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Plasma density measurements on COMPASS-C tokamak from electron
cyclotron emission cutoffs

D. Chenna Reddya) and T. Edlington
UKAEA Fusion/Euratom Association, Culham Laboratory, Abingdon, Oxon, OX14 3DB, United Kingdom

~Received 22 June 1993; accepted for publication 24 October 1995!

Electron cyclotron emission~ECE! is a standard diagnostic in present day tokamak devices for
temperature measurement. When the plasma density is high enough the emission at some
frequencies is cut off. Of these cutoff frequencies, the first frequency to cut off depends on the shape
of the density profile. If the density profile can be described by a few parameters, in some
circumstances, this first cutoff frequency can be used to obtain two of these parameters. If more than
two parameters are needed to describe the density profile, then additional independent
measurements are required to find all the parameters. We describe a technique by which it is possible
to obtain an analytical relation between the radius at which the first cutoff occurs and the profile
parameters. Assuming that the shape of the profile does not change as the average density rises after
the first cutoff, one can use the cutoffs at other frequencies to obtain the average density at the time
of these cutoffs. The plasma densities obtained with this technique using the data from a 14 channel
ECE diagnostic on COMPASS-C tokamak are in good agreement with those measured by a standard
2 mm interferometer. The density measurement using the ECE cutoffs is an independent
measurement and requires only a frequency calibration of the ECE diagnostic. ©1996 American
Institute of Physics.@S0034-6748~96!00302-8#

I. INTRODUCTION

Electron cyclotron emission~ECE! diagnostics are rou-
tinely used for plasma temperature and its fluctuation mea-
surements in many present day tokamak experiments.1–6The
use of multichannel superheterodyne receivers has made it
possible to measure this emission with good spatial and tem-
poral resolution.7,8 However, the range of usefulness of ECE
as a temperature diagnostic is limited by cutoffs and reso-
nances occurring in the plasma and by the plasma optical
thickness. O-mode emission will be cut off, i.e., not ob-
served, if the plasma frequency is greater than the emission
frequency anywhere between the emitting surface and the
observation point~antenna!. For theX-mode emission the
right- and left-hand cutoff frequencies9 determine whether
the emission is cut off. Since these cutoff frequencies depend
on the plasma density, one can use the observation of cut off
as a local density measurement. The frequency calibration
needed to calculate the cutoff density and its radial location
is known to better than 0.2 GHz. If we can neglect the po-
loidal magnetic field, the other information required is the
toroidal magnetic field, which is well known. Since no other
information is required, this is an independent measurement
which can be compared with other diagnostic measurements.

In order to use the observation of a cutoff as a density
measurement one not only needs to know what emission
frequency is cut off but also where the cutoff actually occurs.
In some circumstances it is possible to find this location
which then enables one to determine the density at the cutoff
location at the time of the observation of a cutoff. At low
densities, the cutoff frequency is low and the emission does
not encounter any cutoff on its propagation to the receiver.

As the density rises the cutoff frequency increases and even-
tually emission at some frequencies will be cut off. The fre-
quency at which the emission cuts offfirst depends on the
shape of the density profile. For broad density profiles the
frequency to cut off first occurs nearer to the outer edge of
the plasma and for peaked profiles the frequency closer to the
center of the plasma cuts off first. Thus the peakedness of the
profile determines which frequency cuts off first. This depen-
dence of thefirst frequency to cut off on the profile shape can
be used in some circumstances to obtain two of the param-
eters describing the profile at the time of the first cutoff. If
the profile description needs more than two parameters, then
additional independent measurements are required to deter-
mine all the parameters. If the density is falling during its
evolution, then the last frequency to cut on can be used to
determine these parameters.

