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Abstract 

Parametric dependencies of the linear stability of toroidal Alfvén eigenmode (TAE) in the presence of neutral beam 

injection (NBI) are investigated to understand the beam drive and damping effect of TAEs in JET and KSTAR. It is found 

that the results depend on the drift orbit width of the beam-ions normalized to the characteristic mode widths. In addition, 

an analytic expression of the linear growth rate of TAE driven by ion cyclotron resonance heating (ICRH) fast ions is 

derived. The developed model is applied to the linear stability analysis of a time-varying JET discharge where both the 

beam damping and the drive were observed with NBI and ICRH. It can successfully reproduce the experimental 

observations in spite of simple approximations such as slowing-down distribution for beam-ions and bi-Maxwellian for 

ICRH fast ions. We note that strong interaction of TAE with beam occurs in plasmas with rather high density with 𝑛𝑙 ≳

𝐵0
2/9𝜇0𝑀𝑖𝑣0

2 favorable for the resonance condition, 𝑣0 > 𝑣𝐴/3. The developed model can allow fast estimation of the 

linear stability of TAEs, so it should be useful for optimizing the scenarios and feedback control. 

 

1. Introduction 

Many energetic ions such as alpha particles from the fusion reaction of deuterium-tritium (DT) plasmas as well as those 

generated by auxiliary heating, neutral beam injection (NBI) and ion cyclotron resonance heating (ICRH) can be present 

in magnetic confinement fusion devices such as tokamak. In ITER, a 1 MeV NBI system is supposed to be installed, and 

the 3.5 MeV alpha particles will be produced from the DT fusion reaction, resulting in generation of plentiful super-

Alfvénic ions. 

Toroidal Alfvén eigenmodes (TAEs) are discrete modes in the gap structure generated by the mode coupling of 

poloidally adjacent shear Alfvénic modes in toroidal geometry which are weakly damped in the absence of energetic ions 

[2,3]. Super-Alfvénic ions mentioned above can be a free energy source which destabilize TAEs with a wave-particle 

interaction [4]. This interaction between energetic ions and shear Alfvén waves inevitably leads to the radial transport of 

resonant energetic ions, potentially resulting in a significant wall damage and degradation of the performance of plasmas. 

The observations of the fast ion losses due to Alfvénic activity have been reported in various devices such as DIII-D [5], 

TFTR [6], JET [7,8], ASDEX-U [7,9] and KSTAR [10,11]. Therefore, it is essential to understand the physics of stability 

of AEs in a tokamak to obtain high performance of plasmas with enhancing energetic ion confinement in JET DT discharges 

as well as in ITER. 

In various present tokamaks, it has usually been observed that beam-ions born by NBI induce the TAEs. On the 

contrary, in TFTR [12] and JET [13], it was found that the beam-ions damp TAEs (driven by other mechanisms, not NBI) 

even with the negative gradient of the beam pressure which is known to be the free-energy source of the modes. Therefore, 

it is important to find out under what conditions, the beam can drive or damp TAEs for the prediction of the effect of NBI 

on the mode stability in future tokamaks. Analytic estimation of the energetic ions’ effect on TAE stability was first carried 

out by Fu and Van Dam [14], by deriving the interaction between TAE and alpha particles from the linearized drift kinetic 

equation. Later, the finite orbit width (FOW) effects for various orbit width regimes were revealed which have the 

stabilizing effect of TAE drive and different dependence of the mode number [15–17]. Although these analytic theories 

adopt simple assumptions, they provide us physics insight to figure out the parametric dependence of the linear stability of 
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TAE without relatively time-consuming MHD or gyrokinetic codes. 

In this study, we use these analytic expressions of the linear growth rate of TAEs to analyze the parametric dependence 

of the mode stability in the presence of beam-ions and for application to stability analysis of TAEs in a JET discharge. In 

section 2, we describe a set of the formulas of the linear growth rate of TAEs, including new modeling of the ICRH fast 

ion interaction with modes for JET application. Parametric dependence of the beam-ion property on their interaction with 

TAEs is discussed in section 3. In section 4, we will apply the analytic formulas to a time-evolving JET plasma. In addition, 

the contribution of alpha particles to TAEs in JET DT plasmas is predicted in section 5. Finally, conclusions will be drawn 

in section 6. 

 

2. Interaction of TAE with particles 

The stability of the modes is quantified by the linear growth rate, 𝛾 , which can be expressed by a summation of all 

contributions of the interacting species, in the following form, 

𝛾

𝜔
≃ (

𝛾

𝜔
)
𝛼
+ (

𝛾

𝜔
)
𝑁𝐵
+ (

𝛾

𝜔
)
𝑅𝐹
+ (

𝛾

𝜔
)
𝑖
+ (

𝛾

𝜔
)
𝑒
, (1) 

where 𝜔 is the real frequency. The terms in the right-hand side are the linear growth rate by fusion alpha particles, beam-

ions from NBI, fast ions from ICRH, bulk ions, and electrons, respectively. Here, we focus on the flat and broad gap 

structure to study the TAE interaction with particles only, so the continuum damping [18,19] and the radiative damping 

[20] are not considered. 

