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Bifurcated neoclassical particle transport

P. Helander
EURATOM/UKAEA Fusion Association, Culham Science Centre, Abingdon OX14 3DB, United Kingdom

(Received 13 July 1998; accepted 18 August 3998

The theory of neoclassical transport in an impure, toroidal plasma is extended to allow for steeper
pressure and temperature gradients than are usually considered. It is found that the ion particle flux
is a nonmonotonic function of these gradients for plasma parameters typical of the tokamak edge.
A sudden transition between states of low and high confinement is therefore possible.
[S1070-664X%98)03411-9

I. INTRODUCTION ture of the plasma that survives in this ordering is the mag-
netic field inhomogeneity, which is what gives rise to the

In well-confined tokamak plasmas, the ion particle trans+,o 5cjassial enhancement of the transport over the classical
port can be comparable to the neoclassical prediction. On thg, |

other hand, the pressure and temperature profiles are often \yhen s is made larger, poloidal asymmetries become

very steep, especially near the plasma edge. It is well knowRssiple. Typically the first plasma parameter to develop a

that the observed gradients are frequently too large for COM5oloidal variation is the densityy,, of highly charged im-

ventional neoclassical thedryto be valid, and the need to purity ions®® whose poloidal moéijlation is of the ord®r

extend the theory in this direction is widely recogniZed. ’

Since the conventional neoclassical transport fluxes are pro- -~

portional to the gradients but cannot increase indefinitely, &~A55;--22 (1)

one might expect that some saturation of the transport should n; e

occur when the profiles become very steep. As we shall see

in the present paper, it is also possible that the plasma tranaherer; =L, /\;; is the collisionality, withx;; the mean-free

port becomesgjualitatively different under such conditions. path for the bulk ions andl| the connection length. If the
The essential difficulty in generalizing neoclassicalplasma is not deep into the collisionless regithesan easily

transport theory to steep gradients lies in the use of the eXpe of order unity whiles remains small.

pansion parameter, Here, we study neoclassical transport in an impure

plasma with steep profiles, with the ordering

6<1,A=0(1), 2
where p, is the poloidal ion gyroradius and, the radial
scale length associated with the density and temperature pranabling a nonuniform distribution of impurities over each
files. Neoclassical theory requirgs<1, and it is very diffi-  flyx surface. For simplicity, we restrict our attention to the
cult to envisage constructing a tractable transport theorgase of a hydrogen plasma with a single species of highly
when this assumption does not hold. There is then no sep@harged ¢>1) impurity ions. The electronse] and H ions
ration of scales, so the transport fluxes become nonlocal ang) are taken to be collisionless while the impurities are as-
depend not only on the local gradients but on the entire densymed to be collisional, as is typical of a tokamak plasma
sity and temperature profiles. somewhat inside the last closed flux surface. The analysis
While constructing transport theory in the reginé¢ presented here complements earlier work by Hsu and
=0(1) is fundamentally difficult, it is nonetheless possible sigmar® who considered a collisional, isothermal plasma in
to allow for steeper gradients than are admissible in convery torus with large aspect ratio and circular cross section.
tional neoclassical theory while still assumi<1. The In order to calculate the poloidal distribution of impuri-
point is that not only is§ assumed to be small in conven- ties it is necessary to solve their parallel momentum equa-
tional theory, but it is also effectively taken to be the small-tion. This is accomplished in Sec. Il, where it is shown that
est of all parameters of the transport problem. This has thghe impurity density generally has both up—down and in—out
consequence of making all densities and temperatures fluxsymmetry. This has surprising implications for the neoclas-
functions, essentially because the system of lowest-ordefical transport, which is evaluated in Sec. lll. When the gra-

drift kinetic equations, dients are sufficiently steep the confinement is improved, and
the radial ion particle flux can even benanmonotonid¢unc-
UHVHfa:Eb Can(fa,fp), tion of the gradients for plasma parameters typical of the

tokamak edge. Sudden transitions between states with low
for all speciesa only has solutions that are Maxwellian and and high particle confinement are therefore possible. The
are constant on flux surfact3he only two-dimensional fea- conclusions are summarized in the last section.
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Il. PARALLEL DYNAMICS Ne—n; 2n, ed; "
n,= ==

