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Abstract
Previously, tokamak research has been focused mainly on large aspect ratio devices where the
vessel/plasma major radius is about a factor three larger than the plasma radius. This research
culminated in the design and construction of the international thermonuclear experimental
reactor, ITER. Spherical tokamaks (ST), with aspect ratio below two, represent an attractive
alternative to large aspect ratio tokamaks as, in our opinion, provide a faster, more economical
and compact solution on the path to a fusion reactor. STs are the focus of research at Tokamak
Energy Ltd with its present device ST40 in operation and the first ST reactor being designed,
taking advantage of the high temperature superconductor (HTS) technology. HTS allow to
design a ST with magnetic field/comparable or exceeding that of present-day large aspect ratio
tokamaks. However, plasma studies carried out so far on compact, low aspect ratio tokamaks
have been limited to small, low magnetic field, low plasma-current devices and therefore the
data available for extrapolating to large scale ST plasmas is limited. This paper addresses the
problem of scaling the results of large aspect ratio tokamak and existing ST plasmas to a high
field ST reactor using plasma-similarity arguments in order to mitigate its design and operational
risks. The role of the plasma aspect ratio in scaling burning plasmas as well as conventional
experiments in deuterium is highlighted. We find that the scaling for fusion-reactor plasmas
exhibit a stronger dependence on the magnetic field and aspect ratio than the one of conventional
non-burning plasmas. The parameters of a ST having the same fusion gain Qfus of ITER under
different confinement assumptions and for different aspect ratios are presented and discussed.
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(Some figures may appear in colour only in the online journal)

1. Introduction

Spherical tokamaks (STs) are typically defined as tokamaks
having aspect ratio (ratio between the plasma major and minor
radius) less than 2 and are characterized by a strong vari-
ation of the toroidal magnetic field from high to low field side
[1]. The largest STs which have operated or will be soon in
operation at the time of writing are NSTX/NSTX-U [2] and
MAST/MAST-U [3]. The ST presently in operation at Toka-
mak Energy Ltd is ST40 [4] which has an aspect ratio of

∗
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1.6–1.8, toroidal magnetic field up to 3 T and plasma current
up to 2 MA. STs have been identified as complementary to
the conventional line of research represented by international
thermonuclear experimental reactor (ITER) and the demon-
stration reactor (DEMO). Their attractiveness stems from the
compact size, improved confinement, high-beta, possibility of
continuous operation and reduced construction costs, which
can translate in reduced cost of electricity [5]. At the time of
writing the experimental database on ST plasmas is limited
to magnetic-fields not exceeding 0.55 T, plasma currents less
than 1.4 MA, major radius less than 1 m and there are there-
fore large uncertainties when extrapolating performances to
the high field (4–5 T), high current (10–13 MA), larger (>2 m)
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versions envisaged for an ST fusion power plant. However, the
magnetic field, plasma current and size of an ST reactor with
a fusion gain factor well above 1 are expected to be close to
those of present-large aspect ratio tokamaks (B = 3–4 T and
Ip = 5 MA). Therefore, the question arises on whether results
from present day tokamaks can be used to fill the gap on ST
research and be projected to low aspect ratio devices at sim-
ilar magnetic field and current. To answer this question, we
will use the concept of plasma similarity first introduced by
Kadomtsev [6]. The matching of dimensionless plasma para-
meters is often used in fusion research to perform similarity
experiments in different tokamaks and to extrapolate scenarios
from existing to planned tokamak devices. The aspect ratioA is
one of the independent dimensionless parameters characteriz-
ing the plasma dynamics, however a detailed and focused ana-
lysis of plasma-scaling with Awas so far missing in the literat-
ure. The focus of this paper is the identification of the depend-
ence of the dimensional plasma parameters such as magnetic
field, plasma current, plasma major radius on the aspect ratio
both in conventional non-burning (hydrogen/deuterium) and
burning (deuterium + tritium, DT) plasmas with same global
confinement and/or same fusion gain factor and heating power,
using dimensionless parameters to relate tokamaks of different
scales. Plasma invariance as first described by Kadomtsev was
derived under the hypothesis that alpha particle and atomic
physics effects are negligible (valid for non-burning plasmas):
this is not the case in burning plasmas where most of the heat-
ing comes from fusion reactions and alpha particle effects are
dominant; taking this into account leads to the conclusion that
similar burning plasmas do not necessarily operate at same
dimensionless parameters. The paper is organized as follows:
in section 2 the scaling of plasma dimensional parameters with
aspect ratio is derived for conventional non-burning plasmas
with same global confinement, in section 3 physics-based scal-
ing laws for fusion reactors are derived; the main results are
discussed in section 4. In particular: the similarity paramet-
ers obtained are used to determine an ITER similar plasma
at low aspect ratio and high magnetic field; finally, section 5
reports the conclusions. The detailed derivation of the scaling
of parameters for burning plasmas is reported in appendix A
while the scaling of the dimensional plasma parameters for a
non-burning plasma is derived in appendix B.

2. Derivation of the scaling of plasma parameters
with aspect ratio for non-burning plasmas

2.1. Dimensional parameters of plasmas with same
confinement

Following the reasoning in [6–12] we will assume that, for
a non-burning plasma, the global energy-confinement is pro-
portional to a function of normalized beta, collisionality, nor-
malized ion Larmor radius and safety factor. It is then pos-
sible to consider confinement-similarity experiments between
different tokamaks where the dimensionless parameters are
held constant (along with any constant of proportionality)
and write explicitly the scaling of the plasmas dimensional-
variables such as plasma density n, plasma temperature T,

Table 1. Scaling of dimensional parameters with aspect ratio A,
isotopic mass M and major radius R for non-burning plasmas with
same energy confinement.