This type of technique was first used by Lohr10 on
DIII-D tokamak to infer the plasma density profile shape.
The method involved determining the tangency of the right-
hand cutoff frequency and the second harmonic of the cyclo-
tron frequency when plotted as a function of radius. This
tangency point is found empirically to an accuracy which is
three times less than the resolution of the ECE system. In
this paper we derive an analytical relation between the pro-
file parameters and the radius at which emission is first cut
off. The accuracy to which the profile parameters can be
determined therefore depends only on the resolution of the
ECE system. Also, the analytical procedure presented in this
paper can be applied to a more general class of profiles than
the one considered by Lohr.10 We describe the principle of
this method in Sec. II. In Sec. III we present the results of
applying this method to data obtained on COMPASS-C tok-
amak and compare them with an independent measurement
of the line average density. Some practical considerations are
discussed in Sec. IV.

a!Permanent address: Institute for Plasma Research, Bhat, Gandhinagar-382
424, India.
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II. PRINCIPLE OF THE METHOD

We considerX-mode emission at the second-harmonic
electron cyclotron frequency, 2f ce, and assume that the emis-
sion from the equatorial plane is received perpendicular to
the toroidal magnetic field by an antenna on the low field
side of the tokamak as shown in Fig. 1. Here,R0 anda are
the major and minor radii of the plasma, respectively. The
distances from the major axis and the plasma center are de-
noted byR andr , respectively. Emission will be cut off if the
right-hand cutoff frequency,f r , is greater than or equal to
2 f ce ~evaluated at the emitting position! anywhere between
the emitting position and the receiving antenna. The equality
holds when the cutoff ‘‘just’’ occurs. Wedefinea particular
frequency to belocally cut off if that frequency is first cut off
by the right-hand cutoff frequency evaluated at the same po-
sition as that of the emitting frequency.

For density profiles symmetric aboutr50, the first fre-
quency to be cut off as the density increases is always on the
low field side of the tokamak and will be<2 f ce(R0). Fur-
ther, if the density is a monotonically decreasing function of
r , all the frequencies smaller than 2f ce(R0) which are cut off
will be cut off locally. For the purpose of this paper we
consider only those density profiles which are symmetric and
monotonically decreasing functions ofr . We also assume
that the functional form describing the density profile does
not change during the observation of cutoffs at various fre-
quencies. That is, the ratio of the plasma densities at any two
spatial points remains the same during this time.

Figure 2 shows the right-hand cutoff frequency for a
parabolic density profile for the COMPASS-C tokamak
~R0555.7 cm anda519.6 cm! at three different central den-
sities along with the cyclotron frequency and its second har-
monic as a function of the distance from the major axis,R.
Curve ~a! shows the right-hand cutoff frequency when the
first cut off occurs. Curve~b! is when themaximumof the
right-hand cutoff frequency is equal to the second-harmonic
cyclotron frequency at the same radial location. This location
is found to be atR552.14 cm for this case. As the density
rises further, the maximum of the right-hand cutoff fre-
quency moves toward the center of the plasma. Since the

emission from locations to the left ofR552.14 cm will be
cut off at the maximum off r first, they are notlocal cutoffs
according to our above definition. Thus the emission fre-
quency atR552.14 cm is the highest frequency to cut off
locally. This is not necessarily the last frequency to cut off
locally, as can be seen from Fig. 2. There will be some more
frequencies to the right of the right-hand side intersection of
2 f ce and f r , yet to be cut off and will be cut off locally as the
density further rises. Curve~c! corresponds to the situation
where some of the frequencies are not local cutoffs. Curves
~d! and ~e! are the cyclotron frequency and its second har-
monic, respectively.

In the cold plasma approximation the right-hand cutoff
frequency is given by9

f r5
1

2
@ f ce1Af ce2 14 f pe

2 #, ~1!

where f pe is the electron plasma frequency. As the plasma
density increases, the right-hand cutoff frequency increases
and eventually cyclotron emission becomes cut off, first at a
single frequency and later at lower and higher frequencies.
The frequencies which cut off locally satisfy the relation:

f r~R!52 f ce~R!. ~2!