We begin by estimating the time scales associated with ’ z To 2
the transport along and across the magnetic field. The frayhere y/Ty=noo/Te+Nig/T;, andnig, Tig, Nep and Teo
quency of collisions of one particle specieg (with another  gre the densities and temperatures associated with the lowest-
(b) is, generally:! order, Maxwellian, distribution functionf, and f . Since
the impurities are highly charged, their perpendicular veloc-
ity is dominated by thd=xB drift,

bxVd, ddy/ | )
, " V, = =—=b—R*Vgp|,
wherevt- is the larger of the thermal velocitias;, and B dy \B
vTp- In a tokamak, the impurity density is usually large
enough to make the ion—impurity and ion—ion collision fre-
guencies comparable, so we assume

1 nyezei In A

Tab  (47en)’MavT=07,

whereb=B/B is the unit vector along the field. From the
continuity equationy - (n,V,) =0, it follows that there must
be a parallel impurity return flow equal to

| d®y, Ky (#)B
The time scale on which a parallel equilibrium is established Vg == B dy n, '
for the impurities is

Ze—1=n,22/n;=0(1). ©)

where the integration constakt,( ) is proportional to the

Lf poloidal flow velocity.
N~ Since the H ions generally have a different parallel flow
UTz722 velocity, they exert friction on the impurities. The ion—

whereL is the connection length, and the time scale associlmpurity collision operator is
ated with the cross-field particle transport is

vi,(v) @ 5 1% mivHVZ”
= — (1— &) — + p, .
LJZ_ Ciz 2 &g(l & 9 Viz T, fio,
T~ 1
) Pngzi 37 vri\®
vel)= e )
iz

with L, the perpendicular scale length apg=v+1,/Q), the
impurity gyroradius. The ratio between these time scales cawith v;=(2T;/m;)*? the ion thermal speed;=v/v and
be written as i,=3(2m)Resm?T¥In,2%e* In A=(n;/n,?)7; the ion—
impurity collision time. The parallel friction force between H

2
T (Zet=DA” ions and impurities is

T 312

— . . . 3
which is small because of the orderin@® and (3). The Ry = fmlv\lclz(fu)d v

parallel dynamics can thus be analyzed on each flux surface
separately. If this were not the case, the transport problem =

p;l /dlnpi 3dInTi)+mini/ KZ)B,

would be effectively two-dimensional and much more diffi- Qimy\ dy 2 dy o

cult. (5)
Sincez>1, the assumptionid) implies n,z<n;. As a

result, the electrostatic potential is approximately constant oW here

flux surfaces®=®dy( ), which can be verifieé posteriori iy 5

The first-order drift kinetic equation for the H ions is u= niBf v vizhid*v (6)
ool £ 1Mo} e VPy _C(f.0) is a flux function sincal® «<Bd&yduluv) .

VI 00 oy T, oo ik We now turn our attention to the parallel momentum

. . equation for the impurities,
wheref;, is a Maxwellian at rest);=eB/m; , and the mag- q P

netic field isB=1(4)V ¢+ Ve xVy, so thaty is the poloi- m,nb-(V,-VV,)=—n,zevV®,
dal flux. The gradient is taken at constant magnetic moment

w and lowest-order energf,=mv2/2+ed,. The first- ~Vip,~b-Vom Ry,

order ion distribution function thus becomes where, is the impurity viscosity tensor. If the radial elec-
Lot ofe e tric field is of the same prder as thg temper.ature gradient,

q=— 7o _1in+ hi(Ey, i, 10, 0), ed’'~T', the flow velocities of both ion species are of the

G oy T orderV|~ évy;. The ratio between the inertial term and the

where o=v/|v|| and h; vanishes in the trapped domain. friction is then
The electron distribution is of a similar forigbut with m;

