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Torque on an Ideal Plasma
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Ripples in the confining field may exert a torque on a rotating plasma. Time reversal symmetry
implies that this torque should vanish for an ideal plasma. However, even in an apparently ideal plasma,
singularities can give rise to a nonzero torque. This torque is evaluated for a simple configuration.
Although the primary force is magnetic, an essential contribution arises from other nonlinear terms in
the equations of motion. The net force is confined to the singular layer, in the direction of the ripple
wave vector and related to the energy absorbed in the layer.
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The important point is that under time reversal this force while the parallel displacement vanishes unless !2 � 0.
In a toroidal confinement system, ripples in the toroidal
magnetic field may exert a torque that slows down a
rotating plasma. The reaction to this torque is, of course,
taken up by the wall or the field coils. It is generally
accepted [1–5] that this torque should vanish in an
‘‘ideal’’ plasma. Here we examine this property and its
limitations.

An underlying basis for the ‘‘zero torque’’ result is the
fact that the equations governing an ideal plasma, i.e., one
without dissipation, are time reversible. Thus, in the
simple model of a perfectly conducting inviscid fluid the
equations are

d�=dt� �r � v � 0; (1)

�dv=dt�r�p� B2=2� � �B � r�B � 0; (2)

dB=dt� �B � r�v� B�r � v� � 0; (3)

dp=dt� �pr � v � 0; (4)

and it is clear that these are unchanged by the transfor-
mation t!�t, v!�v or by the transformation t!�t,
v!�v, B!�B, J�� r	 B� ! �J. Invariance under
the first transformation applies only in a fluid description
of the plasma, but invariance under the second, more
fundamental, transformation is valid for any nondissipa-
tive plasma model, whether based on a fluid or a particle
description.

Now consider a toroidal plasma in a reference frame in
which the plasma is stationary and the ripples are rotating
at an angular speed �. Then the perturbed field and
current can be expressed as

b �
X

bn exp
i�n���t��;

j �
X

jn exp
i�n���t��:
(5)

The period-averaged force on the plasma is then

F � Re
1

2

�X
�j�n 	 bn�

�
: (6)
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is unchanged. However, the phase of the perturbation
�n���t� becomes �n���t�; that is, the direction of
rotation of the field ripples is reversed. But, if clockwise
and anticlockwise rotating ripples produce equal torque
in the same direction, then symmetry implies that this
torque must be zero.

It should be noted that this null result ceases to apply if
the plasma is nonideal in any respect, not just if it is
resistive. Even in an apparently ideal plasma, governed by
equations such as (1)–(4), the null result may be mislead-
ing. This is because of the possibility of singularities —
leading to resonance or continuum damping. As is well
known, this effectively introduces dissipation despite the
fact that the underlying equations remain invariant under
time reversal.

To illustrate the torque produced by continuum damp-
ing, we consider an ideal, low , fluid plasma in a
plane slab configuration. That is, � � ��x�, B �
�0; By�x�; Bz�x��, and dB2=dx � 0. This model was used
by Chen and Hasegawa [6] in a study of energy absorption
by continuum damping.We first summarize some features
of this model that are required for the calculation of the
torque.

For a linearized perturbation

� � ��x� exp�ikyy� ikzz� i!t�; (7)

Eqs. (1)–(4) reduce to

"� � r~pp� B�ik �B��r � ��; (8)

b � i�k � B���B�r � �� � �� � r�B; (9)

with "�x� � !2��x� � k2
k
B2, ~pp � b � B.

The displacement and perturbed field can be expressed
entirely in terms of �x. In a coordinate system aligned
with the local magnetic field (ek � B=B , e? � ek 	 ex)
the perpendicular displacement is

�? �
�ik?B2

�"� k2?B
2�

d�x
dx

; (10)
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(Here kkB � kzBz � kyBy, k?B � kyBz � kzBy.) In the
fixed rectangular coordinate system �x; y; z�

�y � �?Bz=B; �z � ��?By=B; (11)

and the perturbed field is

bx � i�k � B��x; (12)

by � �
d�By�x�

dx
� i�k �B��y � i�k � ��By; (13)

bz � �
d�Bz�x�
dx

� i�k �B��z � i�k � ��Bz: (14)

Finally, the displacement �x satisfies the (Alfvén) wave
equation

d
dx

�
"B2

"� k2?B
2

�
d�x
dx

� "�x � 0: (15)

As is well known, this is singular wherever "�x� � 0 and
in the neighborhood of such a point