Bulk plasma similarity: constant (q, ρiT
∗, ν∗, βT, f ).

n ∼ M R−2 A2 ka ∼ f (M,A)
T ∼ M

1/2 R−1/2 A7/4 Paux ∼ τE
−1

Ip ∼ S M¾ R−1/4 A−1/8

B ∼ M¾ R−5/4 A15/8

plasma current Ip, magnetic field B and input auxiliary power
Paux with aspect ratio A, ion massM and major radius R, using
the definitions of the plasma dimensionless parameters:

A=
R
a
;βT ∝

nT

B2 ;βP ∝
nT
Ip2

;ρiT ∝
(MT)1/2

aB
;ρiP ∝

(MT)1/2

Ip
;

q∝ RB
A2 Ip

;ν∗ ∝ nRqT−2A3/2,

where βT is the toroidal beta, βp is the poloidal beta ρiT, ρip
are the normalized toroidal and poloidal ion Larmor radius
respectively, q is the safety factor, where we have assumed
plasma shaping equals to 1 (see discussion on shaping at the
end of this section), and ν∗ the collisionality. The scaling of the
dimensional plasma-variables with A, M, R and B calculated
using the above definitions of the dimensionless-parameters
is summarized in table 1. The additional dimensionless para-
meter f in table 1 is the product of all the factors that appear
in empirical confinement-time scaling related to plasma geo-
metry and plasma composition (typically f = f (ka,A,M) with
ka being the plasma elongation) and needs to be the same
for plasmas with same confinement. The exact form of f
depends on the confinement scaling and will be discussed in
the next section. Detailed derivation of the scaling is reported
in appendix B.

It is important to notice that: (a) the scaling in table 1 are
‘engineering’ expressions of the realization of similar bulk-
plasmas having the same dimensionless-parameters and hence
same confinement.

(b) The scaling derived in table 1 is valid for any functional
dependence of the energy confinement time on the dimension-
less parameters: normalized beta, collisionality, normalized
ion Larmor radius and safety factor.

A similarity function, SK characterizing the dependence on
B, A, M, R of a family of tokamak plasmas equivalent in terms
of energy confinement can be easily constructed by taking the
expression for the scaling of the magnetic field from table 1
and writing the ratio of the left-hand side to the right-hand side
terms as a dimensional constant:

B∼M3/4R−5/4A15/8

BM−3/4R5/4A−15/8=constant.

By elevating the above expression to the power 4/5 we
obtain the desired function SK:

SK = RB4/5A−3/2M−3/5.
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Any choice of R, B, A, M that gives the same value of SK
will lead to plasmas with the same confinement as long as the
function f is also conserved.

The SK function indicates that, by going from high to low
aspect ratio all the plasma dimensional parameters must be
decreased (only the plasma current Ip remains nearly con-
stant, see table 1.): the magnetic field must be decreased
by ∆B/B = −18.7% for a reduction of the aspect ratio of
∆A/A = −10%. A device with low aspect ratio (A < 2) oper-
ating at the same (q, ρ∗T, ν∗, βT, f ) values of a device at large
aspect ratio (A = 3), will require a substantially lower mag-
netic field.

In highly-shaped, low aspect ratio devices, plasma elong-
ation is an important parameter, and can be included in the
scaling. It is easy to show that elongation will impact only the
scaling of the plasma current. Introducing the shaping factor
S = (1 + ka2)/2, the safety factor q can be written as [13]:

q∼ R
Ip

B
A2

(1+ ka2)
2

.

We can then write the scaling of the current with elongation
as:

Ip∼R−1/4M3/4A−1/8 (1+ ka2)
2

.

The scaling with A, M, R of the elongation and of the heating-
power Paux necessary to achieve the same energy confinement
require specifying the dependency of the energy confinement
time on the engineering parameters and will be derived in the
next section.

2.2. Scaling of heating power for confinement-similarity
experiments

The dependency of the heating power on R, A, M can be
obtained by specifying the scaling-law of the energy con-
finement: here we shall consider the IPB(y,2), the ITPA20
and the NSTX extended scaling [14–16] respectively. The
NSTX extended scaling has been derived using the NSTX
confinement database while IPB(y,2) and ITPA20 arise from
the analysis of ELMy H-mode pulses (high confinement plas-
mas characterized by edge localized modes) of the multi-
tokamak international database: the ITPA20 database also
includes data from START, MAST and NSTX. IPB(y,2) and
ITPA20 provide the same dependency of the confinement time
on the dimensional plasma parameters, however, the depend-
ency on the dimensionless parameters differs [16]. The scaling
in ITPA20 with collisionality and safety factor is compatible
with the one found in the NSTX extended scaling.

The expressions taken as reference in this paper are (where
only the main dependences from the plasma quantities are
reported):

τIPB(y,2)/ITPA20=0.13 Ip Ploss
−0.69n0.40R2.00B0.20fITER(A,M,ka)

(1)

τNSTX = 0.21 Ip0.54Ploss
−0.38n−0.05R2.14B0.91fNSTX(A,M,ka).

(2)

The power in equations (1) and (2) is the Ploss (power flow-
ing from the plasma core to the scrape off layer, in units of
MW as defined in [15, 16]), the other units are: Ip [MA], R
[m], M dimensionless ion mass, the ion mass in atomic mass
units (M = ion mass/hydrogen mass), n [in units of 1019 m−3],
B [T] the magnetic field. In particular equation (1) corres-
ponds to equation (5) in [15] and equation (7) in [16] for
f ITER(A,M,ka) = A−0.60M0.20ka0.80, while equation (2) corres-
ponds to equation (12) in [15] when fNSTX(A,M,ka) = 1. The
NSTX extended scaling has been derived from NSTX exper-
imental data at <A> = 1.45, M = 2 and therefore cannot
provide ion mass and aspect ratio dependence of confinement
time. Also, the variation in ka is very limited in the database
and does not allow to identify a scaling with elongation either.
In this paper we shall use the NSTX scaling only to highlight
the differences with IPB(y,2)/ITPA20 when extrapolating to a
spherical-tokamak reactor with NSTX aspect ratio.

We notice here that the ITPA20 scaling has been derived
using data of STs and therefore applies to a wider range of
aspect ratios than the IPB(y,2) scaling, including A < 2, even
if the exponents are different than those of the NSTX scal-
ing. Indeed, the transport in STs and conventional tokamaks
is caused in both cases by drift wave instabilities described by
e.g. gyrokinetic theory, the main difference, along with par-
allel magnetic field variation and high q, magnetic shear sta-
bilizations, is that they typically operate at different beta and
collisionality and therefore the dominant unstable modes are
different, leading to different turbulence regime and scaling of
confinement.

In terms of dimensionless parameters the scaling laws are
given by the following expressions:

Ωci∗τIPB(y,2)∼ρ∗−2.70βT
−0.90ν∗−0.01M0.96q−3.00A−0.73ka2.30.