With the expressions derived from the analytic theories for each term in equation (1), we can check the linear 

stability of TAEs without consuming lots of computational loads by using MHD or gyrokinetic codes to estimate the mode 

stability. For this reason, this method using the analytic formulas has been used for predicting the mode stability in the 

global region with diverse conditions in ITER [21,22] or analyzing the time-evolution of the quasilinear interaction of 

energetic ions with TAE in time-varying heating and transport situations [23]. However, most of studies consider the mode 

drive only by the energetic ions, without considering the damping contribution by them. In this study, we consider both the 

mode drive and damping by energetic ions to describe the TAEs disappearing by NBI in JET, and model the ICRH fast ion 

interaction with the modes for the ICRH-driven TAEs. 

 

2.1. Interaction of TAE with NBI or alpha particles 

Beam-ions from NBI or alpha particles from DT fusion reactions can interact with TAEs at the resonant velocity, 𝑣∥ =

𝑣𝐴/|2𝑠 − 1|, where 𝑣∥ is the parallel velocity of the particle, 𝑣𝐴 the Alfvén velocity, and 𝑠 = 0,±1,±2… the integer 

resonance number. It is important to notice that the theory of this wave-particle interaction varies greatly depending on a 

key dimensionless parameter 𝛥𝑏/𝛥𝑚
(𝑜)

 which determines different radial structures of the mode. Here, 𝛥𝑏 ≃ 𝑞𝑣∥/𝜔𝑐 (for 

passing particle) is the drift orbit width of energetic ions with 𝑞 the safety factor and 𝜔𝑐 the cyclotron frequency. 𝛥𝑚
(𝑜) =

𝑟/𝑚 ≃ 𝑟/𝑛𝑞 is the outer mode width with 𝑟 the location of the mode in minor radius, 𝑚 the poloidal mode number, 

and 𝑛 the toroidal mode number. The drive and the damping rate of TAE by beam-ions can be expressed as [17] 

(
𝛾

𝜔
)
𝑁𝐵

𝑑𝑟𝑖𝑣𝑒

= −𝑞2𝛽𝑏
𝜔∗𝑏
𝜔
(1 + 𝑐𝑜𝑠2 𝜃0)

2∑𝐶𝑜𝑤,𝑠
𝑁𝐵

𝑠

 (2) 

and 

(
𝛾

𝜔
)
𝑁𝐵

𝑑𝑎𝑚𝑝

= −3𝑞2𝛽𝑏(1 + 𝑐𝑜𝑠
2 𝜃0)

2∑
𝐶𝑜𝑤,𝑠
𝑁𝐵

𝑦𝑠
2

𝑠

 (3) 

where 



𝐶𝑜𝑤,𝑠
𝑁𝐵 =

{
 
 
 

 
 
 
3𝜋

4
𝑦𝑠
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(𝑖)

4𝛥𝑚
(𝑖)

𝜁𝑝
𝑦𝑠
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(𝑖) ≪ 𝛥𝑏 ≪ 𝛥𝑚
(𝑜)

24𝛥𝑚
(𝑖)𝛥𝑚

(𝑜)2

𝜁𝑝
3

𝑦𝑠𝜂(1 − 𝑦𝑠)               𝛥𝑏 ≫ 𝛥𝑚
(𝑜)

 (4) 

is the coefficient including the orbit width effect which varies with the beam-ion orbit width. 𝛽𝑏 =
𝑃𝑏

𝐵0
2/2𝜇0

 is the toroidal 

beta of the beam-ions with 𝑃𝑏  beam pressure, 𝐵0 the toroidal magnetic field, and 𝜇0 the vacuum permeability. 𝜔∗𝑏 =
𝑛𝑞𝑣0

2

𝑟𝜔𝑐

𝜕 ln𝛽𝑏

𝜕𝑟
 is the diamagnetic frequency of the beam-ions, cos 𝜃 = 𝑣∥/𝑣 is the pitch angle variable of the beam-ions, 

cos 𝜃0 is the birth pitch angle, 𝑦𝑠 = 𝑣𝐴/|2𝑠 − 1|𝑣0 cos 𝜃0 is the resonance parameter with 𝑣0 birth beam velocity, 𝜂(𝑥) 

is Heaviside step function, 𝛥𝑚
(𝑖) =

5𝜋

16

𝑟2

𝑚𝑅0
 (≃ 𝜖𝛥𝑚

(𝑜)) is the inner mode width with 𝑅0 the major radius at the magnetic 

axis, 𝜖 = 𝑟/𝑅0, and 𝜁𝑝 = (1 + cos2 𝜃0)𝑞𝑣0/(𝜔𝑐 cos 𝜃0). Here, beam-ion distribution is assumed as a strongly anisotropic 

slowing-down distribution, 𝑓0 =
3𝛽𝑏𝐵0

2

2𝜋𝜇0𝑀𝑏𝑣0
2

𝜂(𝑣0−𝑣)

𝑣3
𝛿(cos 𝜃 − cos 𝜃0). 

