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Abstract. For a tokamak plasma which encounters the onset of ‘stiff transport’
as the heating power increases, the determination of the radial extent of those stiff
profiles and the resulting impact on energy confinement, is a subtle matter. The
results depend on details of the heating profile and the transport model invoked.
In this work we take a simple form for the heating profile, which has a variable
width, together with a simple transport model, but allowing for several forms of
the thermal diffusivity, to describe the non-stiff regions. This allows us to develop
analytic solutions, leading to an energy confinement scaling law that takes
account of stiff transport. Impurity radiative losses, which are anticipated to be
necessary in a DEMO design, can also be considered in the model and the
calculation is then used to quantify how much impurity radiation is permitted
before the energy content starts to diminish.

1. Introduction

With increasing power input the temperature profiles in a tokamak plasma may
well reach the threshold for the onset of ion or electron temperature gradient
instabilities, predicted to lead to the sudden onset of a high level of energy
transport. This essentially limits the gradient, a situation known as ‘stiff” transport
[Dimits et al., 2000, Suttrop et al., 1997]; i.e., there is no increase in the energy
content with further increase in the input power. Indeed, modelling of energy
confinement for the International Tokamak Experimental Reactor (ITER) being
constructed at Cadarache in France anticipates this will be the case [ITER Expert
Groups on Confinement and Confinement Modelling and Database, 1999, Doyle
et al., 2007] and limits temperature gradients to this threshold value, known as
the critical gradient. The plasma energy content is then simply calculated by
assuming the input power suffices to achieve this threshold temperature profile at



all radii. Because this criterion is in fact a condition on the logarithmic
temperature gradient, the profile depends critically on the edge temperature. The
base-line operational mode planned for ITER is the high confinement mode (H-
mode) and this is given by the temperature at the top of the edge transport barrier
and is known as the ‘pedestal’ temperature. However, as the input power
increases towards the value needed for the fully stiff situation, only limited parts
of the temperature profile will achieve the threshold value and the saturation of
confinement with power is more gradual. A purpose of the present work is to
explore this behaviour taking account of situations where different parts of the
profile first experience the onset of stiffness.

A remarkable experimental result reported by ASDEX Upgrade is that the energy
content of a discharge appears unchanged as the radiative losses increase
[Ochoukov et al., 2015]. This is of importance for future fusion power plant
designs [Kotschenreuther et al., 2007, Ward, 2010, Lux et al., 2015, Lux et al.,
2016, Zohm et al., 2019 a, Zohm et al., 2019 b ], where it appears necessary to
introduce impurities to deliberately radiate a fraction of the lost power to limit
damage from excessive heat fluxes on the surrounding structures. It has been
proposed that this is a consequence of core transport being stiff as the radiative
power increases, which has been supported by some transport modelling of
burning plasma [Fable et al., 2017]. We also investigate this further within the
framework of our modelling above.

In general, determining the radial extent of the stiff profiles, using a transport
code, as the heating increases is a subtle calculation, the results depending on
details of the heating profile and the transport model. In this work we use a simple
model for the heating profile and consider several forms of the thermal diffusivity
in the ‘non-stiff” regions. This allows us to develop analytic solutions, leading to
an energy confinement scaling law that takes account of stiff transport and
impurity radiative losses and, furthermore, can be used to quantify how much
impurity radiation is permitted before the energy content starts to diminish.

As a first example, we assume that there is a net heating profile, P(r), thatis a
constant, P, within a radius ry and zero beyond that (thus the total power is given
by P, = 2m?Pry%R). The background thermal diffusivity, y, is taken to be a
constant in radius, y,. An edge boundary condition, T = T,, on the temperature
representing an edge H-mode pedestal is invoked. Thus, we are assuming that
Pror > Pry » the threshold power for the L-H confinement transition [ITER
Expert Groups on Confinement and Confinement Modelling and Database, 1999,
Doyle et al.,, 2007]. The effect on the power dependence of the energy
confinement of including impurity radiative losses, Pr,q iS accounted for by



considering the effect Pg,4 has on reducing the input power for a given value of
the latter.

The effect of the onset of regions of stiff transport, characterised by a normalised
critical temperature gradient parameter, ¢ = ca/R (where the critical gradient is
given by dInT /dr = —c/R), on the energy content of the plasma as a function of
a normalised net heating power parameter A = Pr.:/nyx,T, is then calculated.
Here n is the plasma density (taken to be constant in radius), R the major radius
of the tokamak and a the minor radius, which allows us to introduce a normalised
minor radius, p = r/a . This model is described in Section 2.

As mentioned above, the appearance of regions of stiff temperature profiles can
become quite complicated, even for the simple model described above. We shall
discover below that there are then two main cases to address: (i) ¢p, > 1 (i.e.,
the heating profile is not too peaked) and (ii) ¢p, < 1 (i.e., amore peaked heating
profile), although this case actually splits into two sub-cases, (a) and (b),
depending on whether py, > p,c OF po < P2, respectively. Here p,.. is a critical
radius dependent on ¢ that controls whether stiffness sets in first at the plasma
edge (case (a)), or an interior point (case (b)). These various situations are
analysed in Section 3. In Section 4 we extend this model by assuming the thermal
diffusivity is gyro-Bohm in nature, y « T3/2. A refinement, in which an
additional, radially increasing factor is inserted into y in order to be more
realistic, is considered in the Appendix.

This approach is reminiscent of earlier work exploring the impact on energy
confinement of the onset of ideal ballooning modes [Connor et al., 1984].

Using the results for the energy content as calculated for the various cases above,
we can obtain the energy confinement as a function of input power and infer the
impact of radiative losses on the performance of the device. These results are
presented in Section 5.

Finally, in Section 6 we summarise and discuss our results. Especially, we
consider the implications of our results for describing the variation of tokamak
confinement with heating power. Assessments of tokamak performance,
particularly that of ITER, are often based on simple power-like scaling laws for
energy confinement as a function of plasma and machine parameters, particularly
input heating power, which do not recognise the possible appearance of a
different regime associated with the onset of stiff behaviour. We propose a more
complicated algebraic form for the energy confinement that fits our numerical
calculations.



2. A Simple Transport Model

We describe the temperature profile by a simple transport equation:

1d dr _

;E(Tn)(;) = _PH +PRad =-—-P y (1)
where Py is the input power density and Pg,4 the radiative loss power density, so
that P is the net heating power density. We first consider Py, Praq , N, and y to be
constant in r. P is taken to be constant within a radius r, and zero outside:

P=P,, r<ry, P=0, r>r, . 2
Thus

dr 1 r

el J, Prdr, (3)

increases radially outwards. Should it arrive at a radius where it reaches the
critical gradient condition, then the temperature profile becomes ‘stiff” and eqn.
(3) is replaced by:

1dT c
Tar = R @

with the number ¢ in the range 4 to 6. As we shall see below, this may occur at
several radial points.