(1′)

Ωci ∗ τNSTX (A= 1.45)∼ ρ∗−3.00βT
−0.17ν∗−0.53q−0.35. (2′)

Ωci ∗ τITPA20 ∼ ρ∗−2.24βT
0.20ν∗−0.47M0.53q−0.70A1.70ka0.54.

(3′)

Equation (1′) corresponds to equation (6) and to equation
(21) in the ITER Physics Basis [14], while equation (2′) to
equation (12) in [15], equation (3′) is equation (8) in [16].
Equations (1′) and (3′) include the complete dependence on
the ion mass (see also [14] equation (21)). In the context of
the scaling laws for plasma confinement, specific analysis was
carried out to include ST data (NSTX, MAST, START) in the
ITER database [17–20, 16–18] to reveal additional depend-
ence of the confinement on the aspect ratio. The conclusion
was that the dependency on the aspect ratio included in the
ITER IPB(y,2) scaling is compatible with the available ST data
[16]. The scaling of the additional heating for plasma similar-
ity can be obtained noting that (see section 1) Ploss = total
plasma energy(W th)/confinement time(τE) ∼ Paux. Inserting
the expressions given in table 1, which assume confinement
time depending only on ρ∗, β, ν∗, q, and using the formula
Ploss = W th/τE ∼ n T R3 A−2 ka/τE (where R3 A−2 ka is the

3
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plasma volume), we get the following scaling for the heating
power:

Paux IPB(y,2) ∼ R−0.78A3.58M0.29ka0.71S−3.00fITER (A,M,ka)

= const (3)

Paux NSTX ∼ R−0.75A0.33M0.76ka1.61S−0.87 ∼ R−0.75

A= 1.45,M= 2, ka= kaNSTX. (4)

Equation (3) is valid when the additional dimensionless
parameter f ITER(A,M,ka) = const, in accordance to our hypo-
thesis of section 2.1 that for similar plasmas, confinement
depends only on ρ∗, β, ν∗, q and f. In other words, the choice
of ka in two similar plasmas for given A andM has to be such
that f is constant. Inspecting equations (3) and (4) we see that
the dependence of Paux NSTX on the major radius is similar to
Paux IPB(y,2).

In table 2 we report the parameters of a set of ST40-
confinement-similarity experiments that could be conducted
in various large aspect ratio devices.

3. Derivation of the scaling of plasma parameters
with aspect ratio of reactor class plasmas

Plasma similarity via the identity of dimensionless parameters
as discussed in the previous section does not apply to burn-
ing plasmas where the DT fusion reaction-rate plays a crucial
role. We need therefore to define similarity in terms of a differ-
ent set of assumptions. The extension of the methodology out-
lined in the previous sections to burning plasmas [12] will need
the introduction of the alpha particle power (Pα) in the power
balance as dominant heating; the gain factor Q and the alpha
(classical) slowing down time τSD as parameters defining the
plasma state.Pα is the energy transferred by the alpha particles
to the thermal plasma per unit time; Q is the triple product
nTτE function of the fusion gain Qfus defined as the ratio
between fusion power and external heating (see appendix A
for the relation between Q and Qfus); τSD is the time for alpha
particles to thermalize with the rest of the plasma via collisions
to thermal electrons and ions. The parameters specific of the
alpha particle physics related to the ion transport and interac-
tion with magneto hydro dynamic modes and turbulence are
βα ∼ nα Eα/B2, and the ratio Vα/VAlfven.

In this paper we shall consider the following set of condi-
tions to define burning plasma similarity:

Q= Q0, τSD/τE = ΛSD(ΛSD ≪ 1),

Pα/PLH = Λth (Λth > 1.5 for H-mode) ,

where τSD is the slowing-down time of alpha particles, τE is
the confinement time, PLH the L-H threshold power (power
necessary to transit into H-mode confinement), and Q0, ΛSD

and Λth are constants.
The above set of conditions define a reactor plasma that

works in H-mode, with triple productQ0, dominant alpha heat-
ing, and alpha power well above the L-H transition power

threshold in order to sustain the high confinement mode. It is
important to note that the above choice of conditions is not
the only possible choice and a different definition of burn-
ing plasma similarity conditions would lead to a different
scaling.

The condition τSD/τE = ΛSD (ΛSD ≪ 1) is consistent with
the usual assumption that the alpha particle beta (βα) must be
smaller than the total plasma beta. This is shown below (where
nα, Eα, Pα, are the alpha particle density, energy, and power
respectively).

βα < β can be written as nα Eα/B2 < nT/B2. By using nα
Eα ∼ Pα τSD and nT ∼ Ploss τE, from the condition Pα ∼ Ploss,
we obtain τSD < τE.

The main difference with the plasma similarity scaling
derived in section 1 is that, in order to make use of the set
of conditions for a burning plasma we need to specify a pri-
ori the scaling of confinement with engineering parameters.
The detailed calculation is reported in appendix A where three
energy confinement-time scaling are considered, IPB(y,2),
ITPA20 and NSTX. It is important to notice that although the
confinement-scaling above have been derived for non-burning
plasmas, so far, we do not have any experimental evidence
that they do not apply to burning plasmas: the confinement
times observed in the first JET DT (deuterium–tritium) cam-
paign in 1997, providing the most recent study of fusion plas-
mas with some additional alpha heating, have been found to be
consistent with the ITER scaling. The result of appendix A is
that depending on the scaling of confinement-time, the plasma
major radius for similar burning plasmas has the following
dependency on the plasma engineering parameters (where
RITER is derived with the IPB(y,2) scaling, RST is derived
with the NSTX extended scaling and RITPA20 with the ITPA20
scaling):

RITER=CITERHy2
−1/2.62B−1.36Q0

0.59 ka−0.88A1.28M−0.23q1.15

CITER=

(
ΛSD

ASD

)−0.55(
ΛthAlh
fα

)0.07

Cτy2

(5)

RST = CSTHST
−1/2.23Q0

0.46B−1.13A1.59M0.22q0.4

CST =

(
ΛSD

ASD

)−0.04(
ΛthAlh

fα

)0.24

CτST

(5′)

RITPA20=C20HITPA
−1/1.19M−0.34A0.55 ka0.54B−1.02Q0

0.89q0.98.
(5′′)

In equations (5), (5′), (5′′) CITER, CST and C20 are
dimensional-constants, where H is the ratio of the actual to
the scaled confinement time. The expressions in equation
(5′) are obtained using the NSTX extended confinement
scaling and are valid for aspect ratio and elongation equal
to that of NSTX only. From equation (5), (5′), (5′′) we
obtain similarity parameters to compare with that obtained for
non-burning plasmas in section 2. The similarity parameters

4
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Table 2. Parameters of large aspect ratio plasmas for similarity experiments with ST40. The definition of the parameters is given in this
section, q is the safety factor that appears in the confinement scaling 1′, 2′, 3′ (typically defined as the value at 95% of the plasma minor
radius).