For passing alpha particles with the isotropic slowing-down distribution (𝑓0 = 𝐴
𝜂(𝑣0−𝑣)

𝑣3
), we can express the drive 

and the damping term as in [17] 

(
𝛾

𝜔
)
𝛼

𝑑𝑟𝑖𝑣𝑒

= −𝑞2𝛽𝛼
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 (5) 

and 

(
𝛾

𝜔
)
𝛼

𝑑𝑎𝑚𝑝

= −3𝑞2𝛽𝛼∑𝐶𝑜𝑤,𝑠
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where 

𝐶𝑜𝑤,𝑠
𝛼 =

{
  
 

  
 
𝜋

16
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(𝑖)

𝛥𝑚
(𝑖)

3𝛥𝑏0
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(𝑜)
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2𝛥𝑏0
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(𝑜)

 (7) 

is the coefficient for the linear growth rate by alpha particles including the orbit width effect. 𝛽𝛼 =
𝑃𝛼

𝐵0
2/2𝜇0

 is the toroidal 

beta of the alpha particles with 𝑃𝛼  the alpha pressure, 𝜔∗𝛼 =
𝑛𝑞𝑣𝛼

2

𝑟𝜔𝑐

𝜕 ln𝛽𝛼

𝜕𝑟
  is the diamagnetic frequency, 𝑦𝑠 =

𝑣𝐴/(2𝑠 − 1)𝑣𝛼 is the resonance layer parameter with 𝑣𝛼 the alpha birth velocity, and 𝛥𝑏0 = 𝑞𝑣𝛼/𝜔𝑐 is the alpha orbit 

width at the birth velocity. 

Here we note that the expressions for alpha particles are valid for 𝑦𝑠 > √2𝜖, and become identical with those in 

[24] for the zero orbit width (ZOW) limit (𝛥𝑏 ≪ 𝛥𝑚
(𝑖)

). As the normalized fast ion orbit width 𝑥𝑜𝑤 ≡ 𝛥𝑏/𝛥𝑚
(𝑜)

 increases, 

the coefficients of the linear growth rate, (4) and (7) become significantly reduced by a scale of 1/𝑥𝑜𝑤  in 𝜖 ≪ 𝑥𝑜𝑤 ≪

1 and 1/𝑥𝑜𝑤
3  in 𝑥𝑜𝑤 ≫ 1. This scaling indicates that the TAE interactions with energetic ions including both the drive 

and the damping effect become smaller in the large-orbit width regime. Furthermore, since 
𝑑𝑟𝑖𝑣𝑒

𝑑𝑎𝑚𝑝𝑖𝑛𝑔
~
𝜔∗

𝜔
∝

𝛥𝑏

𝛥𝑚
 [15], the 

fast ion orbit width determines the role of the resonant ions (driving or damping) on the mode, which will be discussed in 

detail in section 3. 

 

2.2. Interaction of TAE with ICRH fast ions 



In JET, TAEs are usually driven by ICRH fast ions, showing different properties from NBI-driven modes in other devices. 

ICRH fast ions are strongly anisotropic with 𝑇⊥ > 𝑇∥, so their resonance mechanism with TAE is quite different from 

passing particles like beam-ions. The TAE resonance condition for trapped ions is 

𝜔 − 𝑠𝜔𝑏 − 𝑛𝜔𝐷 = 0 (8) 

where 𝜔𝑏 is the bounce frequency and 𝜔𝐷 is the precessional drift frequency of the trapped particles. 𝑠 is the resonance 

harmonic number mentioned in section 2.1 and 𝑛 is the toroidal mode number. This condition determines the resonance 

velocity condition for trapped particles, 𝑣 = 𝑣1 ≡ −√
𝜖

2

𝑟𝜔𝑐

𝑛2𝑞2
+ √(√

𝜖

2

𝑟𝜔𝑐

𝑛2𝑞2
)
2

+
𝑟𝜔𝑐𝑣𝐴

𝑛2𝑞2
 [17]. 