To calculate the plasma energy content and confinement time, 75, we define
3 a 3 a a
W = Enfo Trdr; tp = Enfo Trdr/ f, Prdr , (5)
so that the total plasma energy and pedestal energies are given by
Wior = 4T2RW  ; Wpeq = 3m2a?RnT, , (6)
respectively.

We normalise T to T,, the edge temperature at r = a, introducing

-Tr ,_r __Pre _ Prad
e=Looml a=lhen () g
so that egn. (1) becomes
1d/ dt !
vir (Pa) = 72 ®
where g, = ry/a. Condition (3) implies
1dt A A _ca
;E = —C , Cc = R (9)



and

w e A . Ta A
Wrot = = F(p0,4,) 5 5 = 7,5 F (Po, 4,€) . (10)

T 4Py

F(po, A, €) characterises the energy content as A varies, but can also be used to
yield the effects of varying the fraction of radiated power, y = Pg.q/Py, Since
the effect of radiative losses appears through the definition for A4 in egn. (7):
2
1=Idu(1-y), Ay=-2L (12)

nxoTa

Thus, a change in the function F(py, 4, ¢) as Areduces can be interpreted as
representing the effect of increasing radiative losses on tg. Interestingly, the
effective stiffness parameter, ¢, depends on aspect ratio, R/a, discriminating
between conventional aspect ratio devices and spherical tokamaks (STs).

3. Solutions for Peaked Heating Profiles

To understand the significance of the various scenarios for the heating profile we
consider the condition on A4 for the onset of stiffness. Before the onset of stiffness,
the solution of the transport equation for the temperature profile is:

2 2
T:TO_Zz_g’ 0<p<po 12)
and
T=1—%lnp, Ppo< p<1. (13)

Matching results (12) and (13) at p = g,, We obtain
T0=%+1—%1np0. (14)

The onset condition for stiffness is given by eqn. (9). Substituting for T from egns.
(12) and (13) and solving for A, we find
2¢pd

AC = =7
a 1
[p+%—cp5(;—lnpo)]

, 0<p<po (15)

and
2¢p
" (1+¢éplnp)

po< p<1l, (16)

C



where A, is the critical value of A for the onset of a stiff temperature profile at a
radius p. These match at p = p, of course. While solution (16) first increases
inwards, it has a maximum at p = 1/¢ < 1, so its lowest value may lie inside
p=1/¢ if ¢py < 1. In fact, this situation gives rise to two possibilities, as will
be discussed later. Both solutions (15) and (16) suggest infinite values of 1. may
be needed at some radii, but since parts of the profile will already be stiff by the
time these values are approached, these are spurious: these two solutions only
pertain to the first onset of stiffness and are only used below to understand where
this first happens. Following the onset of stiffness, the right-hand sides of egns.
(15) and (16) are modified as described below. As we will see, two main cases
emerge: case (i) for ¢py > 1 and case (ii) for ¢p, < 1, with the second dividing
into two subcases, (ii a) and (ii b), depending on where p, lies relative to another
critical radius, p,, to be defined below. These three scenarios are shown in Figs.
1 (a) to (c), where the values of A, for the onset of the critical gradients are plotted

against p.
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FIGURE 1. Schematic diagrams showing the critical values of A for the onset of stiff
temperature profiles, as a function of plasma radius, p. (a) case (i); (b) case (ii); subcase a; and
(c) case (ii) subcase b. The dashed horizontal lines separate the different zones of A used in
calculating F, as defined in the text, leading to differing numbers of intersections as A increases.

(i) Casecpyg>1

In this case stiffness moves steadily inwards from p = 1 where the critical
gradient condition is first satisfied. This occurs when

r=aP =28 . (17)
Thereafter the onset of the stiff profile
7 = e¢(1P) (18)

occurs at p = p1(¢,4, po) , where p; is given by

A= 2¢p,efd=r) (19)



and steadily migrates inward as A increases, since the condition (18) implies

20(1— o)L =1, (20)
so that dp,/dA < 0 for case (i).

First considering the situation p, < p;, we match the solutions (13) and (18) at
p = p; and (12) and (13), which is now modified by the stiff region, at p = p, to
obtain

= é(l—p) & & l _&p_z
T=e 1 +2[ln(p0)+2] 207 p < Po, (21)
f1— )
T =P 4 ~In (%), Po < p <py (22)
and
T=e0"P; p <p<l1. (23)

(In general, when we mention matching to the transport solution, egn. (13), it may
be modified by the imposition of a new outer boundary condition due to the
intervention of a stiff region.)

Next, we consider the case p; < py When matching to egn. (12) to eqn. (18)
yields a modified equation for p;:

y) (Z—;) = 2¢poeft—pP) (24)
together with
T = el fg(pf —p%), 0<p<p; (25)
and
1=e0"P p <p<1, (26)

Equation (25) implies

a ~ d 2
—2p(L+ép) =5, (27)

I3
again ensuring dp, /dA < 0, so that p; continues to migrate inwards.

The expressions (12 - 14), (21 - 23), (25) and (26) for T can be used to calculate
the function F (4, ¢, p, ) characterising the plasma energy. It takes different forms,



dependent on A. It is useful to define several integrals that arise in calculating the
various contributions to the plasma energy:

F(Parpp) =2 ;" prdp . (28)
Thus, we have F;(pq, pp), Where
Fo(ParPp) = 2 [° pdp; Fi(Paspp) = 2 f1* plnpdp
Fy(Pas Pp) = 2 ffj%dp L F3(pwpp) =2 )" ef07Ppdp. (29)
Specifically,
Fo(Pa, Pb) = (P5 — P&),
Fy(Pas Pp) = (p§ (Inpy —3) = P2 (Inpg — %)) ,
Fy(Pa pp) = 2%,3(93 - pa),
F3(Pa ) = 2 [(1 + Epa)e’ AP0 — (1 + £py)ed Gpw)], (30)
Fora <A = 2¢,
F= (1 + % - %lnpo) Fo(0,p0) = %FZ(O' po) + Fo(po, 1) —

%F1(P0: 1), (31)

so that

= (1+2) M8
F=(1+7) - (32)
For A8Y < 2 < 2% = 2¢p,ec0-ro),
A(1— A 1 p) arq_
F= {ec(l P 42 [ln (ﬁ) + 5]} Fo(0,p0) == F2(0,po) + {e‘(l P 4
A A
ZIn(p1)} Fo(po, 1) = 5 F1(Po, 1) + F(p1, 1), (33)

so that

N é 2 o 2
F = 2e¢(1-p1) [(“c#l) + Pz_l] _ 2(;6) n % [pf _ pz_o , (34)

where p, is given by

A= 2¢p,efd-p0) (35)



For A% < 2,

aa Ap3? A
F = [ec(1 PO+ ﬁ] Fo(0,p1) =5 F2(0,p1) + F3(p1, 1), (36)
leading to
— 9al(1-p1) (1+¢ép1) ﬁ _2@a+9 iﬁ
F 2e 1 [—52 + > ] 2 + 8p2 (37)

where p; is now given by

P1\ — 95, ef(1-p1)
A (Po) 2¢poe v, (38)
Equation (24) implies
A Ao d 2
—2¢op1(1+¢py) % = Z—% ) (39)

again ensuring dp; /dA < 0, so that p; continues to migrate inwards.