ST40 JET DIII-D JT-60SA

SK 0.54 0.54 0.54 0.54
F 0.17 0.17 0.17 0.17
R (m) 0.50 3.00 1.67 2.96
B (T) 2.67 1.55 2.30 1.12
A 1.60 3.00 2.50 2.50
M 1.00 2.00 2.00 2.00
Q 8.00 8.00 8.00 8.00
ka 1.82 2.00 2.15 2.15
n (1020 m−3) 1.00 0.19 0.43 0.14
Ip (MA) 1.00 0.40 0.15 0.15
T (keV) 3.00 5.20 5.06 3.80
Paux IPB(y,2) (MW) 0.70 3.70 2.30 1.60
Paux NSTX (MW) 0.70 0.30 0.50 0.30

for fusion reactors, depending on the confinement scaling,
are:

SFR = C ′
ITERHy2

1/2.62RITERB
1.36Q0

−0.59 ka0.88A−1.28

M0.23q−1.15

SST = CST
′HST

1/2.23RSTQ0
−0.61B1.13A−1.59M−0.22q−0.4

SITPA20 = C20
′HITPA

1/1.19RITPA20M
0,34A−0.55 ka−0.54B1.02

Q0
−0.89q−0.98. (6)

The conditions for burning plasma similarity, lead to a
dependence on the magnetic field in the similarity para-
meter SFR, stronger than in SK (non-burning plasmas). Since
the similarity parameter is proportional to the value Q0, the
major radius scales with magnetic field and aspect ratio as
R ∼ B−7/5A5/4.

From equations (5) and (5′) we find a slow dependence of
the gain factor on the major radius Q0 ≈ R5/8 that agrees with
the formulas reported in [21]. However, equation (5) implies
a stronger dependence on the magnetic field and aspect ratio,
than in [21].

4. Discussion

4.1. Summary of scaling parameters and review of ITER
class devices

In this section we summarize the main results of the previous
sections, and we use the scaling parameters derived there to
define a set of ‘ITER-like’ devices at different aspect ratio and
magnetic field.

The first point to be noted is that the Kadomtsev similarity
parameter for non-burning plasma derived in section 2.1 (see
also table 1):

SK = RB0.8M−0.6A−1.5, (7)

must be replaced in the context of fusion reactors by the
scaling derived in section 3 (see section 3 equation (5)

and appendix A equation (A1.22)) leading to the following
expressions:

RITER=CITERHy2
−1/2.62B−1.36Q0

0.59 ka−0.88A1.28M−0.23q1.15

CITER =

(
ΛSD

ASD

)−0.55(
ΛthAlh

fα

)0.07

Cτy2

(8)

RST = CSTHST
−1/2.23Q0

0.46B−1.13A1.59M0.22q0.4

CST =

(
ΛSD

ASD

)−0.04(
ΛthAlh

fα

)0.24

CτST

. (9)

In equations (8) and (9), the aspect ratio can be considered an
additional free parameter for the design and optimization of a
fusion reactor.

For example, the major radius of a tokamak operating at
B= 6.5 T and A= 2.5 having the same bulk-plasma perform-
ance of ITER (whose engineering parameters are R = 6.2 m,
B = 5.2 T, A = 3.1, M = 2.5), will have a major radius (sub-
stituting in equations (7) and (8)) RITER = 3.40 m, which is
smaller than RK = 3.756 m, where RK is the major radius
obtained using the scaling of equation (7) for non-burning
plasmas, RITER that obtained using the scaling for fusion react-
ors (equation (8)). Following the results of the scaling for
fusion reactors, a device with major radius RITER = 3.40 m i.e.
19.5% larger than JT-60SA (whose parameters are R = 2.9m,
B= 2.5 T,A= 2.5), with a magnetic field 2.6 times higher than
JT-60SA would be a more compact reactor with same plasma
performance as ITER.

4.2. Parameters of Qfus = 10 ITER-like plasmas at different
aspect ratio

Using equations (8) and (9) we can determine the major radius
of ITER-like tokamaks at different aspect ratios: in this case
the ITER parameters are taken as reference (see [6]), and
the parameters of devices with bulk plasma similar to ITER

5
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Figure 1. Major radius vs aspect ratio for STs at B = 4 T evaluated using the IPB(y,2) confinement scaling and Hy2 = 1 (blue) and the
NSTX extended scaling (red triangle). The NSTX extended confinement-time scaling does not contain an explicit dependence on aspect
ratio, atomic mass and elongation.

Figure 2. (a) Major radius vs magnetic field for ST reactors of aspect ratio A = 1.45 (left) and (b) A = 1.7 (right) for Qfus = 1, 5, 10,
respectively, Hy2 = 1. As an example, using the scaling derived in appendix A, the working point at Qfus = 10, B = 3.5 T, R = 2.89 m,
A = 1.45 corresponds to a Pfus = 100 MW, T = 20 keV, βN = 2.5, q = 3, Ip = 15 MA, ITER similar plasma. (c) R vs B using the ITPA20
scaling for a device with A = 1.7, at various Qfus = 1, 5, 10 and Hy2 = 1.
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Qfus = 10 are obtained by using the similarity parameter
SFR/ST, figure 1. The scaling of major radius with toroidal mag-
netic field for tokamaks having aspect ratio A = 1.45, A = 1.7
and Qfus = 1, 5, 10 is shown in figure 2.