. - . b-(V,-VV o
—m, ande— —e), and the impurity density can be related MN:D- (V2 VVa) —
to ®; by quasineutrality, Ry Zvj
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For simplicity, we shall assume that this parameter is small, (B-V#6)

which is realistic in edge plasmas where the bulk ions are not  d¥= 55— de,

far into the banana regime. This also enables us to neglect

any poloidal variation in the impurity temperature, which is so that the flux-surface average is equivalent to an average

determined by the impurity energy equation, over ¢. The parallel momentum equation then becomes
3 an 2 2 2
Ensz'VTer p,V-V,=—V.q,— 7, :VV,+Q,i, (1+ an)%=g[n—b + y(n—(nb?))b?],
. . 9
where compressional heating, _ B [dinp, 3dnT, 9
sz'Vz~5szTi/|—Ha 9 Q,T”<BVG>\ dl// 2 dl// )
and the divergence of the diamagnetic heat flux, This equation governs the distribution of impurities on
5p, the flux surface. It is straightforward to verify thag
V'qu=V'<ZzeBbXVTz ~dpurilzly, =0(A), and it is thus clear that the poloidal variation of the

impurity density satisfies the estimate given in Eb. The
tend to produce poloidal asymmetries. Both these terms ar@arametely measures the magnitude of the parallel friction
however, overwhelmed by ion—impurity energy equilibra-force relative to the parallel pressure gradient. When either
tion, of these forces is dominant, so thgats either much smaller

or larger than unity, it is not difficult to solve).

PV-V: 2V dPmilLy o T In conventional neoclassical theory, the pressure and
Qzi Qzi NATi=T) 7z zp, Ti= T, temperature gradients are assumed to be so small that
g<1.2 It is then immediately clear fron9) that the impu-
rity density is nearly constant on each flux surfanes1,

With a smallup—-down asymmett given by

so that T;— T,)/T;~ &/zv;; <1. In addition, the parallel vis-
cosity associated with the impurities becomes smaller thal
the pressure gradient,

an
b-V.m, p,mVIILE & n (1+a)%=g(1—b2)+0(92) (g<1),

VP, P/l %% n,z%
, o _where we have noted thah { (nb?))b?=0(g). The asym-
With these simplifications, the parallel momentum equationyery changes sign if the toroidal field is reversed but is not

reduces to affected by a reversal of the plasma current.

n,zeV ®;+T,Vn,=Ry, 7) In the opposite limit of very steep gradients> 1, the
friction force exceeds the pressure gradient and causes a sub-
stantial rearrangement of impurities within each flux surface.

If we expandn in powers ofg ™2,

from which we can now calculate the poloidal impurity ro-
tation K, by noting the solubility constrain{BR,)=0,

where
— -2 s
C[(--)de do n=no+n;+0(g" %) (g>1), (10
(--)= 3g B-Vo 3€ B-Vo the lowest-order solution im—out asymmetric
is the flux surface average, withthe poloidal angle. Thus, v b2
solving for the poloidal flowK, appearing in(5), and insert- No= o1 5 (12)
ing the resulting friction force in the parallel momentum 1=((1+b%)77) 1+9b
equation(7), we obtain The first-order terrm; contains up—down asymmetry and is
n.z2 determined by
z
(Ti+ _To)VInZ
2n0 ano 2 2
(1+ano)£:9[n1+ y(ny—(n1b))b<]. (12
pil (dinp; 3dInT, 1 (n,) B?
T O, dy 2 dy - n, (BY In a torus with a small inverse aspect ratics r/R<1,

the variation of the impurity density is smati-1=0(¢).%°
miniu/ (n,B?) In the opposite limit of a tight aspect ratio, there are very few
+ Tiznz\ z B2 B, circulating particles, so thai—0 and thusy—0. Thenn,
—b?, implying a much larger impurity density on the inside
where we have uset) to eliminate the electric field. Fi- of the flux surface than on the outside—by an order of mag-
nally, we write this equation in dimensionless form by intro- nitude in the edge of a typical spherical tokamak. This

ducingn=n,/(n,), b=B/(B?)", a=(n,)z*To/2n,T;, should be an experimentally verifiable prediction of the
eu dinp, 3dInT,\"* theory. It is, however, worth noting that rapid toroidal rota-
y=- ﬁ<52>( v 3 v ) , (8)  tion (which is ruled out by our ordering$as the opposite
: effect since the centrifugal force pushes impurities to the
and a modified poloidal angle coordinaledefined by outside of each flux surfacé.
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Ill. RADIAL TRANSPORT

