cyclotron frequency~37.4
MHz, here! with increasingk' , whereas those with longe
parallel wavelengths approach the tritium cyclotron fr
quency~24.9 MHz!. It is tempting to conjecture that by tun
ing the parallel wavelength it may be possible to prefer

FIG. 3. The growth rate of the ion hybrid wave atli51 m according to Eq.
~1! versusk' for the parameters of Figs. 1 and 2 but for different choices
the alpha-particle temperatures, as indicated, withT'a53.5 MeV2Tia en-
forced. A dotted line indicates zero growth rate.
C. N. Lashmore-Davies and D. A. Russell
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tially heat one or the other majority ion species via cyclotr
damping at the fundamental in an inhomogeneous plasm

For the edge parameters we find many more band
instability in k'-space due to the smaller electron tempe
ture assumed in this case. Dispersion curves and growth
are shown for four different parallel wavelengths in Fig
4~a! and 4~b!, for the same alpha-particle temperatures u
in Fig. 1. The growth rate is reduced by roughly a factor

FIG. 4. ~a! Re~v! and~b! Im~v! versusk' for parameters typical of the edg
plasma at TFTR, given in the text, the indicated alpha-particle tempera
and parallel wavelengthsli55, 3.3, 2 and 1.5 ms. In~b! dashed lines are
used for every other parallel wavelength for clarity and a horizontal do
line indicates zero growth rate.
Phys. Plasmas, Vol. 4, No. 2, February 1997
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100 from the core-parameter values, consistent with the
duction inna .

Notice that the maximum growth rate is achieved f
longer parallel wavelengths at the edge than in the core, c
sistent with the requirement, discussed above, t
~v2Va!/kivTia.21, imposed here for thelower magnetic
field strength of the edge plasma. The cooler electron te
perature of the background edge plasma allows more ba
of instability to emerge at the longer parallel wavelengt
compared to the core plasma, and we discover six or m
bands of instability along thek'-axis for parallel wave-
lengths greater than about 3 m, though the growth rate
the higher-order bands are much reduced from the p
growth rate in the primary band. Our approximate grow
rate,g02Im~dve!, is again in very good agreement with th
growth rate obtained by solving Eq.~1! in regions of insta-
bility and gives excellent approximations to the locations
threshold values ofk' @see Figs. 5~a! and 5~b!#. In Figs. 6~a!
and 6~b! we have plotted the approximate growth rate
contour lines in~k' ,li!-space for the edge and core para
eters respectively, withT'a51.5 MeV andTia52 MeV and
li52p/ki . Upper-most contour levels were chosen near
maximum growth rate value in each case, with success
lower levels reduced by a factor of 10 from the previo
level. The maximum growth rate occurs within the inne
most contour in the lower left corner of each figure. T
higher-band unstable regions are only very weakly unsta
the spectrum of unstable waves is clearly dominated
waves with parallel wavelengths of 1~core! or 2 ~edge!
meters and perpendicular wavelengths of about 10 cm,
this choice of alpha-particle temperatures.

We calculated relaxation rates13 for 3.5 MeV alpha-
particles in deuterium and in tritium for the core and ed
parameters used in this paper. For the core parameter
find the rate of alpha-particle collisional energy relaxation
be 0.096 s21 in deuterium and 0.064 s21 in tritium. For the
edge parameters the rate of energy relaxation is 0.021 s21 in
deuterium and 0.014 s21 in tritium. ~Energy relaxation rates
dominate slowing-down and parallel and perpendicular d
fusion rates in all cases.! Maximum growth rates for each se
of parameters studied here are well above these values, h
ever the feeble rates, particularly near the threshold, may
be observable. The relaxation rates should serve as effe
lower bounds for the growth rates presented here; for
ample, in Fig. 6~a! the lowest contour level is at 0.1 s21,
about five times larger than the alpha-particle energy re
ation rate for the edge parameters.

To generate our numerical results we solve the full d
persion relation by Newton–Raphson iteration in t
complex-v plane using a tolerance of error that is adjust
until a certain accuracy criterion is met at each candid
root. Equation~1! results from equating to zero the determ
nant of the coefficient matrix of the well-known eigenvalu
equation for the components of the wave electric fieldE. We
write the eigenvalue equation in the form

@h2~ k̂k̂2I !1I1x#•E~k,v~k!!50. ~25!