(i) Casecpyg <1

In this case the critical value of A for the onset of stiffness, given by egn. (16), is
satisfied at two values of p , say p; and p,, provided p, < p,, as eqn. (16) only
applies then. Since the critical value of A corresponding to p, is 2¢, egn. (16)
implies that the corresponding value of p, , which we denote by p,., is given by

P2c(€) = (1 + Epaclnpyo). (40)

1.0 A

0.8 4

0.6 4

P2c

0.4 A

0.2

T T T T T T T T T
1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
¢

FIGURE 2. The variation of p,. with ¢; it is compared with p, = 0.3 as an example.



Figure 2 shows p,. as a function of ¢ which can be compared with p, (oo =
0.3 is shown for comparison, as an example).

Thus, if py > p,. stiffness first sets in at p = 1, while if p; < p,., it begins at
an interior point. We thus define two sub-cases - (2): py > p,c and (b): pg < pac.

Sub-case (a): pg > pac

As before, stiffness onsets at p = 1 when A = 2¢ = /121) and solution (18) for ©
holds until g, satisfies condition (19) for a given A. For smaller values of p, T is
given by egn. (22). However, solution (22) will satisfy the condition for the onset
of stiffness at a second point, p, , given by

26[)2 ef(l_pl)

=_—_—"2" 41
(1+ép2In (p2/p1)) ' (41)

C

provided p, > p,, of course. (Equation (41) is the modified form of eqgn. (16),
mentioned earlier.) Equation (19) for p, then implies a relationship between

p1and py:
= 2p,In (22
p2=01(1+¢pIn(2) . (42)

The expression (41) still has a maximum at p = 1/¢ and differentiation of
relation (42) shows that, because ¢p, <1 and ép; > 1, p, moves outwards
towards p = 1/¢ , as p, moves inwards towards the same point. The condition
p, = po defines p;, a corresponding value for p,, from egn. (42) and a critical

value AS) for A from the relationship (30):
28 = 2¢p,e60-PD) | (43)

where

Po = P1 (1 + Cpoln (% ) : (44)

Thus as 4 increases there is a first onset of stiffnessat p = 1 when 1 = 2¢ = /1&1);
when 1 > )\?)there is a stiff region between pyand p,, with the region p, <
p < p, being governed by the transport solution (22). The stiff region between
po and p, extends into the region p < p, as far as a radius ps, with p

relabelling p, in condition (19).

This situation prevails until A reaches the value at the maximum of egn. (41) at
p1 = 1/¢, namely

10



A® = 261, (45)
Finally, for A > /1?), the profile is stiff as farinas p = ps.
Consequently, for 1 < 2¢ = AS), T is given by eqns. (12) - (13) again.
For 22 < 1 < A8, we again have T given by egns. (21) — (23).
For A% <1 <A@,
1=e0"0; p <p<1, (46)
as in egn. (18), but solution (22) now has a restricted range:
T =ef(-P) 4 %ln (%); P <p<p; . (47)
Matching a stiff solution at ¢ = g, to solution (47) we have
T = ef(I=P1+pP2=p) 4 gln (%) eéP2=P): p. < p < p, . (48)

The radius p5 is set by the onset of stiffness in the region p < p,. Matching the
stiff solution (48) to the transport solution defined by egns. (12) — (13) leads to
an equation for p5:

Aps _ 5 E(A=p1+p2=p3) 4 211 (PL) al(P2-p3)
e T B

and an expression for t:
T = e¢@=p1+pz—p3) + i]n (&) e€(P2—p3) + &M, p < ps. (50)
2 P2 4 p§

Finally, for 1 > AE‘”, the profile is stiff as far inas p = p3, with p5 relabelling
p1 in condition (19):

% = 28pyec(=r3) | (51)
so that
1=e0"P), po<p<1 (52)
and
T = ef(1=Pa) 4 %(pi_zpz , p < ps. (53)
5

It remains to calculate the corresponding function F.

11



ForiA<2¢= /1&1) it is again given by expression (32) and for AE3) > 1> /15}) by
the result (34).

For A% < 2 < 2%, we have, using egns. (46 - 48) and (50) for ,

Arq— A A
F=Fy(p, 1)+ (9070 +2In(o0) ) Fo(pa p1) = 5 Fa(P2r 1) +
A _ A N _ S _ _
[eC(Pz P1) 4 “In (%) ef(p2 1)] F3(ps, p2) + [eC(l p1+p2=p3) 4

i 2y 403 4
Eln (&) eC(Pz P3) =+ ZZ—:’Z):I FO(O,'D3) - ZF2(01p3) ' (54)

P2

with 2 =2¢p,e€@=P0) . p, =g, (1+¢pyIn (p2/p1)),  and  Aps/py =
A f(1— _ 2 o
2¢p, [e‘:(1 P1+p2=P3) +51n(p1/p2)eC(P2 P3)],

which reduces to

F = 2e6(1=p1+p2—p3) [_(1"':2’)3) + %32'] + 2e6(1-p1) [p?f — % + A+épy)

C"Z
(1+€p3) 2(14+¢6) . A Apk
i e e R R
P1\ [aé(pa—ps) ((1HEP3) | P3\ _ (1+Ep2) _ p3
Aln (pz) [e 2=P3 ( P+ 2) - 2] : (55)

Finally, for A > AE‘” , using eqgns. (52) and (53) for T,

A — A p? A
F = Fy(ps, 1) + (e°07P9) + 15) Fy (0,p3) = { F2(0,p3) (56)

402
with p; now given by Ap;/p, = 2¢pyet=ra),

so that

Ar1— (1+ép3) | p3 2(14¢6) |, Ap3
F = 2ec(1 P3) [6—23 + ?3] ~ a2 + ﬁ. (57)

Sub-case (b): po < p2c

In this case the onset of stiffness occurs at the internal point p, and as A increases
beyond this critical value, a stiff region, p, > p > p3, opens out around p,
before the onset of stiffness at p; = 1. Further increases in A lead to a similar
evolution to that in sub-case (a); the transport-controlled region between p, and
p, shrinking and eventually disappearing, with a stiff profile covering the entire
region1 > p > ps.