According to figure 1, plasma major radius increases by
60% when the aspect ratio increases from A = 1.4 to A = 2.
In practice, this increase will translate in larger toroidal field
coils, the size of which will depend not only on the major
radius but also on plasma elongation. To quantify the impact
of the increase of plasma major radius on the cost of the toka-
mak, it is useful to use the plasma perimeter instead of the
major radius since the cost of the device is determined in large
portion by the cost of the toroidal field coils: in this case the
perimeter (and hence the cost) increases by only 20% when
increasing the aspect ratio from A = 1.4 to A = 2.

5. Conclusions

The role of the aspect ratio when designing similarity experi-
ments between conventional and STs has been studied in the
case of non-burning and burning plasma experiments. The
investigation is motivated by the increasing importance of
STs in the context of fusion energy production and the need
to extrapolate results from the widely studied conventional
aspect ratio tokamaks for use in the design of a ST reactor.
By introducing the aspect ratio as one of the dimensionless
parameters in the Kadomtsev similarity scheme, it was pos-
sible to derive a complete set of similarity scaling for non-
burning plasmas including the scaling with aspect ratio of the
toroidal magnetic field, plasma density, plasma temperature
and plasma current. The assumption for the above derivation
is that two similar non-burning plasmas operate at constant
dimensionless parameters ρ∗, β, ν∗ safety factor q and that the
plasma elongation compensates for the different aspect ratio
and isotopic mass dependence in the confinement time scaling.
With the above hypothesis, we find that there is strong sensit-
ivity of the plasma engineering parameters on the aspect ratio
as shown in table 1. The parameters of similarity experiments
between ST40 and other tokamaks are reported in table 2. The
above table should guide and stimulate the execution of ST
relevant similarity experiments in conventional tokamaks. The
interest of these experiments for the ST community is that they
will provide data bridging the gap between STs and conven-
tional tokamaks and will allow to better understand the dif-
ference in confinement between the two configurations. The
extension of the similarity scheme to burning plasmas requires
the introduction of a new set of dimensionless parameters dir-
ectly linked to alpha-particles physics: fixed fusion gain Q,
alpha slowing down time shorter than the energy confinement
time and alpha power exceeding the L-H transition threshold.
In the case of burning plasmas, alpha particle heating is the
dominant heating mechanism, and the plasma state is defined
by the fusion reactivity. It is important to notice that two burn-
ing plasmas with same Q, ratio of alpha slowing down time
to energy confinement time and alpha power to PLH do not
necessarily operate at same plasma dimensionless parameters

Table 3. Comparison between ITER-similar burning-plasma
parameters (Qfus = 10) at A = 1.8 and A = 1.45 obtained using the
NSTX (column II and IV) and the ITPA20 scaling (column III). For
comparison, column I reports the parameters of a ST (Qfus = 10)
plasma calculated with a system code, under different hypothesis
[22].

I II III IV

R (m) 1.51 1.48 1.58 2.31
a (m) 0.84 0.82 0.88 1.59
A 1.80 1.80 1.80 1.45
B/Ip (T MA−1) 3.73/7.1 3.73/7.29 3.73/7.79 4.27/20
Qfus 10 10 10 10
Pfus (MW) 189 107 118 238
Paux (MW) 18.9 10.7 11.8 23.8
Hy2 2.27 3.2 3.5 1.78
βN 4 3.8 3.7 1.46
B 9.1 9.1 8.7 4.3
n/nG 0.7 0.8 0.8 0.8
ka/δ 2.9/0.5 1.7/0.3 1.7/0.3 1.7/0.3
qcyl 3.55 1.99 1.99 1.99

ρ∗, β, ν∗ safety factor q but they do operate at the same ion
temperature, as a result of the derivation in appendix A. In
order to derive the scaling of magnetic field, density and cur-
rent for similar burning plasma experiments it is necessary to
assume the scaling of the confinement time. Three confine-
ment scaling have been used in the derivation, IPB98(y,2),
ITPA20 and the NSTX extended scaling at A = 1.45. The
main result of this study consists in the fact that, independ-
ently of the scaling, the similarity parameter of burning plas-
mas, show a much stronger dependency on aspect ratio and
magnetic field than the Kadomtsev non-burning plasma sim-
ilarity parameters. As shown in section 4, this result leads
to smaller major radius for ITER similar burning plasmas
at different aspect ratio or magnetic field than those derived
from non-burning plasma similarity. The parameters of burn-
ing plasma experiments similar to ITER but at reduced aspect
ratio have been summarized in table 3. For comparison, we
have reported in the first column of table 3 (column I) the
parameters of a burning plasma experiment derived by A
Costley and S McNamara using a system code under different
hypothesis.

The second column of table 3 reports the parameters of a
ITER similar plasma (in the sense defined in this paper) at
A = 1.8 derived using the NSTX scaling, equation (A1.22.1).
TheH factor has been found by substituting the ITER paramet-
ers in equation (A1.22.1) to obtain the ITERmajor radius. The
third column is derived using the ITPA20 scaling in equation
(A1.22.2). Finally, the 4th column has been derived using the
NSTX scaling but for an aspect ratio of A = 1.45 and a more
conservative Hy2 factor (Hy2 = 1.78) and lower beta, which
leads to a plasma of major radius 2.3 m producing 238 MW of
fusion power.

Comparison between column I and II–III of table 3 shows
that the design points found with the method outlined in this
paper are not too far from the one obtained using a system

7



Plasma Phys. Control. Fusion 63 (2021) 125004 M Romanelli and F P Orsitto

code [22]. However, using the burning plasma similarity argu-
ment offers a theory-based framework for the projection of res-
ults of existing/under construction/designed tokamak-plasmas
to different aspect ratio/magnetic field which increases the
level of confidence on the validity of the specific design
point.

It is important to notice that the results in this paper on the
dimensions of a fusion device are derived from plasma physics
constraints related to the hypothesis stated in section 3. How-
ever, the concrete feasibility of a fusion reactor is also determ-
ined by engineering constraints on the radial build up. For
example, constraints related to (a) the dimensions of the neut-
ron shield needed to protect the central solenoid, (b) the space
needed for the cooling conduits (either using gas or liquid),
(c) the space for the blankets must be considered. The ana-
lysis of the above engineering constraints is not included in this
paper.
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Appendix A. Derivation of the scaling for bulk
burning-plasma similarity

A.1. Energy confinement time scaling

In this appendix we will show how the scaling presented in
section 3 have been derived from the set of hypotheses which
define the similarity between burning plasmas. For this, we
shall make use of the ITER IPB(y,2), ITPA20 and the NSTX
energy confinement time scaling introduced in section 3.
The symbols used in this appendix are the same defined in
section 3. The ITER IPB(y,2) scaling can be written in terms
of dimensionless variables as:

τIPB(y,2) ∼ τB ρ
∗−0.7β−0.9ν∗−0.01M0.96A−0.73ka2.3q−3.