The susceptibility tensor is defined by10

es

d
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whereI is the unit dyadic. Notice that all quantities appea
ing in Eq. ~25!, exceptk, are complex, includingh [kc/
v~k!.

From the dispersion equation~25! it follows directly14

that

Im~v~k!E1
•x•E!

@ uhu2uETu21uEu2#
52Im~v~k!!, ~26!

FIG. 5. ~a! A comparison of the analytic predictions with the full numeric
solution, as in Fig. 2 but for the edge parameters of Fig. 4 andli52 m. ~b!
A similar comparison as in~a! but here forli53.3 m and at higher values o
k' . The full solution~solid! and the analytic approximation,g02Im~dve!
~dashed!, are plotted; the bare growth rate is not shown.
378 Phys. Plasmas, Vol. 4, No. 2, February 1997
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which expresses the conservation of the sum of the elec
magnetic field energy density of the wave and the total p
ticle kinetic energy density.~ET denotes the transverse pa
of the electric field andE1 the Hermitian conjugate.! Our
accuracy criterion is defined by insisting that this equation
satisfied to a certain number of significant digits, typically

Writing the susceptibilityx as the sum of the suscept
bilities of each particle species, we can identify on the le
hand-side of Eq.~26! the sum of the power absorbed by ea
species. This sum must equal the~negative! growth rate of
the wave. The left-hand-side may be further dissected to
cover that portion of the power going into irreversible he
ing of a particular species and that portion associated w
that species’ participation in the wave motion.15 Thus, since
the ion hybrid wave is supported by the two bulk ion speci
we may write

Im~vE1
•x i

•E!.vRE
1
•x I

i
•E1Im~v!

3
d

dv
~vE1

•xR
i
•E!vR

, ~27!

where we have used the fact thatg !vR with v5vR1ig
•xR

i andxI
i are the real and imaginary parts of the bulk io

FIG. 6. Contours of constant growth rate,g02Im~dve!, according to our
analytic approximations for edge~a! and core~b! parameters withT'a51.5
MeV andTia52 MeV. In ~a! contour levels are at 100, 10, 1 and 0.1 Hz a
in ~b! contour levels are at 20, 2, 0.2, 0.02 and 0.002 kHz. The maxim
growth rate is reached inside the small oval in the lower left corner in e
case.
C. N. Lashmore-Davies and D. A. Russell
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susceptibilities, respectively, where the superscript ‘‘i ’’ de-
notes deuterium or tritium. With the aid of Eq.~27!, Eq. ~26!
can be written in the form

2Im~v!

5

(
s

vRE
1
•x I

s
•E

H uhu2uETu21uEu21(
s

d

dv
~vE1

•xR
s~v!•E!vRJ ,

~28!

where the third term in the denominator will be recogniz
as the contribution to the wave energy density of the plas
particles. The summation is over all species but for
present case, as already mentioned, the ion hybrid wav
supported by the two thermal ions species. For compar
concentrations of the two ion species,xR

i can be approxi-
mated by the cold plasma value. The summation in the
merator of Eq.~28! is also over all species. In the instabilit
region the only significant contribution toxI

s comes from the
alpha-particles and the electrons. The cyclotron damping
the deuterons and tritons is negligible. However, on exa
nation of Fig. 1, it can be seen that for larger values ofk' the
ion hybrid wave can be in fundamental cyclotron resona
with either the deuterons or tritons, depending on the va
of ki . Hence, in an inhomogeneous plasma, for conditions
weak electron damping, the ion hybrid wave could even
ally transfer some of its energy to the thermal ions.