According to egn. (16) the onset of stiffness at p = p, occurs when

12



_ 45 _ _ 2¢po
A= Ae T (1+épolnpg) (58)

As A increases beyond /1(05), the outer limit of stiffness, p,, is determined by
matching a stiff solution to the transport-controlled solution (13),

T=1—%lnp, p,< p<1, (59)
yielding the equation:
_ 2¢py
T (+épylnpy) (60)

The form of the stiff solution within p, > p > p5 is obtained by matching it to
the solution (59) at p = p,:

T= (1 - %ln(pz)) ef@P) p, > p>p; . (61)

This can then be matched to solution (12) at p = p5 to determine t, and hence
the form of £, which then provides an equation for p; by imposing the stiffness
condition. We find

N 2_,2
r= e (1-2in(pn) )+ 3L p <y (62
0
and that p5 is determined by:
" = 2poe®r) (1~ Tin(py) ) (63)
0

When 1 = /15:1) there is the onset of stiffness at p = 1, so that, as in egns. (46)
and (47),

1=e0P; p<p<1 (64)
and
o )
T=e‘ pl)+;ln(%);p2<p<pl . (65)

This modifies egn. (60) for g, (4), which becomes

2¢p, ef(1=P1)

- (1+¢paln (p2/p1) (66)
The stiff solution (61) is also modified:
= [a€(1=p1) _ A1 (P2)] oé(P2—P)
T [e 1 2ln (p1)] eWP2=P) p. < p < p,y, (67)

13



as are the results (62) and (63):

— oC(=p1+p2—p3) _ 21y (P2 oCP2—p3) 4 4 pi-p?
T=e 17P27P3 2ln(pl)e 27Pa) +~ P p<ps3 (68)
and
203 _ 5a, [eé@=p1+p2—ps) _ A1y (P2) eb(P2-p3)
o 2¢p, [e > In (pl) e ] . (69)
Finally, when A = /1&4), the stiff region stretches inwards as far as ps:
1=e0-P  p<p<1, (70)

with p; now given by eqgn. (63).

Again matching egn. (70) to solution (12) determines t, and hence 7 for the
region p < ps:

ra 1 pz_pz
T=ePe) 2 3pg . p<ps. (71)
It remains to calculate the corresponding functions F.
For 2 < 2%, result (32) still holds.

For 19) > 1> AES) we use eqns. (59), (61) and (62) to obtain

2 —é(1— 2
F = Fo(p2, 1) =S Fi(p2 1) +e7¢t7p2) (1 - gln(Pz)) F3(p3, p2) +

[e€e=72) (1= 2In(e)) + 52] Fo(0,ps) = §F2(0,p5), (72)
0
with A =2Ep,/(1+Cpzlnp;) and  Aps/po = Zépoeé(pz_p3)(1 o
(A/2)In(p,)),
so that
F=(1+3)1-p}) +%+2[eé(p2_p3) (F2+g) -] -
An(p,) [eé(pz'%) ((1:#3) + %) — ((12#2) + %) ] . (73)

For 124) >1> /19) we have, taking account of results (64), (65), (67) and (68),
A1 A 1
F = F3(p, 1) + [e“07P0 + ZIn(p) | Fo (P2, p1) = 5 Fi (P2 p1) +

[eé(l—gl) - %ln (%)] e ¢(1-e)F, (95,0,) +

14



01— _ A 5o — Ap3 A
|eCprtpmPd) — Zin (£2) e“Papo) + LB Fo(0,p3) = 4 Fa(0,p3), (74)

01

with 2 = 2ép,e@=P0 | 1= 26py/(1+ Ep2In(p2/p1)) and Aps/po =
28po[eC=P1+P27P3) — (2/2)In(py/py)etP27P3)],

which reduces to

_ 2149
é2 8p3
2el(1=p1) [<1+éc;p1) +p_% (1+¢p2) p%] _

4 R a 2
F + Ap3 + %(plz _ pzz) 4 2e6(1=p1+p2=p3) [(1'2#3) + p_3] +

2

Aln (&) [ef(Pz—Ps) (@i é) _Z(M + p_%) ] ) (75)

pP1 ¢ 2 é2 2

Finally, for 2 > 2% using results (70) and (71), we obtain
R 2
F = F3(p3, 1) + [0 + 22] o (0,p5) = S F2(0,ps), (76)

with 2ps/po = 26pee=r3)

or

F = 2e¢(-p3) [—(”;”3) + "é] _2ax8 | Aes 77)

é2 805

4. A Gyro-Bohm Model

A more realistic model for the basic diffusivity is gyro-Bohm, which has a
temperature dependence y~T3/2. With this form the transport equation (1) can
still be readily integrated, but for the function u = t5/2, rather than 7 itself. The
structure of the results for u are identical to those for 7 if we make the
replacements

Ao =51/2, é-c=5¢/2 (78)

Here 4 is now defined with o, — x, = x(r = a). u satisfies the same stiffness
condition as T when expressed in terms of ¢. However, the integrals involved in
the normalised plasma energy function F must be expressed in terms of 7 = u?/5,
which is a complication. The fact that ¢ is significantly greater than ¢ means that
physically sensible values for ¢ correspond to ¢p, > 1, i.e., generally we need
only consider the results for case (i).

The expressions for u can be used to construct
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F=2 fol e UZ/S(P)dP .

We define
Fy (o, pa, b) = 2 [ 0 (uo — bp?)*/* dp
= 27 - (uo — ey |,
Fy(Pas Ppyus,d) = 2 [ 0 (uy = d Inp)*/dp

= (0" e[ 2 o) (2 o)

and
Fs(pa, py) = 2 f," €0 Ppdp
2 tpget (1 e
For X< A1 = 2¢:
F=F(1 +2—2Ingo, por- )+F2 (eo. 1,1) ,

so that

F= “;—g[(1 +2-21n 90)7/5 ~(1-%m 90)7/5] +

B en(@)[rEL)-r(Gi-2me)]
for 1V < 1< 1%;

F=F(p,1)+F (po,p1 , ef-p1) 4 2 lngl‘ )

(s + 4 (n(2) ). ),

leading to

(79)

(80)

(81)

(82)

(83)

(84)

(85)

(86)
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Here we recall ¢ = 2¢/5 is to be used in the last term and where p, is given by
A= 2¢p,ef=P1) (88)
For 2 > 1% we have:

F = Fy(py, 1) + F, (e€0-p0) 4 221, 2 (89)
3(P1, 1) 1 4pg'P1J4pg )

with the result

= 2. 7/5
F = 2008 [(ec‘(i—po " i_f’i) _ e(7c‘/5)<1—p1)] n

74 05
2efpn G - 200, (90)
where p; is now given by
/T(%) = 2Cpoec=P1) | (91)

In the above, F(a,b)szme‘tt“ dt is the Incomplete Gamma Function
[Abramowitz, & Stegun, 1972].