τB is the Bohm diffusion time∼ A−2R2BT−1 =Mρ∗−2B−1.

The confinement time ITER IPB(y,2), using the definition
of τB, can then be written in the form:

τIPB(y,2) ∼M1.96A−0.73 ka2.3 q−3B−1β−1 ρ∗−2.7β0.1ν∗−0.01.

Table A1. Exponents of the confinement time equation (A1.1) for
the different scaling.

IPB(y,2) ITPA20 NSTX

A −2.7 −2.24 −3
εb 0.1 1.2 0.83
εn −0.01 −0.47 −0.53
εq −3 −0.7 −0.35

In the rest of the analysis, we will use a generalized form
of τE:

τE = AτEB
−1β−1ρ∗αβεbν∗εnqεq. (A1.1)

For convenience, we have separated the dependence of beta
in two terms and the exponent εb represents the deviation of
the scaling on beta from −1.

The parameter Aτ E includes a dimensional constant Cτ and
a factorHτ to take into account deviations (e.g. increased con-
finement) from the scaling.

The ITER IPB(y,2) scaling law for H-mode corresponds to
indexes in equation (A1.1):

αH =−2.7,εbH = 0.1,εnH =−0.01,εq =−3

AτEH = Hy2Cτy2M
1.96A−0.73 ka2.3. (A1.2)

While for the NSTX confinement scaling law we have the
following parameters:

αST =−3,εbST = 0.83,εnST =−0.53,εqST =−0.35

AτEST =MCτST.HST. (A1.3)

The ITPA20 scaling law is also used here as derived from a
recent analysis of the ITPA global H-mode confinement data-
base, which includes data from NSTX, START and MAST
[16].

The ITPA20 scaling law (see [16], equation (8)) has the fol-
lowing expression:

ΩiτITPA20 = (0.09± 0.14E− 6)

ρ∗−2.24β0.20ν∗−0.47qcyl
−0.70(1+ δ)0.36

ka1.24A1.70Meff
0.53

where qcyl = q∗ka, Meff = Mi effective ion mass, δ is the
plasma triangularity. Using equation (A1.1), the ITPA20 con-
finement time is expressed by the following equation:

τITPA20 = AτE20B
−1β−1ρ∗−2.24β1.20ν∗−0.47q−0.70

AτE20 = CITPAHITPA(1+ δ)
0.36 ka0.54A1.70Meff

1.53 .

Table A1 summarizes the values of the exponents for the three
different confinement times.
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A.2. Development of the formalism related to the
set of burning plasma similarity conditions

A.2.1. Dimensions of devices similar to ITER at
fixed Q = Q0

Using equation (A1.1) and the definition of β (table A1,
section 1) the equation Q = Q0 can be written as:

Q= nTτE = βB2AτEB
−1β−1ρ∗αβεbν∗εn.qεq

= AτEBρ∗αβεbν∗εnqεq = Q0. (A1.4)

Note that Q is linked to the Qfus (the fusion gain factor) by
the following relations (see [23]):

Qfus =
PFus

Paux
=

fusion power
auxiliary heating power

Q= Q0 = nTτE

Q0 =
1
K

[
5Qfus

5+Qfus

] .

The values ofQfus are used in figure 2 rather than the values
of Q.

Inspecting table A1 of this appendix, IPB(y,2) column, we
can in first approximation neglect the dependences of the con-
finement time on β and ν∗, since both |εb| and |εn| ≪ 1. We
can reduce equation (A1.4) to the following expression:

Q0 = AτEBρ
∗αqεq. (A1.4.1)

The equation (A1.4.1) has the following meaning: burning-
plasmas with the same Q0 can be realized by changing ρ∗ and
B and keeping the other parameters included in Aτ E and q con-
stants.

According to the scaling (α = −2.7 for H-mode and
1/α ≈ −1/3):

ρ ∗ ∼ B1/α ∼ B−1/3. (A1.4.2)

Now, recalling the definition of ρ∗ ∼ (T M)1/2B−1 R−1A, and
using equation (A1.4.2), the relation between the major radius
and magnetic field is (keeping temperature T and isotopic
composition M constant, plasma elongation and safety factor
q):

R=
[
(TM)

1/2 ∗ (Q0/AτE)
1/3

]
AB−7/5 ∼ A5/4B−7/5Q0

1/3.

(A1.5)

The dependence in equation (A1.5) is only valid for the
IPB(y,2) scaling, since expression of Aτ E from equation
(A1.2) is used in equation (A1.5).

According to equation (A1.5), the sameQ0 can be obtained
for a smaller major-radius by decreasing the aspect ratio and
increasing the magnetic field, while keeping fixed the tem-
perature and ion mass, the value of q and the elongation. A
conventional tokamak operating in the same baseline-scenario
regime of ITER (Qfus = 10) can be realized havingR= 3.48m,
B=6.5 T, Aspect ratio A = 2.5 and operating in H-mode at a

plasma current of 12MA (q= 3, elongation ka= 1.75, plasma
temperature T and isotopic composition same as ITER).

Considering an ST device equation (A1.5) becomes (keep-
ing q, temperature, isotopic composition fixed and neglecting
the dependence on the plasma density):

R∼ A1.5B−0.96Q0
−0.4. (A1.6)

In this case (ST) a device equivalent to ITER (Qfus = 10) can
be realized decreasing the major radius to R = 4.0 m, for a
magnetic field B = 4 T and aspect ratio A = 1.7, Ip = 7.4 MA
(q = 3, elongation ka = 1.75, plasma temperature T and iso-
topic composition same as ITER).

A.2.2. Analysis of the condition: alpha slowing
down time smaller than confinement time

We shall now consider the condition (with ΛSD a constant
≪1):

τSD = ΛSDτE (A1.7)

and write both sides of equation (A1.7) as functions of the
dimensionless parameters.