Substituting 2f ce for f r in Eq. ~1!, we get the following
condition for a local cutoff:

f pe
2 ~R!52 f ce

2 ~R!. ~3!

Noting thatf pe5 8.983 AneHz, wherene is the plasma den-
sity in m23, we can write Eq.~3! as

ne~r !5
2 f ce

2 ~R!

80.64
, ~4!

whereR5R01r . Equation~4! gives the density needed atr
for the emission to be locally cut off. When we observe the
first cutoff, which is a local cutoff, we assume that the den-
sity can be parametrized by

ne~r !5ne~0!~12r 2/a2!a, ~5!

FIG. 1. Schematic of the geometry showing the antenna location.
FIG. 2. Right-hand cutoff frequency,f r , for a parabolic density profile at
three different central densities: curves~a!, ~b!, and ~c!; and cyclotron fre-
quency,f ce, and its second harmonic, 2f ce: curves~d! and~e! as a function
of distance from the major axis.
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where the central density,ne(0), and theprofile parameter,
a, are free parameters. As noted in Ref. 10, it is not possible
to determine bothne(0) and a from the observed cutoff
using only Eq.~5!. However, combining Eqs.~4! and~5! and
using the 1/R dependence off ce(R), we obtain the following
equation for the central density,ne(0), for which a local
cutoff occurs atR(5R01r ):

ne~0!5
1.9431019B0

2

~11r /R0!
2 , ~6!

whereB0 is the toroidal magnetic field in tesla atR0 . A plot
of ne(0) as a function ofR is shown in Fig. 3 for different
values ofa. These curves show a minimum inne(0) at dif-
ferent radii for different values ofa. For a constant value of
a, asne(0) increases the radius at which the emission cuts
off first is that at whichne(0) is minimum in Fig. 3. Also
from Fig. 3 we can see that the higher the value ofa, the
closer to the plasma center the first cutoff occurs. Since
ne(0) has a minimum, from Eq.~6! we get

F ddr @ne~0!#G
r5r fco

5
d

dr F 1.9431019B0
2

~11r /R0!
2~12r 2/a2!aG

r5r fco

50, ~7!

wherer fco is the radius at which the first cutoff occurs. For a
nontrivial solution of Eq.~7!

a5
a22r fco

2

r fco
2 1r fcoR0

. ~8!

This equation uniquely determines the value ofa from
the first cutoff radius,r fco. We may note that this relation
betweena andr fco does not depend onB0 . A plot of a as a
function of the first cutoff position is shown in Fig. 4. Hav-
ing obtained a value fora from the first cutoff radius,ne(0)
can be deduced from Eq.~6!. Using these values ofa and
ne(0) the average density can be calculated when the first
cutoff occurs. Assuming thata remains constant during the

density rise, one can calculate the average density at later
times as more and more frequencies are cut off, provided
they arelocally cut off.

The maximum of the right-hand cutoff frequency occurs
at a location<R0 . This maximum moves towardR0 as the
density rises. When this maximum,f r(Rm), equals the emis-
sion frequency at the same location, 2f ce(Rm), the emission
will be cut off locally. The emission frequencies higher than
2 f ce(Rm) when cut off will be cut off at the maximum off r
and hence will be nonlocal cutoffs. Therefore 2f ce(Rm) is the
highest frequency to cut off locally, the location of which can
be found as follows. At the maximum off r , we have

Fd fr~R!

dR G
R5Rm

5
d

dR F f ce~R!

2
1
1

2
Af ce2 ~R!14 f pe

2 ~R!G
R5Rm

50. ~9!

Since the location of this maximum,Rm(5R02rm), al-
ways occurs to the left ofR0 , d fpe/dR5ar f pe/(a

22r 2).
Substituting this expression ford fpe/dR and 2 f ce/R for
d fce/dR in the above equation, we get

f ce~Rm!

Rm
Af ce2 ~Rm!14 f pe

2 ~Rm!5
4ar f pe

2 ~Rm!

a22rm
2 2

f ce
2 ~Rm!