The rearrangement of impurities on each flux surface we
have just calculated has surprising implications for the neo-
classical transport. The radial neoclassical flux of H ions is
driven by the parallel ion—impurity friction force and is
equal to

Flux

(T} V)= < e;>

FIG. 1. The neoclassical ion particle flggdotted curveg, the classical flux
(dashed lingand the total fluxsolid curve vs gradient in a toroidal plasma

<B V0> <p2> H > 1+ 9(1— (nb2>)1 with circular cross section, large aspect ratio and safety fapto3.
= . ‘y

&(B?)

(13 (9. V= — p;B? (dinp; 3dInT;

It increases linearly with the gradients whegrs small, and ' miQizTiznz\ de 2 dy
is then proportional to/b~2—1)g as is characteristic of -
Pfirsch—Schlter transport(Note that the particle flux scales ><< R Bgn > (15
like the Pfirsch—Schler value although the H ions are in the B2 ?*/°

banana regimé&’) However, when the profiles become so

steep thag>1 then Eqs(10)—(13) show that It is immediately apparent that this flux can also be affected

by the redistribution of impurities. To understand the behav-
ior of the total(classical+ neoclassicaltransport, it is in-
structive to take the limits of large and tight aspect ratio, now
considered separately.

(L7 Vy)eg™h, (14

The contributions to the flux from both, andn, vanish, and
as a result the neoclassical particle fldecreaseswith in-
creasing gradients when the latter become sufficiently steef!. Large aspect ratio

We have tacitly assumed thatdoes not vary too much In a torus with large aspect ratio and circular cross sec-

when g increases. This assumption can be justified in '[hqIon b2(9)=1-2ecosd+0(e), and we can expand the
limits of large and small aspect ratio. The functimn which impurity density similarly ’

determinesu and hencey by Egs.(6) and (8), is obtained
from the solution of((B/v)C;(f;;))=0."% The redistribu- n(¥)=1+n;cosd+ngsind+0(e).
tion o_f impurities WhICh occurs wheg=0(1_) _affects this  The solution then found frort9) is
equation by making the ion—impurity collision frequency
vary over the flux surface and by changing, . If the in- . 2e(1+a)g
\éerse aspect rapo |s.smaII, these effects are no larger than ''s (1+a)2+(1+ y)zgz'

(€). The functionh; is therefore not much affected by the
impurity redistribution and is approximately equal to that 2e(1+y)g?
found in the conventional theory. The quantitys thus pro- Ne=
portional to the gradients, which makesndependent of.
In the opposite limit of tight aspect ratig,is small since the Thus, the in—out asymmetry increases monotonically with an
function h; is nonzero only in the small circulating domain increasing gradient, while the up—down asymmetry has a

(1+a)?+(1+y)3%g?

of velocity space. maximum atg=(1+ «)/(1+ y). It is now straightforward to

As the neoclassical channel is suppressed, classicalvaluate the fluxe§l3) and(15) to obtain
transport becomes relatively more important. The classical g2

; . €
particle flux is (TS W ) (7.7 gy = Tp; 1+ 14?3/ — g

2
(re V¢>—<R2V‘P’Ru> 1+ 1ta) 9
' e ’ whereq=rB/RB, is the safety factor. The second term rep-

_ ) o resents the neoclassical contribution and exceeds the first,
whereR;, is the perpendicular friction force, classical term by the Pfirsch—Sctdu factor 21> when the
gradients are wealg<<1. On the other hand, if the profiles
are steep@>1) the neoclassical flux is suppressed and clas-
sical transport dominates. As the latter is not much affected
by the weak[O(e)] impurity redistribution, the flux then
Since the difference in diamagnetic velocitiesMs —V,, increases linearly witly. The total flux is nonmonotonic if
=bxVp;/n;eB, and V<p~(be¢)=—B§/B, the classical q>2.
flux becomes Figure 1 shows the fluxes as functions of the normalized

m;n;
RLL =

3
(Vil—Vﬂ—mbXVTi .
iR&

Tiz
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0.4
=
0.2 =
Rk

0

-0.2

-04 g
FIG. 4. The same as Fig. 3, but for START discharge No. 36544.