Since the drift orbit width of the well trapped resonant ion, 𝛥𝑏,𝑡|𝑟𝑒𝑠 ≃ 2√2𝑞𝑣1/√𝜖𝜔𝑐, is much greater than that of 

the passing ion, it is relatively easy to exceed the outer mode width, 𝛥𝑚
(𝑜)

. For the typical values of ICRH fast ions in JET 

and ITER, one can check that 𝛥𝑏,𝑡/𝛥𝑚
(𝑜)~10, so we should adopt the nonlocal theory for the 𝛥𝑏 ≫ 𝛥𝑚

(𝑜)
 regime. In this 

regime, the linear growth rate of TAE by the trapped ions can be obtained from [17] 

𝛾

𝜔
≃
256𝜋𝜇0√2𝜖𝑞

3𝑛𝑀𝑓𝑣1
6

𝐵0
2𝑟𝜔𝑐𝐷1

𝐽0
2 (
𝑚𝑣1
𝑟𝜔𝑐

)∫ 𝜅2𝑑𝜅2
𝛥𝑚
(𝑖)𝛥𝑚

(𝑜)2

𝛥𝑏,𝑡
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𝜔

𝜔∗
− 1)

𝜕𝑓0
𝜕𝑟
|
𝑣=𝑣1

𝜅𝑚𝑎𝑥
2

0

 (9) 

with 𝑀𝑓 the mass of the resonant ions, 𝐽0(𝑥) the 0th-order Bessel function of the first kind, 𝜅 the trapping parameter 

(𝜅2 < 1 for trapping), 𝛥𝑏,𝑡 = 2√2𝑞𝜅𝑣/√𝜖𝜔𝑐 the orbit width of the trapped ions, 𝑓0 the distribution function of the fast 

ions, 𝜔∗ =
𝑛𝑞𝑣

𝜔𝑐𝑟

𝜕𝑓0/𝜕𝑟

𝜕𝑓0/𝜕𝑣
, and 𝐷1 =

𝑛𝑞𝑣1

𝑟𝑅0𝜔𝑐
+

1

𝑞𝑅0
√
𝜖

2
. Here, the term of the radial gradient of the distribution 

𝜕𝑓0

𝜕𝑟
 is a driving 

source while 
𝜔

𝜔∗

𝜕𝑓0

𝜕𝑟
∝

𝜕𝑓0

𝜕𝑣
 is a damping term. 

If we determine the distribution function of the trapped fast ions, the linear growth rate from their wave-particle 

interaction can be calculated. To model the ICRH-driven TAE, we assume the distribution function for the ICRH fast ions 

as a bi-Maxwellian with 𝑇⊥ > 𝑇∥, 

𝑓0 =
𝑛𝑓

𝑇⊥√𝑇∥
(
𝑀𝑓

2𝜋
)

3
2
exp [−

𝑀𝑓𝑣∥
2

2𝑇∥
] exp [−

𝑀𝑓𝑣⊥
2

2𝑇⊥
] (10) 

where 𝑛𝑓 is the ICRH fast-ion density, 𝑇∥ and 𝑇⊥ are the parallel and the perpendicular temperature of the fast ions, 

respectively. It is more realistic to use a distribution function presented in [25] which includes a property of the ICRH fast 

ion accumulation near the passing-trapping boundary. In this study, however, we adopted bi-Maxwellian expressed with 

variables that can be obtained by ICRH modeling codes to make it analytically integrable the integrand in equation (9). 
For more sophisticated estimation, it is required to calculate numerical integration using another distribution form. 

Substituting the distribution function (10) into (9), we obtain the TAE drive and the damping rate by ICRH fast ions for 

𝛥𝑏 ≫ 𝛥𝑚
(𝑜)

 regime, 

(
𝛾

𝜔
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𝑅𝐹
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with 𝜁𝑡 = 2√2𝑞𝑣1/√𝜖𝜔𝑐 , 𝑣𝑇∥,⊥ = √𝑇∥,⊥/𝑀𝑓 , 𝐹𝑟𝑓(𝑥⊥, 𝑥∥) =
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𝑛𝑓〈𝑇𝑓〉

𝐵0
2/2𝜇0

  is the toroidal 

beta of ICRH fast ions with 〈𝑇𝑓〉 =
1

3
(𝑇∥ + 2𝑇⊥) ≃

2

3
𝑇⊥ for 2𝑇⊥ ≫ 𝑇∥. 