Rm
.

~10!

As the emission at this location is cut off locally, we can
substitute 2f ce

2 (Rm) for f pe
2 (Rm) from Eq. ~3! in Eq. ~10! to

obtain the following quadratic equation inRm :

~122a!Rm
2 12R0~a21!Rm1~R0

22a2!50. ~11!

One of the two roots of the above equation corresponds
to the location of the maximum. The other root is unphysical
and hence ignored. The location of the highest local cutoff
frequency can then be written as

Rm5
~12a!R02Aa2R0

21a2~122a!

122a
. ~12!

For a50.5, from Eq.~11! we getRm5(R0
22a2)/R0 .

FIG. 3. Central density,ne(0), required for a local cutoff atR from Eq. ~6!
as a function ofR for different values of the profile parameter,a. FIG. 4. Variation of the profile parameter,a, with the location of the first

cutoff ~measured from the plasma center!.
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Frequencies which are cut off but not locally cut off can
also be used to deduce the mean density at the time when the
cutoff occurs, but in this case the calculation is more indirect.
Any frequency, 2f ce(R1), higher than the highest frequency
that is locally cut off, is cut off first when the maximum of
the right-hand cutoff frequency,f r , becomes equal to the
emission frequency, 2f ce(R1) @see curve~c! in Fig. 2#. Since
the emission is cut off first at the maximum of the right-hand
cutoff frequency, when we observe the emission cutoff we
have

2 f ce~R1!5 f r~R02r co!, ~13!

wherer co, the distance from the center of the plasma on the
high field side, is the location of the maximum off r and
hence the cutoff. Combining Eqs.~10! ~whereRm is replaced
by R02r co! and ~13! we get the following cubic equation,
one of the three roots of which gives the location of the
cutoff:

4ar co
3 2@~112a!R128aR0#r co

2 12aR0~2R02R1!r co

2a2R150. ~14!

By choosing the root which occurs betweenR1 andR0 ,
where the emission is actually cut off, we can calculate the
plasma density,ne(r co!, from Eq. ~13! ~where the left-hand
side is evaluated atR1 and the right-hand side is evaluated at
R02r co!, which can be expressed as

ne~r co!5
2 f ce

2 ~R1!

80.64 F22
R1

~R02r co!
G . ~15!

From the plasma density atr co calculated using Eq.~15!
and the value ofa obtained from the first cutoff, the average
density can be calculated for the frequencies which are not
locally cut off. These results from local and nonlocal cutoffs
can be used to compare with the density evolution measured
by a microwave interferometer.

Alternatively, the emission frequencies@<2 f ce
2 (R0)#

which are locally cut off can be used to infer the density
profile assuming the profile shape is not changing with time.
In this case, no explicit functional form for the density pro-
file needs to be assumed. Let us assume thatne(r 1 ,t1) is the
cutoff density atr 1 observed from the cutoff at timet1 . If the
profile form is not changing we can calculate the density,
ne(r 2 ,t1), from the cutoff density atr 2 at a different time,t2 ,
from the relation

ne~r 2 ,t1!5ne~r 2 ,t2!
n̄~ t1!

n̄~ t2!
, ~16!

where n̄(t1) and n̄(t2) are the line average densities mea-
sured by the interferometer att1 and t2 , respectively. Using
Eq. ~16!, we can calculate the densities at different radii but
at the same time from the observed cutoff densities and the
average densities to obtain the profile. Frequencies which are
not locally cut off cannot be used in this way, since in this
case the form of the density profile must be assumeda priori
in order to relate the local density to the radius at which the
right-hand cutoff frequency exceeds the frequency of emis-
sion.