This simple gyro-Bohm model suffers from having a thermal diffusivity that
decreases radially outwards, whereas experiment suggests otherwise. To remedy
this, we have modified the above analysis by including an additional, radially
increasing, factor so that y~(1+ ag?)t3/2, with @ ~0(1) , a constant. This
analysis is described in the Appendix.

5. Confinement Results

The various equations for the radii p, ,;(4) are solved numerically using Python
[Virtanen et al., 2019] and Brent’s method [Brent, 1973] for the root solver. For
both transport models it is useful to plot the various functions F(4,¢, py) (or
F (/T, c, po)) , normalised to the “fully-stiff’ limit F,, attained as A — oo, against
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A =2/, (or A = A/1.), i.e., normalised to the relevant critical value, 1, = 2,
orl.=2¢.

The quantity F,, follows from taking the limit p; (or ps, as appropriate) — 0.
This leads to
2¢¢  2(1+¢)

Fo=—w——%5—2, (92)

&2 é2

which is a rapidly increasing function of ¢. The results for the functions F are
shown in Fig. 3 for the constant y model and in Fig. 4 for the gyro-Bohm one,
covering a range of relevant values of ¢ and p,.  For these we choose p, =
0.33,0.66 and 1.0, ranging from a more centrally localised heating profile to one
that is constant in radius. Since we expect c =4 — 6 and the inverse aspect ratio,
a /R, to typically range from 0.3 for conventional tokamaks to 0.6 for STs, we
select ¢ = 1.375,2.75 and 4.125 as being representative. This corresponds to
¢ = 3.438,6.875 and 10.313. For the constant y model this involves all three
cases: (i), (ii @) and (ii b), while for the gyro-Bohm model only case (i) is needed
for such plausible values of ¢ and p, (although central heating by ECRH might
involve the other two cases).

1.0 —— Case (i)(b): Goo < 1, po < p2e 6=1.375pp=0.33
Case (ii)(a): €po <1, po > p2c ¢=1.375 py=0.66
0.81 / — Case (i): 6o > 1 ¢=1.375po=1.00
—— Case (ii)(a): ¢po <1, po > p2c ¢=2.750 pp=0.33
fo 061 —— Case (i): ¢po>1 ¢=2.750 pp = 0.66
R —— Case (i): ¢po>1 ¢=2.750 pp =1.00
Case (i): ¢po>1 ¢=4.125pp=0.33
0.4 —— Case (i): 6po> 1 ¢=4.125 po =0.66
Case (i): ¢po>1 ¢=4.125 py=1.00
0.2
T T T T T T
0 2 4 6 8 10
AR2¢

FIGURE 3. The variation of the function F(i, €, po), normalised to the asymptotic value, F,,,
characterising the plasma energy content, for the constant y case, as a function of 1/2¢,
representing the power dependence. p, = 0.33,0.66 and 1.0, ranging from more centrally
localised heating to being constant in radius. ¢ = 1.375,2.75 and 4.125 covering the range
of critical gradients and aspect ratios from conventional tokamaks to spherical tokamaks
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107 —— ¢=3.438p=0.33

€=3.438 py=0.66

0.8 —— ¢=3.438py=1.00

—— ¢=6.875p9=0.33

L 0.6 —— 6=6.875 py=0.66

= —— ¢=6.875pp=1.00
€=10.312 po = 0.33
041 —— ¢=10.312 po=0.66
€=10.312 po =1.00

0.2 1
0 5 10 15 20 25 30
Al2¢

FIGURE 4. As for Figure 3, but for the gyro-Bohm model and in terms of 2, with the
corresponding values ¢ = 3.438,6.875 and 10.313.

It is interesting to consider the special case of centrally localised heating, such as
central electron cyclotron heating (ECRH), and investigate the limit of p, — 0.
Figure 5 shows the results for a sequence p, = 0.01 to 1.0 for the constant y
case and ¢ = 1.375.

1.0 —— Case (i): épo > 1 6=1.375 pp=1.00
Case (i): ¢po > 1 ¢=1.375pp=0.90

0.9 —— Case (i): épp> 1 ¢=1.375 pp=0.80
—— Case (ii)(a): ¢po <1, po > pac ¢=1.375py=0.70

Eﬁ 0.8 —— Case (ii)(a): ¢po < 1, p0 > pac ¢=1.375 pp=0.60
= —— Case (ii)(b): épo < 1,00 < p2c ¢=1.375 po = 0.50
Case (ii)(b): ¢po < 1, po < p2c ¢=1.375 pg=0.40

0.79 —— Case (ii)(b): 600 < 1, po < p2c 6=1.375 pp=0.30
Case (ii)(b): ¢po <1, po < p2c ¢=1.375py=0.20

0.6 —— Case (ii)(b): ¢po <1, po < pac ¢=1.375py=0.10
0.00 025 050 0.75 1.00 125 1.50 1.75 2.00 —— Case (i)(b): &0 <1,po <pac ¢=1.375pg=0.01

Ar2¢

FIGURE 5. The convergence of F(i, ,C, po) to an asymptotic form for a sequence of values
of p, approaching zero (p, = 1.0 — 0.01 for the constant y model with ¢=1.375,

The impact of the modified gyro-Bohm model described in the Appendix on the
function F is presented in Fig. 6 for p, = 0.45 and ¢ = 6.875, with the y profile
parameter taking the values @ = 1 and 2; the simple gyro-Bohm (¢ = 0) and the
constant y (with the equivalent value of c) models are shown for comparison; this
also allows a direct comparison of the two basic models .
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1.0 =---== =
0.9 1
0.8 1
h\f 0.7 1
,
0.6 1
—— €=06.875pp=0.45 a=0.0
0.5 1 €¢=6.875p9=0.45 a=1
0.4 —— €=6.875pp=0.45 a=2
’ —— ¢=2.750 pp =0.45 constant y
03 L T T T T T
0 20 40 60 100

A/2¢ (A128)

FIGURE 6. The effect of the y profile parameter, « , of the improved gyro-Bohm model on
the plasma energy content F for p, = 0.45 and ¢ = 6.875 with @ = 1,and 2. The simple
gyro-Bohm case (o = 0) and the constant y case (for the equivalent value of c) are shown for

comparison.