For the case that the orders of magnitude of the dimensionless functions 𝐹𝑟𝑓 and 𝐺𝑟𝑓 are same, we see that  

|
𝛾𝑅𝐹
𝑑𝑟𝑖𝑣𝑒

𝛾𝑅𝐹
𝑑𝑎𝑚𝑝| ~

𝑛𝑞2

𝐿𝑝𝑓

𝑅0𝑣1
2

𝑟𝜔𝑐√𝜖𝑣𝐴
~

1

𝜖3/2
𝛥𝑏,𝑡

𝛥𝑚
(𝑜)
≫ 1 (13) 

with 𝐿𝑝𝑓 = |
𝛽𝑓

𝜕𝛽𝑓/𝜕𝑟 
|  the pressure scale length for the fast ions and approximation of 𝑣1 ≃ 𝑣𝐴/√2𝜖 . This ordering 

indicates that the ICRH fast ions in this regime have a role of destabilizing rather than damping TAEs, in agreement with 

the experimental observations in JET. 

 

2.3. Dissipation of TAE in a tokamak 

One of the main damping mechanisms of TAEs driven by energetic ions is Landau damping by bulk ions. The damping of 

TAEs by bulk ions is very sensitive to the ion temperature with exponential dependence, which can be expressed as [24] 

(
𝛾

𝜔
)
𝑖
= −

√𝜋

2
𝑞2𝛽𝑖𝑥𝑖(1 + 2𝑥𝑖

2 + 2𝑥𝑖
4)𝑒−𝑥𝑖

2
. (14) 

Here, 𝛽𝑖 =
𝑃𝑖

𝐵0
2/2𝜇0

 is the toroidal beta of the thermal ions with 𝑃𝑖  the thermal ion pressure and 𝑥𝑖 =
𝑣𝐴

3√2𝑇𝑖/𝑀𝑖
 with 

𝑇𝑖  the ion temperature and 𝑀𝑖 the main ion mass. Landau damping by electrons is assumed to be subdominant here due 

to their high thermal velocities. 

The collisional damping of the trapped electrons can be another effective damping mechanism [26,27] 

(
𝛾

𝜔
)
𝑒
= −√

𝜈𝑒
𝜔
(3.9𝛽𝑒𝑞

2 + 0.44 (
𝜌𝑠𝑚

𝑟
)
2

) [ln(16√
𝜖𝜔

𝜈𝑒
)]

−
3
2

 (15) 

where 𝛽𝑒 =
𝑃𝑒

𝐵0
2/2𝜇0

  is the toroidal beta of the electrons with 𝑃𝑒  the electron pressure, 𝜈𝑒  is the electron collisional 

frequency, and 𝜌𝑠 = 𝑐𝑠/𝜔𝑐 with 𝑐𝑠 the ion sound speed. 

Continuum damping [18,19] and radiative damping [20] of TAEs can also become significant. In this study, we focus 

on a favorable gap structure with a flat q-profile which minimizes those damping processes, so those mechanisms are not 

included in the computation. Nonlinear behaviors are also not considered which lead to the mode saturation by the change 

of the distribution of the energetic particles trapped in waves [28] or the interactions among the modes with different mode 

numbers [29–31]. These nonlinear evolutions can be important because it can destabilize linearly stable modes by mode 

interactions, but we only consider the linear stability here for simplicity. 

 

3. The parametric criterion of beam drive/damping of TAE 

As we expressed in section 2.1, energetic ions have both the effects of the drive (by 𝜕𝑓/𝜕𝑟) and the damping (by 𝜕𝑓/𝜕𝑣) 

of TAEs. In JET plasmas, TAEs are usually damped by beam-ions (𝛾𝑁𝐵
𝑑𝑟𝑖𝑣𝑒 < 𝛾𝑁𝐵

𝑑𝑎𝑚𝑝
) when strong NBI is injected, while 

they are driven by the beam-ions in other devices such as KSTAR (𝛾𝑁𝐵
𝑑𝑟𝑖𝑣𝑒 > 𝛾𝑁𝐵

𝑑𝑎𝑚𝑝
 ) even with the same resonance 

condition 𝑣∥ = 𝑣𝐴/|2𝑠 − 1|. In this section, we try to find out which parameter plays a key role to determine the magnitude 

of the ratio between the mode drive and the damping by beam-ions. 

The ratio of drive to damping of TAEs by energetic ions is proportional to 𝜔∗𝑓/𝜔 as is well known, and it can be 

shown to be proportional to the normalized beam-ion orbit width, 

|
𝜔∗𝑓

𝜔
| =

1

𝜔
|
𝑛𝑞𝑣∥
𝜔𝑐𝑟

𝜕𝑓/𝜕𝑟

𝜕𝑓/𝜕𝑣∥
|
𝑣∥=𝑣𝐴/|2𝑠−1|

≃ (
2

3|2𝑠 − 1|

𝑅

𝐿𝑝𝑓
)
𝛥𝑏

𝛥𝑚
(𝑜)
|

𝑣∥=𝑣𝐴/|2𝑠−1|

∝
𝛥𝑏

𝛥𝑚
(𝑜)
. (16) 

Here we assume the mode frequency at the center of the gap, 𝜔 ≃ 𝑣𝐴/2𝑞𝑅, and 𝑓 as a slowing-down distribution so that 



𝜕𝑓

𝜕𝑣∥
≃ −

3𝑣∥

𝑣2
𝑓 . The relation (16)  makes the 𝛥𝑏/𝛥𝑚

(𝑜)
 -dependence in mode drive (2)  and damping rate (3)  different. 