-04-02 0 02 04

FIG. 2. A magnetically reconstructed flux surface close to the edge of cl (g>1) 2652
START dischage No. 35096. (I7-vy'9=Zig — (RBY)

= ~0.
(I'f-vy)e=big  (R?B}/B?)(B?)

At tight aspect ratio it is also possible for the classical

graﬁéep 19 :;1 a to;us W“T} safetyé_factog:& The ftal flux_ _diffusion coefficient to exceed the neoclassical one when
(solid line) depends on the gradients in a way ¢ aracteristicey  ap example is shown in Fig. 4, where we have calcu-

of bifurcating systemé? If the flux is raised above the local |5r0q the transport in a different START dischar@éo

maximum, a sudden transition occurs to a state with muclyge 4 i \which the toroidal magnetic field was much lower
steeper gradients. Conversely, if the flux is decreased beloy,p, in the previous example. The classical transport is about
the local minimum of the curve, the gradients suddenly be’[wice as large as the neoclassical transport wieri, and
come much smaller. Sudden transitions between states gf, inates completely wheg>1. The total flux is a r’nono-
high and low confinement are thus possible. tonic function of the gradients, and no bifurcation can occur.
However, the plasma confinement is still significantly en-
hanced wherg>1, with a particle diffusivity less than one
third of that forg<<1.

B. Tight aspect ratio

At a tight aspect ratio the situation is slightly different.
Not only is the neoclassical transport suppressed when th
gradients are large, but the classical transport is also affected.
Sincen=b? wheng>1, most ion—impurity collisions then It should be pointed out that the neoclassitaht fluxis
occur on the inside of each flux surface, and the step size igenerally not expected to be a nonmonotonic function of the
the ion—impurity collisional walk is reduced, resulting in gradients. Not only ion—impurity collisions, but also ion—ion
weaker classical transport; cf. Ref. 13. collisions, drive the heat flux. The redistribution of impuri-

To illustrate the transport wheg varies from small to ties reduces the ion—impurity friction but does not affect the
large values, we have solved E() numerically, with a ion—ion collisions.
periodic boundary condition, for the equilibrium shown in As we have seen, the transition to improved particle con-
Fig 2. This has been obtained by magnetic reconstruction dinement need not be sudden but can also be gradual, de-
experimental data from a dischar@¢o. 35096 in the Small  pending on whether the flux decreases for lagge merely
Tight Aspect Ratio TokamakSTART) at Culham® The increases at a slower rate. This is sensitive to the magnitude
transport fluxes calculated frod3) and (15) are shown in  of the classical or anomalous transport and also to processes
Fig 3. The neoclassical flu¢dotted ling is completely sup- we have neglected. In order to estimate the maximum gradi-
pressed wheg>1, and the classical diffusion coefficient is ent allowed in the present ordering, we note that, when iner-
reduced by a factor, tia and compressional heating are included, the solyfiGh
is expected to acquire additional terms of or@¥s/zv;;),
which compete with théd(g~2) term when the gradients
become so steep that

. General remarks

1 ~
6= ——=A=1"%.
1/3 ii
ZV“

Flux

This suggests that our banana-regime analysis is limited to
g<6 for realistic impurities. However, as follows from the
work by Hsu and Sigmaf® the phenomenology can be simi-

lar in the Pfirsch—Schter regime ¢;;>1). Indeed, it is ap-

0 1 2 3 4 5 6 7

g parent from Sec. Il above that although the ion—impurity
FIG. 3. The same as Fig. 1, but for START discharge No. 35096, assumin§fiction force may depend on the collisionality, most other
y=0, a<1. aspects of the impurity dynamics do not. Crucially, in the
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