The alpha slowing down time is:

τSD = ASDT
3/2/n (A1.8)

where ASD is a dimensional constant. From the definitions of
β and ν∗ we can write the temperature and density as function
of these quantities and inserting in equation (A1.7) we obtain:

ASDβ
−1/6ν∗−5/6B−1/3A5/4(qR)5/6

= ΛSDAτEB
−1β−1ρ∗αβεbν∗εn. (A1.9)

Now using equation (A1.4) in equation (A1.9) we obtain
the following expression:

β

ν∗
=

(
ΛSDQ0

ASD

)6/5

B−2R−1 q−1A−3/2 = φ. (A1.10)

Equation (A1.10) can also be written:

β = ν ∗

[(
ΛSDQ0

ASD

)6/5

B−2R−1q−1A−3/2

]
≡ ν ∗φ.

(A1.10.1)

A.2.3. Analysis of the condition: alpha power larger
than power threshold for H-mode

We shall now consider the condition:

Pα = ΛthPLH (with Λth > 1.5) (A1.11)
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i.e. alpha power larger than power threshold for H-mode.
This condition leads to a decoupling of β and ν∗. The power
threshold for L-H transition is [24]:

PLH ∪ AlhB
4/5 n3/4R2A−1. (A1.12)

The expression for PLH can be derived as a function of β and
ν∗. Inserting the expression obtained in this way, in equation
(A1.11) (alpha power higher than the L-H power threshold)
we obtain:

Pα = fαβ
2B4R3A−2 = ΛthPLH

= AlhΛthB
9/5A−11/8 q−1/4R7/4

(
ν∗β2

)1/4
. (A1.13)

fα includes the plasma dilution and some geometrical factors.
From the equation (A1.13) we can deduce a formula linking

β and ν∗:

β =

(
AlhΛth

fα

)2/3

B−22/15A5/12R−5/6q−1/6ν∗1/6 = χν∗1/6

(A1.13.1)

where the term χ is implicitly defined.
Using the equations (A1.13.1) and (A1.10.1) we obtain the

expressions for β and ν∗ in terms of χ and φ as follows:

ν∗ =

[
χ

φ

]6/5
; β = φ−1/5χ6/5. (A1.13.2)

Now combining the last expression for β and using the
equation A1.10) we obtain an expressio(n for ν∗ in terms of
the engineering parameters:

ν∗ =

[
ASD

ΛSDQ0

]−36/25

∗
[
AlhΛh

fα

]1/5
A23/10 qR1/5B48/25

(A1.14)

and a formula for β in terms of engineering parameters as well:

β =

[
ASD

ΛSDQ0

]6/25 [AlhΛth

fα

]1/5
B−42/25A4/5R−4/5.

(A1.15)

The above expressions are valid for a device operating in
H-mode and depend upon: (a) the scaling law assumed for
the threshold power for the L-H transition; (b) the conditions
equations (A1.4) and (A1.7).

In order to write ρ∗ in terms of engineering parameters, we
need to use condition equation (A1.4), i.e. fixed Q = Q0:

AτEBρ∗αβεbν∗εnqεq = Q0. (A1.16)

On the other hand ρ∗ can be expressed using equation
(A1.10) and its definition (see table A1),

Table A2. Values of the exponents εφ and εχ for IPB(y,2), ITPA20
and NSTX scaling.

IPB(y,2) ITPA20 NSTX

εφ −0.46 −0.05 −0.03
εχ 0.11 0.88 0.36

ρ∗=
(

β

ν∗

)1/6

M1/2B−2/3R−5/6A5/4q1/6 = φ1/6ξ

=

(
ΛSDQ0

ASD

)1/5

B−1R−1M1/2A. (A1.17)

Using the previous expressions and equation (A1.13.2) we
obtain the equation (A1.16) in terms of χ and φ:

AτEB
Q0

(
φα/6 ξα

)(
φ−1/5χ6/5

)εb
(
χ

φ

)(6εn/5)

qεq = 1

AτEB
Q0

φεφ χεχ qεq ξα = 1

εφ =
α

6
− εb

5
− 6εn

5

εχ =
6(εb + εn)

5
(A1.18)

From the expressions of the confinement scaling laws (see
table A1 of this appendix) we get the values of the exponents
εφ and εχ (see table A2).

Now we shall insert in the expressions in equation (A1.18)
the definitions of φ, χ and ξ and the exponents of the various
quantities:

φεφ =

[(
ΛSDQ0

ASD

)6/5

B−2R−1q−1A−3/2

]εφ

=

(
ΛSDQ0

ASD

)6εφ/5

B−2εφR−εφq−εφA−3εφ/2 (A1.19)

χεχ =

[(
AlhΛth

fα

)2/3

B−22/15A5/12R−5/6q−1/6

]εχ

=

(
AlhΛth

fα

)2εχ/3

B−22εχ/15A5εχ/12R−5εχ/6q−εχ/6

(A1.20)

ξα =Mα/2B−2α/3R−5α/6A5α/4qα/6

B− exp= 1− 2εφ − 22εχ/15− 2α/3

R− exp=−εφ − 5εχ/6− 5α/6

A− exp=−3εφ/2+ 5εχ/12+ 5α/4

q− exp=−εφ − εχ/6+α/6+ εq

M− exp= α/2

Q0 − exp= 6εφ/5− 1. (A1.21)

Using table A3 and equation (A1.18) we obtain the main
dependence of the major radius upon the magnetic field for
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Table A3. Values of the exponents of the variables appearing in
equation (A1.18).

IPB(y,2) ITPA20 NSTX

B-exp 3.56 1.31 2.53
R-exp 2.63 1.19 2.23
A-exp −2.64 −2.36 −3.55
M-exp −1.35 −1.12 −1.50
Q0-exp −1.55 −1.06 −1.04
q-exp −3.01 −1.17 −0.88

equivalent burning plasma experiments for the ITER IPB(y,2),
the NSTX scaling and ITPA20 respectively:

RITER = CITERHy2
−1/2.62B−1.36Q0

0.59 ka−0.88A1.28M−0.23q1.15

CITER =

(
ΛSD

ASD

)−0.55(
ΛthAlh

fα

)0.07

Cτy2

(A1.22)

RST = CSTHST
−1/2.23Q0

0.46B−1.13A1.59M0.22q0.4

CST =

(
ΛSD

ASD

)−0.04(
ΛthAlh

fα

)0.24

CτST

(A1.22.1)

RITPA20=C20HITPA
−1/1.19M−0,34A0.55 ka0.54B−1.02Q0

0.89q0.98.
(A1.22.2)

Comparing equation (A1.22) with the equations (A1.22.1)
and (A1.22.2), we observe that the dependence on the mag-
netic field is stronger in equation (A1.22) with respect to
equations (A1.22.1) and (A1.22.2).