It is also illuminating to plot how p,, p, and p5 (where appropriate) migrate as A
increases, as shown in Fig.7(a) to 7(c) for some typical situations from cases (i),
(ii a) and (ii b), respectively. These results indicate how the onset of stiffness
develops as the net heating power increases and the stored plasma energy

eventually saturates.

1.0
0.9
0.8 1
o 0.7 1
0.6 1
0.5

0.4 1

(@)
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0.6 1 Ps
0.4

0.2

(b)

1.01

0.8 1 — 01

0.6

0.4

0.2 4

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Al2¢

(©

FIGURE 7. The evolution of p;, (i), the radii where the transitions to ‘stiff> transport

occur, as functions of the parameter 1, representing the net heating power for the case of a
constant thermal diffusivity. (a) p, = 0.6, ¢ = 2.75 represents case (i); (b) p, = 0.25,¢ =
2.75 represents case (ii a); (c) po = 0.3, ¢ = 1.75 represents case (ii b). p,. is also shown.

To investigate the effect of radiative losses, we have calculated y, the fractional
reduction in A, before F falls to 90% of its value, as a function of A,
corresponding to the additional heating power, Py , as defined in egn. (11). From
eqgn. (11) this value of y can be interpreted as the fraction of impurity radiative
power, Pg.q, 10 Py (at constant Py), that is allowed before the plasma energy is
significantly reduced. This is plotted as a function of the normalised heating
power, Ay, in Fig. 8 for the gyro-Bohm model and representative values of
¢ and py (¢ = 3.438,6.875 and 10.132 with p, = 0.33 and 0.66).
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—— ¢=23.438 pp=0.33

¢=23.438 pp=0.66
0.8 1 —— €=6.875pg=0.33
—— €=6.875py=0.66

0.9 A

0.71 —— ¢=10.312 po=0.33
= 0.6 —— £=10.312 po=0.66
0.5
. /
0.3 1
5 10 15 20 25 30
Aul2¢é

FIGURE 8. Allowed fraction of impurity radiative power, y = Pg,q/Py before plasma
energy content F(Z, €, po) falls to 90% of its value as a function of Ay, which corresponds to
the heating power Py, in the case of the gyro—Bohm model: p, = 0.33 and p, = 0.66 and,
with ¢ = 3.438,6.875 and 10.312.

These results indicate how the onset of stiffness develops as the net heating power
increases and rate at which the stored plasma energy eventually saturates. Given
the results for F, one could also infer how a normalised energy confinement
time, fgraq = F(Au(1 —¥))/An, (or just F(Ag(1—7y))) varies with Ay,
indicating the variation with net heating power, P, and with y, showing the
impact of impurity radiative losses. In the absence of radiative losses, so that y =
0, this provides the basic normalised confinement time of course. However, here
we only illustrate these effects for F itself, as shown in Fig. 9 for the gyro-Bohm
transport model. The parameters chosen are ¢ =6.875 and y =
0,0.25,0.5,0.75 and 0.9. Figure 9(a) is the case Po =
0.66 and Fig.9(b)is p, = 0.33.

3.0

2.5

= 2.0

Anl2¢

(@)
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2.51

1.0+

Anl2é

(b)

FIGURE 9. The effect of the impurity radiation fraction, y = Pg,q/Py,0n the normalised
energy content, F(4, & po), Withy, representing the heating power, Py, and A=
Au(1 —y) representing the net heating allowing for impurity radiation, for the gyro-Bohm
model with ¢ = 6.875and y =0, 0.2,0.7and 0.9 for: (a) po = 0.33 and (b) p, = 0.66

6. Discussion and Conclusions

We have explored the effect of the onset of stiff temperature profiles on the
plasma energy and energy confinement time as the net heating power, i.e., the
difference between the applied heating power and the radiated power, increases
and deduced how impurity radiation energy losses affect these results.

Two models for transport in any diffusive regions of the radial profile are
considered: constant y and gyro-Bohm, though a modified gyro-Bohm model
which incorporates an additional radial profile factor is discussed in the
Appendix; density is taken to be constant in radius, r. The net heating profile is
‘box-like’: constant for r < 1y and zero beyond (¢, = ry/a = 0.33,0.66, 1.0 are
taken as representative of more or less localised heating, respectively; for the case
of central ECRH, it may be narrower of course, and is investigated separately. An
H-mode edge pedestal temperature is taken, implying the heating power exceeds
the L-H threshold value [ITER Expert Groups on Confinement and Confinement
Modelling and Database, 1999, Doyle et al., 2007].

The condition for the onset of stiffness in the temperature profile is given by
dInT /dr = —c/R, where typically c~4 — 6 . For the constant y case this leads
to a more useful normalised parameter, ¢ = ca/R; for the gyro-Bohm case this
is replaced by ¢ = 5ca/2R. We can expect ¢ to range from about 4/3to 4 as a/R
ranges from 2/3 for an ST to 1/3 for a more conventional tokamak;
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correspondingly ¢ ranges from about 10/3 to 10 for the gyro-Bohm model. Thus,
we see STs are more resilient to stiff profiles.

We have considered how the plasma energy content varies as the heating power
increases. We have defined a quantity F , the normalised plasma energy Wro: =

6m?R foa nT rdr, is relative to the pedestal energy, Wpoq = 3m*nT,Ra?. The net
heating power is parametrised by a quantity A = Pré/ny,T,(or A = 5Pr¢/
2ny,T, for the gyro-Bohm case). To interpret this more physically, we can re-
write 4 in terms of macroscopic quantities:

1= EPTotTCond, (93)

2 Wped

where P is the total net heating power (i. e., subtracting the total core radiation
loss power) and Tcong = a%/xo (Or a?/x, for the gyro-Bohm model, where
Aisreplaced by A ) is a confinement time corresponding to the thermal
conduction mechanism.

We have explored how the function F responds to A or 4, as appropriate. In fact,
to unify the results on a single plot, it is useful to consider F = F/F,,, where
F = 2€¢/8% — 2(1 + ¢)/¢?, the value of F as A — oo, as a function of A =
1/2¢; here the onset of stiffness at the plasma edge corresponds to A = 1. Note

A= /T, at given values of P and c , where /T, is the corresponding quantity for
the gyro-Bohm model, so the same scale can be used to compare the dependence
on net heating power. The functions F are parametrised by p, and ¢ (or ¢, as is
appropriate to the gyro-Bohm model). Furthermore, they take different forms for
po€ > 1 (case (i) or po¢ < 1 (case (ii)). In fact, case (ii) sub-divides according
as to whether py > p,.(€) (sub-case (a)) or py < p,c(¢) (sub-case (b)], as
explained in Fig.1; p,c(¢) as a function of ¢ is shown in Fig. 2. These cases
correspond to different regions experiencing the onset of stiffness. In case (i) this
begins at the plasma edge, in case (ii a), a second, interior, region subsequently
emerges about p,, whereas in case (ii b) it appears there first.