Therefore, 𝛥𝑏/𝛥𝑚
(𝑜)

 determines not only the finite orbit width correction term (4) but also which effect is larger between 

mode drive and damping. It is noteworthy that 𝜔∗𝑓/𝜔 seems to be a more intuitive parameter for grasping the criterion to 

destabilize the mode due to its explicit proportion to 
𝜕𝑓/𝜕𝑟

𝜕𝑓/𝜕𝑣∥
. In this study, however, we focus on 𝛥𝑏/𝛥𝑚

(𝑜)
 instead because 

the governing theories also differ by their valid regime of 𝛥𝑏/𝛥𝑚
(𝑜)

  so it gives consistency and clarity for parametric 

analyses. 

 

  

Figure 1. TAE drive and damping rates by beam-ions (sideband resonance) with beam-ion orbit width. The 𝒙-axis 

corresponds to the normalized beam-ion orbit width and the 𝒚-axis to the normalized value of the linear growth 

rate. Asymptotic dependences of the drive (red line) and the damping (blue line) of TAE by beam-ions in (a) 𝚫𝐛 ≪

𝝐𝚫𝒎
(𝒐)

, (b) 𝝐𝚫𝒎
(𝒐) ≪ 𝚫𝐛 ≪ 𝚫𝒎

(𝒐)
, and (c) 𝚫𝒎

(𝒐) ≲ 𝚫𝐛 regimes are shown. The green line is the resulting net growth rate 

(drive−damping). Beam-drive is dominant for 𝚫𝐛/𝚫𝒎
(𝒐) ≳ 𝟏 and beam-damping for 𝚫𝐛/𝚫𝒎

(𝒐) ≲ 𝟏.  

 

Figure 1 shows the drive and the damping rates regarding the sideband resonance of TAE with beam-ions with respect 

to the normalized beam-ion orbit width by using the equations (2) -(4) . Here, we assume 𝑣𝑏0∥ ≡ 𝑣0 cos 𝜃0 = 𝑣𝐴/3 , 

𝑅/𝐿𝑝𝑓 ≡ −𝑅𝛽𝑏
′/𝛽𝑏 = 5, and 𝜖 ≡ 𝑟/𝑅 = 0.1, which are typical values for the core region in present tokamaks. Mode drive 

by beam-ions increases linearly with 𝛥𝑏/𝛥𝑚
(𝑜)

 (or toroidal mode number as well) in the zero-orbit width (ZOW) regime 

and decreases in the large-orbit regime, which is in agreement with [16,27]. However, the orbit width dependence of the 

mode damping is different from that of the mode drive due to the relation (16). Mode damping by beam-ions is maximized 

in the ZOW regime and decreases faster than the mode drive in the large-orbit regime. Therefore, in the case of the sideband 

resonance of TAE with beam-ions, the drive is higher than damping when 𝛥𝑏/𝛥𝑚
(𝑜) ≳ 1 and vice versa when 𝛥𝑏/𝛥𝑚

(𝑜) ≲

1 as shown in Figure 1. 

 

Table 1. Normalized beam-ion orbit width for typical parameters in JET and KSTAR. 𝜟𝒃/𝜟𝒎 ≲ 𝟏 for JET and 

KSTAR discharges with normal-𝒒𝟎, and 𝜟𝒃/𝜟𝒎 ≳ 𝟏 for KSTAR discharges with high-𝒒𝟎. 

 JET KSTAR with normal- 𝑞0 

(𝑞0~1) 

KSTAR with high- 𝑞0 

(𝑞0~2) 

Toroidal mode number, 𝑛 ~5 ~3 ~3 

Local safety factor at ~2 ~2 ~2.5 



𝜌𝑁~0.5, 𝑞 

NBI injected energy [keV] ~100 ~100 ~100 

Minor radius [m] 1 0.5 0.5 

Toroidal magnetic field [T] 3.4 1.8 1.8 

𝜟𝒃/𝜟𝒎 0.38 (damping-dominant) 0.86 (damping-dominant) 1.35 (drive-dominant) 

 

In JET, which shows beam damping of ICRH-driven TAE generally, one can check that 𝛥𝑏/𝛥𝑚
(𝑜) < 1 (please refer 

to Table 1) which is definitely located in the damping dominant region in Figure 1. This is mainly due to the large size and 

magnetic field strength of JET which results in small 𝛥𝑏/𝛥𝑚
(𝑜)

. In KSTAR, TAEs are often observed in high-𝑞0 (or 𝑞𝑚𝑖𝑛) 

discharges such as high-𝛽𝑝  scenarios [32], and rarely observed in low-𝑞0 ’s even with the similar beam power. The 

dependence of 𝑞 value on 𝛥𝑏/𝛥𝑚
(𝑜)

 (∝ 𝑞2) can give a clear explanation about these experimental tendencies as in Table 

1. 