From equation (A1.22) we can derive the scaling para-
meter for fusion reactors in the hypothesis of ITER IPB(y,2)
scaling:

SFR = C′
ITERHy2

1/2.62RITERB
1.36Q0

−0.59 ka0.88A−1.28

M0.23q−1.15.

Using the same method, from the equation (A1.22.1) we
can derive the scaling parameter for fusion reactors (1st set of
conditions) in the hypothesis of NSTX scaling:

SST = C′
STHST

1/2.23RSTQ0
−0.61B1.13A−1.59M−0.22q−0.4.

The scaling parameter for fusion reactors in the hypothesis
of ITPA20 confinement law is (from equation (A1.22.2)):

SITPA20 = C20
′HITPA

1/1.19RITPA20M
0.34A−0.55 ka−0.54B1.02

Q0
−0.89q−0.98.

A.2.4. Scaling laws for plasma parameters and
additional heating for STs

From the definition of the dimensionless variables given in
section 2.1 expressions can be found relating the plasma para-
meters to the engineering parameters.

The plasma density for example can be expressed as:

n≈ (β2ν∗)1/3B4/3R−1/3q−1/3A−1/2

T≈
[
β

ν∗

]1/3
B2/3R1/3q1/3A1/2

. (A1.23)

Inserting in equation (A1.23), the expressions for β and ν∗

given in equations (A1.14) and (A1.15) we get the following
expressions:

n≈ ( C2
β Cν)

1/3 B1.07 R−0.13 A0.80

T≈
[
C β

Cν

]1/3
B0.59

C ν =

[
ASD

ΛSD Q0

]1.44 [Alh Λth

fα

]0.20
=

[
ASD

ΛSD

]1.44 [Alh Λth

fα

]0.20
Q0

−1.44 .

C β =

[
ASD

ΛSD Q0

]0.24 [Alh Λth

fα

]0.20
=

[
ASD

ΛSD

]0.24 [Alh Λth

fα

]0.20
Q0

−0.24 (A1.24)

From the equation (A1.22.1) we can derive the expression
of the scaling of the magnetic field:

B≈ CST
0.88R−0.88A1.40M0.20q0.35Q0

0.54

I≈ CST
0.88SR0.11A−0.59M0.20q−0.64Q0

0.54

CST =

[
ΛSD

ASD

]−0.04[AlhΛth

fα

]0.24 . (A1.25)

Inserting the equation (A1.25) in the equation (A1.24) we
get the following scaling laws for the plasma parameters dens-
ity n and temperature T:

n≈ CnRA
2.20M0.20q0.35Q0

−0.06

T≈ CTR−0.52A0.82M0.11q0.2Q0
0.72

Cn =

[
ASDf

ΛSD

]0.64[AlhΛth

fα

]0.20
;CT =

[
ASD

ΛSD

]−0.40 .

(A1.26)

The coefficients Cn and CT are calculated from the
equations (A1.25) and (A1.24).

The equations (A1.25) and (A1.26) give the complete set
of scalings of plasma parameters for a burning plasma.

11



Plasma Phys. Control. Fusion 63 (2021) 125004 M Romanelli and F P Orsitto

Table A4. Definition of dimensionless variables.

1. β ∝ nT
B2 ,

2. ρ∗ ∝ (MT)1/2

aB = (MT)1/2

RB A

3. q∝ RB
A2 IpS= RA−2 Ip−1BS

4. ν∗ ∝ nRqT−2A3/2

Table A5. Derivation of the relations between n, T, B, Ip and A, M,
R.

1. β ∝ nT
BT2

, β fixed⇒ nT∝ B 2

2. ρ ∗ ∝ (MT)1/2

aB = (MT)1/2

R B A, ρ∗fixed⇒ RB∝ A (MT)1/2

3. q∝ RBT
A2IpS= RA−2 Ip−1BTS, q fixed ⇒ Ip ∝ R A−2 B S

4. ν∗ ∝ n R q T−2A3/2 , ν∗fixed⇒ T2 ∝ nRqA3/2.

The scaling of the heating power can be obtained from the
equation of Ploss:

Ploss =
Wth

τE

Ploss =
nTR3A−2 ka

I0.54B0.91PL
−0.38n−0.05R2.14

(A1.26)

where the confinement time inserted in the formula for thePloss

is the NSTX scaling (see equations (A1.1) and (A1.3)). In the
equation (A1.26) we use the definition of q in terms of the
shaping factor S for defining Ip in terms of B:

q=
5RB
A2 Ip

S.

Inserting in the equations (A1.26), (A1.24) and (A1.25) for n,
T, B, we obtain the expression of Ploss:

Ploss ≈ (C2
βCν)

0.56(Cβ/Cν)
0.54CST

0.37Q0
0.23R−0.08A0.45

M0.08q0.15S−0.87k1.61. (A1.27)

The heating power follows from the approximation that
Ploss ≈ Paux.

Appendix B. Derivation of engineering parameters
for non-burning plasmas

In this appendix we will show how the scaling presented in
section 2 have been derived from the set of hypotheses which
define the similarity between non-burning plasmas. In table A4
the definitions of plasma dimensionless variables are reported
for convenience. In the context of the tables A4 and A5 and in
the equations (1′) and (2′):

The scaling of the engineering parameters with A, M, R can
be obtained if the dimensionless variables (β, ρ∗, ν∗, q) are
kept constant. From the definition of the dimensionless vari-
ables, the sets of equations in table A5 are derived assuming
β, ρ∗, ν∗, q = constant:

From equations (1) and (2) we obtain:

nT
A2MT

=
B2

R2B2 ⇒ n
A2M

=
1
R2

. (1′)

Noting that q is held constant. Substituting the equation for
n equation (1′) in equation (4), we get:

T2 =MA2R−2RA3/2 ⇒ T=M1/2R−1/2A7/4. (2′)

The scaling for B and can be derived in analogous way from
equations (2) and (3) of table A4.
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