Results for F (&, p,, 1) are presented in Fig. 3 for the constant y model and in
Fig. 4 for the gyro-Bohm one (with appropriate re-definitions), for a physically
reasonable range of the parameters. For the constant y model this involves
encountering all three cases, whereas for the gyro-Bohm model, only case (i)
generally occurs. The result of allowing p, « 1, relevant to central ECRH, is
shown in Fig. 5 for the constant y model. Figure 6 shows the impact of the profile
parameter a of the improved gyro-Bohm model, described in the Appendix, on
the plasma energy content (note that this plot is for F/F,,; F itself is proportional
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to a further factor (1 + «)). Increasing « (i.e. broadening the y profile) makes
the onset of stiffness progressively somewhat smoother than the simple gyro-
Bohm case; the constant y case (for the equivalent value of c) is sharper than the
simple gyro-Bohm.

For the constant y model, we show in Figs. 7(a) —(c) how the regions of stiffness
(defined by up to three transition radii, p;, p, and p3) evolve in relation to p, for
representative values of ¢ and p, . Here p; represents the onset of a stiff region
at the edge, while p, and p; define the limits of an interior stiff region. As the
input power increases, i.e. A increases, p; (or p; if appropriate) approaches zero
asymptotically, so that F — F,,, corresponding to a completely stiff profile. At
low values of A, before stiffness sets in, F takes the value unity, corresponding
to the pedestal energy value, plus a linear dependence on A for the constant y
model, before saturation eventually sets in, whereas for the gyro-Bohm model, it
has a more complex dependence: linear in A at first, increasing as A%/° at larger
A, before saturation starts to occur. The stiffness onset, which occurs when 1 =
2¢ (or A = 2¢) is also more gradual for the gyro-Bohm model. However, the
variation of F with A4 at the onset of stiffness becomes sharper as the heating
becomes more localised. This is emphasized by allowing p, = 0; Fig. 5 shows
how the onset of stiffness becomes sharper and sharper, approaching an
asymptotic limit.

One can also define a normalised energy confinement time, . Since

Tg = %F@' ¢,00), (94)
eqn. (93) implies Tg(Ay) = 3TconaF (4, €, 00) /22y , Where Ay represents just the
applied heating power. Thus, we define Tg(Ay) = F(4, ¢, 00)/Ay. If no impurity
radiation is present, so that A =Ay, 1 represents the normal confinement time.
Itis in fact clearer to show just F (4, ¢, 0o); examples for the more realistic gyro-
Bohm transport model are illustrated in Fig. 9, where the y = 0 case (y =
Arad/Au) shows the power dependence of the plasma energy content predicted
by the modelling. For the energy confinement time itself, this case reflects the
effects of diffusive transport at intermediate values of 1y leading to a /1;{3/ 5power
dependence, as anticipated for gyro-Bohm transport, with a sharper inverse power
dependence as stiffness sets in, eventually varying like 1/1y.

The pedestal energy may also have some power dependence, but we only make
some brief comments on that here. The pedestal energy appears to increase with
higher values of Bp.;, the poloidal beta [Chapman et al., 2015, Connor et al.,
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2016]; indeed a scaling Tpeq o By’ was found [Kirk et al., 2009, Maggi et al.,
2016]. This would imply W o F2, but the situation may be more complex.

The results for F(4,¢,0,) can also be used to infer the effect of Pr,q On the
plasma energy and confinement. For a given level of heating power, Py,
introducing the impurity radiative losses can be expected to diminish the plasma
energy. The amount can be quantified by seeing the effect on F(4,¢,0,) by
reducing A from Ay (defined in terms of just Py)to Ay(1 — Praa/Py) at
constant 1. To be precise, we consider what reduction in A from 1, to 4,, say,
reduces F (4, ¢, 04) by 90% as a function of A = 1. The quantity 61 = Ay — 4,
then represents Araq = 3PradTcona/2Wpedq, Which determines the acceptable
radiative power. Thus, this value of y = Ag.q/Ay at fixed Ay is equivalent to
the ratio of the acceptable level of radiative power relative to the heating, as a
function of the latter. Figure 8 shows the variation of y (at fixed Ay) with Ay for
the more realistic gyro-Bohm y model. Clearly the results are rather insensitive
to the width of the heating profile, but the radiative losses have a much greater
effect on the plasma energy content at the larger values of ¢. Figure 9 shows the
equivalent impact of various levels of y on the normalised plasma energy content,
F, as a function of A, showing how it moderates at the larger values of the
heating power.

It is useful to fit these numerical results with a simpler analytic form that describes
the effect of heating power on confinement. We construct a form for F that
correctly recovers the linear form of the analytic, small A expansion of eqn.
(84), merges into the A2/5 form, characteristic of gyro-Bohm transport, at
somewhat larger values, before starting to saturate after the onset of critical
gradients at A = 2¢. Eventually, it reaches the large A, asymptotic limit in egn.
(92). A reasonably good fit is

a R
{F3l1-2{1-p§)npd] +b (Foo-1)2%/2]
1+a23/5+p13/2

where a and b are fitting parameters, dependent on ¢ and g,.

Figure 10 shows a comparison of the fit (95) with the form of egns. (85), (87) and
(90) for the parameters of Fig. 4 for optimised values of a and b. For given values
of ¢, a and b depend on g, as shown in Fig. 11, where the mean square errors
characterising the ‘goodness of fit’ are also shown. Thus, the fit (95) for the
plasma energy content includes a dependence on the heating profile. The
dependence on the critical gradient parameter, ¢, is complicated, but for a given
stiff transport mode this value is well defined.
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FIGURE 10. Comparisons of the fit function (94) for F(1/2¢, ¢, py) with the
numerical results for the gyro-Bohm mode for p, = 033, 0.66 and 1.0, with ¢ =
3.438, 6.875 and 10.313. The values of p, are common in each column and
increase from left to right and the values of ¢ are common in each row and increase
from top to bottom.
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FIGURE 11. The variation of the coefficients a and b used in the fitting function (94) with
po for ¢ = 3.438, 6.875 and 10.313. The left-hand column is for a, the middle column for b
and the right-hand column shows the mean square error in the fits. The values of ¢ are common
in each row and increase from top to bottom.