For O-mode fundamental cyclotron emission, the emis-
sion cutoff occurs at the plasma frequency. A similar analysis
can be carried out and one gets exactly the same relation@Eq.
~8!# betweenr fco and a if the density at the time of first
cutoff can be described by Eq.~5!. For this case all the fre-
quencies less thanf ce(R0) are locally cut off. The frequen-
cies higher than this frequency are cut off first at the maxi-
mum of the plasma frequency which occurs atr50. The
cutoff of these frequencies will therefore give a value for the
central plasma density directly at the time when each is cut
off. The left-hand cutoff frequency which effects theX-mode
emission is always less than the right-hand cutoff frequency
at any given location. Therefore the emission will be first cut
off by the right-hand cutoff frequency and the left-hand cut-
off frequency is not useful for this kind of density measure-
ment.

One can use the same procedure described in this section
for finding the profile parameters for other more general pro-
files. For example, if we assume that the density profile can
be described by

ne~r !5ne~0!~12r b/ab!a, ~17!

we can show that the relation between the parametersa and
b and the first cutoff radius,r fco, is given by

ab5
2~ab2r fco

b !

~r fco
b 1r fco

b21R0!
. ~18!

If we have an independent central density,ne(0), measure-
ment such as from a Thomson scattering diagnostic when the
first cutoff occurs, we can calculatea andb using Eqs.~17!
and ~18!.

A more realistic profile is one where there is a finite edge
density,ne(a). In this case, if we assume that the density
profile is described by

ne~r !5@ne~0!2ne~a!#~12r 2/a2!a1ne~a!, ~19!

then one can show that the profile parameter,a, is given by

a5
a22r fco

2

r fco
2 1r fcoR0

S 12
ne~a!~11r fco/R0!

2

1.9431019B0
2 D 21

, ~20!

which reduces to Eq.~8! when ne(a)50. If we have the
edge density measurement at the time of the first cutoff, per-
haps from a Langmuir probe, we can calculate the profile
parameter,a, from the above equation.

III. RESULTS

COMPASS-C is a circular tokamak with major and mi-
nor radii of 55.7 and 19.6 cm, respectively. The maximum
available toroidal field is 2.1 T on axis. More detailed infor-
mation about the COMPASS tokamak is available
elsewhere.11 The COMPASS-C 14 channel ECE diagnostic is
a heterodyne radiometer receivingX-mode cyclotron emis-
sion in the frequency range of 53.0–66.5 GHz. Each channel
has a bandwidth of60.5 GHz and the channel separation is
about 1.0 GHz. In practice the maximum of these two deter-
mines the radial resolution and hence the resolution of the
cutoff radii. Figure 5 shows the cyclotron emission signals as
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observed by some of the ECE channels along with plasma
current for a shot where the plasma density was ramped up
by gas puffing and then decreases when the gas puff is

switched off. The emission cutoff is seen in all the channels
as the density rises. During the density fall emission reap-
pears.

During the density rise the emission is first cut off in the
channel corresponding toR562.4 cm. Using Eq.~8! the
value of a calculated is 0.81. During the density fall the
emission which reappears last is atR561.2 cm. This gives
an a value of 1.04. Typically the uncertainty ina arising
from finite bandwidth of the channel is60.15 in our case.
Clearly this will depend both on the channel bandwidth and
on a. For very peaked profiles~large a! the uncertainty is
greater. Using these values fora during density increase and
decrease, respectively, the average densities are calculated at
the cutoff times. These calculated average densities are plot-
ted in Fig. 6 together with the average density measured
along a central vertical chord throughR555.7 cm by a 2 mm
interferometer. The vertical error bars on the points in Fig. 6
are due to the uncertainty ina and the cutoff radius due to
the finite frequency bandwidth of each channel. The agree-
ment between the average density measured with the 2 mm
interferometer and ECE cutoffs is good. During fast density
changes fringe hops can occur in the interferometer measure-
ment. These 2p discontinuities in phase are relatively infre-
quent and rather easy to recognize. They are correlated with

FIG. 5. Wave forms of plasma current,I p , and ECE signals from some of
the radiometer channels as a function of time. Each ECE channel is normal-
ized to its own maximum value.