Since the parameters which can affect the beam-drive/damping of TAEs such as 𝑞, 𝑣𝐴, and 𝜔𝑐 are not significantly 

varying with radius in the core region, we can check the TAE stability by NBI only with 0D parameters, 𝑞 ≃ 𝑞0 and 𝑣𝐴 ≃

𝐵0/√𝜇0𝑛�̅�𝑀𝑖 where 𝑛�̅� is the line-averaged density. We selected two dimensionless parameters 𝑣𝐴/𝑣𝑏0∥ and 𝛥𝑏/𝛥𝑚
(𝑜)

 

which are mainly affecting equations (2)-(4). Then, we scanned those parameters of a set of discharges in KSTAR by 

using the measured 0D parameters to evaluate the TAE stability, as shown in Figure 2. Here, 𝑞0’s are obtained from MSE-

EFIT [33] (or EFIT [34] for the cases that MSE diagnostics are not available) and the line-averaged density 𝑛�̅� from the 

interferometry [35,36] or TRANSP-reconstruction [11,37]. For simplicity, we assume 𝑅/𝐿𝑝𝑓 = 5 , 𝑟/𝑅 = 0.17 , and a 

birth pitch angle of beam-ions, cos 𝜃0 = 0.75 which are typical values for 𝑟/𝑎 ≲ 0.5 region where the beam-pressure 

gradient is maximum. The KSTAR discharges selected for the analysis are listed in Table 2. 

 

Table 2. KSTAR discharges for the parametric analysis. The listed are the cases corresponding to the asterisk 

marks (and filled circles for #21695) in Figure 2. TAEs were not observed in the second and last cases. In 

discharge #21695 (the last two cases), 𝒒-profile changes by ECCD after 𝒕 = 𝟓 𝐬 [11]. 

Shot number Time slice [s] Observed toroidal mode number of TAE, 𝑛 EFIT type 

#18597 8.0 2, 3, 4 EFIT 

#18602 14.0 (Not observed) EFIT 

#21006 8.0 1, 2, 3 MSE-EFIT 

#21693 8.0 2, 3, 4 MSE-EFIT 

#21695 5.0 1, 2, 3 MSE-EFIT 

#21695 8.0 (Not observed) MSE-EFIT 

 



 

Figure 2. Parametric scan of TAE stability by beam-ions with KSTAR discharges. The 𝒙-axis corresponds to the 

normalized beam-ion orbit width and the 𝒚-axis to the ratio of 𝒗𝑨 to 𝒗𝟎∥. The colored contour indicates the 

normalized value of the linear growth rate by beam-ions, and the black dashed line the zero growth rate. The 

resonance condition between the TAE and beam-ions changes at the green horizontal line, 𝒗𝑨/𝒗𝟎∥ = |𝟐𝒔 − 𝟏|. The 

KSTAR discharges with and without TAE observation are shown with red and blue asterisk marks (and filled 

circles for #21695), respectively. In #21695, ECCD was applied to enhance the continuum damping by adjusting 

𝒒-profile, which was not considered here. The typical ranges for the NBI in JET and ITER are also marked.  

 

Figure 2 shows a contour of the linear growth rate of TAE by beam-ions calculated by using the equations (2)-(4). 
The points for the KSTAR discharges are marked with red for the observed mode numbers of TAE and blue for mode 

numbers not observed (see Table 2). The filled circles are from discharge #21695 where ECCD was applied to enhance the 

continuum damping by adjusting the 𝑞-profile [11], but this effect was not included here because the continuum damping 

is hard to be calculated precisely using 0D parameters. The black dashed line indicates the zero growth rate, implying the 

balance between the mode drive and the damping by beam-ions. On the right side of the dashed line, the beam drive is 

dominant, and on the left side, beam damping is dominant. Discontinuities of the growth rate occur at the layers 𝑣𝐴/𝑣0∥ =

|2𝑠 − 1| (the green horizontal line in Figure 2) because the resonance condition of the mode with beam-ions changes 

around those layers. Blue curves outside the upper and right sides of the figure show the change of the growth rate for each 

axis. In KSTAR, TAE interacts with beam-ions with the sideband resonance and the beam-destabilizing criterion well 