�x�x� � c1K0�k?x� � c2I0�k?x�; (16)

and

lim
x!0

�x�x� � C lnx�D: (17)

The singularity is resolved by introducing causality, re-
placing ! by !� i�, �! 0, or by analytical continu-
ation of the Bessel functions I0,K0 around the singularity.
This introduces a discontinuity in �x on the real axis, at
which

�lnx�x<0 ! 
ln�x� � i��x>0: (18)

We can now calculate the torque. For perturbations of
the form (7), the period-averaged Maxwell stress tensor is

�ij�x� � �bibj � "ijb2=2�: (19)

Without loss of generality, we may take k � �0; 0; k�.
Then the magnetic force in the z direction (i.e., parallel
to k) is

Fmag
z �

1

2
Re

�
d
dx

�b�xbz�
�
: (20)

In previous calculations of torque, where plasma inertia
was neglected by setting ! � 0, this was the only con-
tribution considered. In the present calculation, this term
alone would lead to an infinite result after integration
over the singular layer. However, when !2 � 0 there is
another contribution arising from nonlinear velocity
terms in the equation of motion

@��v�
@t

� �j	 b� � ��v � r�v� v�v � r�� � �v�r � v�:

(21)
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The first term on the right is just the magnetic force Fmag
z ;

the other terms yield a ‘‘Reynolds stress’’ contribution

Fkin
z � �

d��vxvz�
dx

: (22)

Hence, the total force in the z direction is

Ftot
z �

1

2
Re

�
d
dx

�b�xbz � �!2��x�z�
�
: (23)

This can be expressed in terms of �x�x� as

Ftot
z �

1

2
Re

�
ikB2 d

dx

�
"B2

"� k2?B
2 �

�
x
d�x
dx

��
; (24)

and after integration over the singular layer this leads to a
finite force G,

G �
1

2
Re

�
ikB2 "

"� k2?B
2 �

�
x
d�x
dx

�
x0��

x0��
�

�k

2k2?

�
d"
dx

�
x0

:

(25)

Outside the singular layer Ftot
z vanishes since there, using

the wave equation, it can be expressed as

Fz �
1

2
Re

�
ik
�
�"j�xj2 �

"B2

"� k2?B
2

�������
d�x
dx

�������
2
��

� 0:

(26)

A similar calculation shows that in the y direction (i.e.,
perpendicular to k) the kinetic force Fkin

y exactly cancels
the magnetic force Fmag

y and the net force in that direction
is zero. Thus, G is the only force acting on the plasma.

In conclusion, we have confirmed that in general the
torque due to magnetic field ripple should vanish for an
ideal plasma as a consequence of time reversal invariance.
However, any form of dissipation can invalidate this
conclusion, not just resistivity as might be thought from
the magnetic origin of the force. Furthermore, even in a
plasma described by ideal, nondissipative, equations, sin-
gularities may lead to continuum or resonance damping
that can invalidate the zero torque result.

Although the force arising from such resonance damp-
ing is ultimately magnetic, it is essential to take account
of an indirect kinetic, or Reynolds stress, contribution.
This did not appear in earlier calculations as these con-
sidered only situations in which !2 ! 0. (In this event
two Alfvén singularities coalesce and �x is then continu-
ous but d�x=dx is not. The torque can then, but only then,
be related to the standard �0 parameter of the ‘‘constant
 ’’ approximation [1–5].)

In the direction orthogonal to the ripple wave vector k,
the indirect kinetic force cancels the direct magnetic
force and the net force in this direction is zero. (This is
understandable as, e.g., it is clearly impossible for a
circular coil to exert any force around its axis.) Outside
the resonant layer, the net force parallel to k also van-
ishes. (Note that this does not immediately follow from
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the general zero torque argument as this requires the
whole system to be reversible, not just a part of it.)
Thus, the force due to continuum damping acts only in
the resonant layer and only parallel to k. Integrated over
the resonant layer the total force is

G �
�k

2k2?

�
d"
dx

�
x0

: (27)

Comparing this with the energy W absorbed in the layer,
as calculated by Chen and Hasegawa [6], we have G �
�k=!�W. As one might expect, this can be interpreted as
the result of absorption of ‘‘quanta’’ of energy �h! and
momentum �hk, or as the effect of a force moving at the
wave velocity !=k. However, it is noteworthy that this
interpretation exists despite the fact that the energy is
calculated solely from the electromagnetic stress whereas
the momentum involves both this electromagnetic stress
and a mechanical stress.
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