FIG. 6. Evolution of line average plasma density from a 2 mminterferometer and the line average density deduced from the ECE cutoffs.

466 Rev. Sci. Instrum., Vol. 67, No. 2, February 1996 Plasma density

Downloaded 31 Oct 2012 to 194.81.223.66. Redistribution subject to AIP license or copyright; see http://rsi.aip.org/about/rights_and_permissions



a reduction in the fringe amplitude which is also digitized. A
computer program which also involves manual checking has
been used to remove the ‘‘fringe hops’’ from the interferom-
eter record. Hence the phase change as seen by the interfer-
ometer has an uncertainty of about61 fringe ~with
'2.631018 m23/fringe!. The deviation between the average
density calculated from ECE cutoffs and the interferometer
has to be viewed in this light and the ECE cutoff density
measurement is probably a more reliable measurement dur-
ing this time.

For typical values of edge densities in COMPASS-C
~'2.531018 m23, measured by a reciprocating Langmuir
probe! the value ofa calculated using Eq.~20! differs from
that calculated using Eq.~8! by about 0.1. The line average
densities obtained from ECE cutoffs~Fig. 6! would increase
by less than 5% as a result of correcting for the finite edge
density. However, in certain types of discharges~e.g., H
mode!, where the edge densities are higher and the profiles
are broader~smallera! the difference may be significant.

From the observed ECE cutoffs and the interferometer
data, we have obtained the densities at the time of the cut off
of frequencies on the low field side~which are local cutoffs!
using Eq.~16!. These calculated densities representing a part
of the profile are shown in Fig. 7 as circles. Though we have
only a few points, in principle the whole of the outer density
profile could be reconstructed in this way. As mentioned ear-
lier, no explicit form for the density profile needs to be as-
sumed in this way of density profile reconstruction. The solid
curve in Fig. 7 represents the profile defined by Eq.~5! with
a50.81, which is the value obtained from the first cutoff.
The agreement between the data points and the profile ob-
tained from the first cutoff is an absolute one in that no curve
fitting or normalization is used.

IV. DISCUSSION

The cutoffs observed by the ECE diagnostic do not occur
instantaneously~see Fig. 5!. Some of the reasons for this

smearing out are~a! the finite frequency bandwidth of the
channels,~b! the cutoff in a plasma occurs over a distance
comparable to that of the wavelength,~c! the finite beam
width due to the antenna pattern, and~d! the radiation reach-
ing the antenna after reflection from the wall and cutoff lay-
ers. We have chosen, arbitrarily, the cutoff occurrence time
as the time when the rate of change in the signal is greatest.
The uncertainty in the precise instant of cutoff leads to an
error which is indicated by the horizontal error bar in Fig. 6.
In a multichannel ECE system, if the first channel to cut off
is the lowest or the highest frequency channel available then
only an upper or lower bound can be put on the value ofa.

The methods described in this paper are useful only if
the density profile can be parametrized adequately with few
parameters. If two free parameters are chosen, the first cutoff
condition can be used to calculate both parameters uniquely.
If there are three parameters then one independent measure-
ment apart from the ECE cutoffs is required to determine all
three parameters.

The technique described in this paper is an independent
method for determining the absolute density with no more
than a frequency calibration required. During cutoffs, when
the ECE diagnostic is not useful for temperature measure-
ment, this technique extends the utility of the diagnostic to
obtain valuable information regarding the density profile.
Unlike temperature measurements using ECE, the density
measurement does not require the plasma to be optically
thick.

The densities obtained from the ECE cutoffs are found to
be in good agreement with those from an independent inter-
ferometric density measurement. Alternatively, the profile on
the low field side can be determined using the local cutoffs
without assuming any explicit form for the profile. Of
course, both these techniques are useful only if the density is
large enough to cut off the emission. O-mode fundamental
emission is cut off at lower densities and could in principle
be used for density measurement at densities lower than
those at which theX-mode second harmonic is cut off.
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