Since 4 = A4 (1 — ), eqn. (95) also shows how impurity radiative losses affect
confinement. The resulting confinement time scaling follows from Tggaq =
F()\H(l - y))/)LH. This expression could be helpful in DEMO studies [Lux et al.,
2015, Lux et al., 2016].

So far, we have emphasized the effect of input power on the scaling of F and 7,
but the dependence on other machine parameters, such as appear in a typical ITER
confinement scaling [Doyle et al., 2007] or ST scaling [Buxton et al., 2019],
namely magnetic field, B, plasma current, I, R, n, R/a, etc., would follow from
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introducing such dependencies into the thermal diffusivity at the pedestal top, x,.
For the gyro-Bohm model one would expect

73/2

ro~ o (32) £ (%a ). (96)

where na/T? represents a possible collisionality dependence, p is some power
and f is a function of geometry, such as inverse aspect ratio, a/R, and the safety
factor, g [Connor, 1988]. Thus, for given values of Wp,; and T,, geometry and q,

B%2a37P
ni+p 4

1«

(97)

which can be introduced into egn. (95), leading to an additional fitting
parameter, p , but covering a range of B, a and n . The results of such extensions
could then be compared with global confinement databases [Doyle et al., 2007],
optimising the choice of the parameters a and b, or relating them to the
experimental values of the heating profiles and critical gradients. However, the
issue of the pedestal energy remains to be resolved.

To briefly summarise, our principal findings are:

(i)  Theradial regions that first experience the onset of stiff transport are
dependent on the heating profile and transport model and STs are
more resilient to this onset occurring.

(i)  The heating power dependence of the plasma energy content that
takes account of the gradual onset of stiff transport (from which one
can readily deduce the energy confinement) has been calculated.

(ili) An algebraic expression for this power dependence has been
developed and it reflects the nature of the heating profile.

(iv) The extent to which impurity radiation losses impact on the energy
confinement and modify the scaling law in the presence of stiff
transport has been quantified.

This modelling could be improved while still retaining a similar calculation,
though at the cost of more algebraic complexity, by (i) allowing an additional
radial dependence in the thermal diffusivity, as in the example in the Appendix,
and (ii) allowing the impurity radiative loss to occur in a region of different width
to that of the heating power, though still assuming both are box-like. Indeed, in
the transport code simulations of Fable et al., 2019, it was found that the effect of
impurity radiation on confinement was most reduced if the heating, due in that
case to fusion reactions peaked on axis, was separated from an outer radiating
zone. Realistic radial profiles for these quantities could be addressed using the
type of modelling presented here, using numerical solutions provided by a
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transport code. However, the present calculation indicates, by allowing us to
study in detail the properties of the analytic solutions, the care needed to monitor
where the onset of critical gradients, arises, which we have seen can occur in
distinct radial regions of the plasma as the heating profile changes.

One of us, J W C, acknowledges valuable and stimulating discussions with Drs P
Buxton, A Costley and S McNamara of Tokamak Energy, who brought this
problem to my attention.
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Appendix. Improved gyro-Bohm Transport Model

It is more realistic to supplement the simple gyro-Bohm scaling y~t3/? with an
additional, radially increasing factor. We take
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(1+a9 )

X ="——"Xa(1+ag®r

3/2
(1+a) !

(A1)

with @ an 0(1) constant. This change implies that, for most reasonable
parameters the onset of stiffness starts from the plasma edge and migrates steadily
inwards, as in case (i) studied previously. Thus, this is the situation for « = 2 and

po > 1/4 for example.

The analysis proceeds as before, with the transport equation becoming

1d
pdp

A(1+a)

2 l

Po

(Pt + ao?r¥2 ) = -

so that we can again solve for u = t5/2/(1 + a).

Before stiffness sets in, the solution is

U=uy—; P < po

and

_ 42 0%(1+a)
u=1 4ln((1+a92))’ p=Po

Matching egns. (A.1) and (A.2) at p, yields

_q_2 pi+) 1 ((+ae?)
u=1-7 <ln <(1+ap5)) + apol <(1+ap(2,))>’ P <po

As 1 increases, stiffness sets in at p = 1, when

I1=1" =2¢1+a),
when u is given by

u=eU"P : 1>p>p ,
with p, determined by
A =2¢p;(1+ ap?)ec=ru)
Then, for po < p < p; ,

u= ec_(l_pl) — ZIH (M)

4 \pi(1+ae?)

and, for p < py,

— of-pp) _ A pi(1+apf)\ | 1 . ((+ae?)
u=e 1 4<ln (p%(1+apg) +ap(2) In ard)) )

(A2)

(A3)

(A4)

(A5)

(A.6)

(A7)

(A.8)

(A.9)

(A.10)
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When p; < p, , which occurs when

T= 1% = 26p,(1+ apg)ec(=ro,
we have
u=e1"P; p<p<i

and

= c(1-p1) _i w .
u € 1 4'an In ((1+apf) y P < P1;

where p, is now determined by
/T% = 2¢po(1 + ap?)ec=Fu)
0
These expressions can be used to construct

1
F=2(1+a)* [ pu*>(p)dp ,

which involves integrals of the type

A 7\ _ (1+af)2/5ug/5 1+ap}
) -

a 1

— 2/5 2/5 2 2
A 1 /(1+a)d 4apgug 7 4apguo
™) L) e (25 (2.

In(1+ apf)) -T (E,‘“"’;ﬂ)],

F'z (Pj,pk,ul,a ,%) =

ﬂk(1+a) 3 2
7/5 1+apk ( _i )5
1+a) fp 2(1+a) (1+a ocy)2 4u, Iny !

(“’“‘71)

which needs numerical integration and, as before,

Fs(pj, ) = % [(1+ 6pj)e5 (1=Pj) — (1 + épy)e’ (a-pw)],

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

where we emphasize ¢, rather than ¢, re-appears. Thus, we obtain for A < /TS)
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.y _ A (PGt _ L 2 A
F=F (po, 1 " [ln ((1+ap§)> o In(1+ apo)] ,Q, 4ap§) +

By (po, 11— 2In(1 + a), a%) (A.19)

For 1V <1<1®

~ _ 7 2 2 —
F=f (,Jo,ecu_po _£<1n (Bertd) - Lo+ apg))> 4) +

) a’
4 pi(1+apg)) ap§ 4ap}

2
1

A S(1— p) 1+ap} p)
By (porpr, 20 —1in (C552) 0, 2) + Fy(p1,1). (A.20)

Finally, for 1 > 1%,

- S1— 2 p
F=F (pl’ecu 1) 4 el (G ap?)), a,m) +F(p,1). (A.21)

However, given that F, needs to be evaluated numerically, it is more
straightforward to evaluate F directly from egn. (A.15) using the appropriate
expressions for u(p).
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