V. SUMMARY AND CONCLUSIONS

We have analyzed the stability of the ion hybrid wave
the presence of a low density population of superther
ions. The specific case where the superthermal ions are t
to be fusion alpha-particles has been considered. Two
ticular scenarios have been studied. The first is concer
with the core plasma of the tokamak TFTR and is relevan
the question of alpha-channelling in which a wave is
quired to extract the free energy from the alpha-particles
eventually transfer it to thermal particles, which can be eit
ions or electrons. This mechanism is required to operat
the immediate post-birth phase before the alpha-parti
have slowed down collisionally. A rather simple, no
thermal distribution function has been used for the fus
alpha-particles which enabled an approximate but tracta
analytic dispersion relation to be obtained. This proved to
valuable in guiding a full numerical solution of the exa
dispersion relation. The alpha-particle distribution functi
consisted of a ring distribution for the perpendicular veloc
and a Maxwellian for the parallel velocity with a large pa
allel temperature~of the order of a MeV!. The large parallel
temperature is essential to enable the alpha-particles t
Doppler shifted into cyclotron resonance with the ion hyb
wave, since the frequency of the ion hybrid wave lies b
tween the cyclotron frequencies of the two-ion species~deu-
terium and tritium!. Under these conditions the ion hybr
wave will not be damped by the thermal ions in the region
Phys. Plasmas, Vol. 4, No. 2, February 1997
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the hybrid resonance. The only damping for frequenc
close to the two-ion hybrid frequency is provided by t
electrons.

We have demonstrated that the ion hybrid wave can
deed be driven unstable by the immediate, post-birth alp
particles. This instability is relevant to the alpha-channelli
proposed of Fischet al.5,6 However, the instability mecha
nism discussed in this paper is complementary to the sch
proposal by Fischet al.5 The radial inhomogeneity of the
alpha-particle distribution is a crucial ingredient of the Fis
alpha-channeling mechanism since the alpha-particles
displaced radially outwards as they exchange energy with
ion hybrid wave. The instability mechanism discussed in
present work is a local effect which relies on the populat
inversion in velocity space of the alphas at birth and does
require radial inhomogeneity. The role of radial inhomog
neity will enter through its effect on the local resonance co
ditions of the ion hybrid wave which govern which plasm
species interact with the wave.

Since we have restricted our attention to a local mo
and the case of equal concentrations of deuterium and
tium, we have not addressed the question of whether suc
amplified wave might eventually damp on the thermal io
For the alpha-channelling application a launched wa
would evidently be more effective than a spontaneously
cited one since it could operate at larger amplitude and t
transfer the alpha-particle energy at a faster rate. The pre
calculation provides some guidance on the conditions
quired to amplify a launched wave or just to ensure t
energy flows from the alpha-particles to the wave even
overall, the wave is damped. An advantage of the use o
launched wave is that the latter requirement would be su
cient.

The other situation to which the present calculation m
be relevant is that of ion cyclotron emission from the ed
region of a tokamak. The alpha-particle distribution functi
that we have used has been shown to be relevant to
cyclotron emission from fusion products in the edge plasm
of both JET7 and TFTR.8 The instability associated with th
fast wave7 ~the magnetoacoustic cyclotron instability! has
been identified as the probable ICE mechanism in JET
TFTR.7,8,16 It is stronger in the JET discharges where t
birth speeds of the alpha-particles are super-Alfve´nic but it is
also relevant for TFTR where the alpha-particles are usu
sub-Alfvénic at the edge. This was strikingly demonstrat
by the stronger ICE signal at the fundamental cyclotron f
quency of the alpha-particles in the low-confinement-mo
~L-mode! TFTR discharges17 for which the alpha-particles
are super-Alfve´nic. The time evolution of the ICE amplitud
has also been modelled successfully in terms of the lin
growth rate of the fast wave instability for TFTR.18 Never-
theless, the particular feature of the present calculation wh
might be of interest to TFTR is the insensitivity of the io
hybrid wave to the ratiov'0/cA . Instability has been ob-
tained for values of this quantity as low as 0.27 and ev
lower values would be expected to give rise to instabil
simply by increasing the perpendicular wave number of
ion hybrid wave. Unlike the fast Alfve´n wave, increase of the
perpendicular wave number produces only a small chang
379C. N. Lashmore-Davies and D. A. Russell
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the wave frequency so that the resonance condition is
greatly altered.

The ion hybrid wave could only give rise to ion cyclo
tron emission at one frequency and not at cyclotron harm
ics without invoking non-linear effects. However, harmon
emission could arise through a similar mechanism to the
analyzed in this paper in which short wavelength ion Be
stein waves are driven unstable by the superthermal al
particles. An analysis of this case will be described in
subsequent publication.

It should be noted that the model of a deuterium–tritiu
plasma with approximately equal concentrations is not
most appropriate one for the edge region which is usu
dominated by the influx of deuterium ions from the wall. W
have included this case simply to illustrate that the mec
nism discussed in this paper might also be of interest for
edge region.
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