matches with the experimental observation. Since 𝑣𝐴/𝑣𝑏0∥  is not significantly varying for given beam energy and 

operating scenarios, the normalized beam-ion orbit width 𝛥𝑏/𝛥𝑚
(𝑜)

 is the crucial parameter for determining the role of the 

beam-ions on TAE. Notably, this parameter is strongly affected by the local 𝑞 value which can easily vary by external 

current drives such as ECCD or NBCD. For the cases included in this parametric scan, it was found that TAEs were more 

frequently observed in high-𝑞 cases in KSTAR. Beam-stability regime for JET and ITER are also shown in Figure 2. As 

discussed previously, JET parameters are seen to be obviously in the damping-dominant regime. On the other hand, NBI 

in ITER is expected to drive TAE much more than present devices due to its high energy (~1 MeV) satisfying 𝑣∥ = 𝑣𝐴 

resonance condition, whose mode drive is much stronger than that of the other sideband resonances. 

 

4. Application to linear stability analysis in a time-evolving JET plasma 

In order to validate the model, we applied the formulas to a time-evolving JET deuterium plasma, discharge #92416 for 

linear stability analyses. In this discharge, ICRH was continuously applied to generate hydrogen-minority fast ions and to 



drive TAEs for predicting the energetic particle effect in future DT plasmas. NBI was initially injected with a relatively 

low power and increased to stabilize TAEs, then turned off later to see the afterglow TAEs. Therefore, this discharge is 

highly suitable for validating the criterion and conditions for the mode drive by ICRH and damping by NBI that change 

over time. More information of this discharge can be found in [38]. 

 

4.1. Modeling for the linear stability analysis of TAE with JINTRAC 

JINTRAC [39] is a suite of codes for integrated simulations of tokamak scenarios, including various tokamak-physics 

modules such as a plasma transport code, JETTO [40] and external heating codes such as PION-PENCIL [41,42]. For the 

computation of the linear stability of TAEs with JINTRAC, we use the magnetic equilibrium reconstructed by EFIT [34] 

with Faraday-constraint (EFTF), high-resolution Thomson scattering (HRTS) diagnostics for the electron density and 

temperature profiles [43], and the ion temperature profile reconstructed by TRANSP [37] as input profiles. PION-PENCIL 

codes compute the fast-ion-related profiles by NBI and ICRH from the given plasma profiles; then we can estimate the 

linear growth rate of TAE for the given toroidal mode number by using equation (1).  

The PION-PENCIL integrated codes calculate fast ion quantities by NBI and ICRH, especially including the NB-RF 

synergy effect generating the high-energy tail component in the beam-ion distribution. Figure 3 (a) and (b) describe the 

velocity distribution of beam-ions without and with considering NB-RF synergy effect, respectively. The high-energy tail 

part with 𝑣 ≫ 𝑣0~𝑣𝐴/3 barely affects the interaction with TAEs due to its far distance from the resonance layer and low 

population. However, due to the high energy of the tail part, the NB-RF synergy effect can significantly enhance the energy 

density of the beam-ions even with its extremely low population as shown in Figure 3 (c). This enhancement of the beam 

energy density makes us overestimate the growth rate calculated by equations (2)-(4) which are assuming the beam 

distribution as a slowing-down distribution without considering the tail part. This overestimation comes from the fact that 

the interaction between beam-ions and TAEs depends on 𝑓𝑣∥=𝑣𝐴/3 (and 𝜕𝑓𝑣∥=𝑣𝐴/3/𝜕𝑟) rather than 𝛽𝑏 (and 𝑑𝛽𝑏/𝑑𝑟). 

Therefore, the RF contribution on the beam energy density was excluded intentionally with another PION run without RF 

power to avoid the unphysical results here. 

 

  

Figure 3. Velocity distribution function of beam-ions (a) without and (b) with considering RF-NB synergy effect. 

(c) The resulting variation of the beam-ion energy density profile calculated by PION-PENCIL. RF synergy effect 

generates the high-energy tail component, 𝜹𝒇𝒕𝒂𝒊𝒍 (blue-shaded area in (b)). This high-energy tail part barely 

affects the interaction with TAEs due to its far distance from the resonance layer, but significantly enhance the 

beam energy density due to its high energy. 

 

4.2. Time-evolution of linear stability of TAE in discharge #92416 on JET 

The time-varying linear stability of TAEs in discharge #92416 is computed by using the formula, 
𝛾

𝜔
|
𝑛,𝑚

≃ (
𝛾

𝜔
)
𝑁𝐵
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)
𝑅𝐹
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𝛾

𝜔
)
𝑖
+ (

𝛾

𝜔
)
𝑒
 with the JINTRAC suite of codes. The toroidal mode numbers of TAEs used in this analysis are 

𝑛 = 4, 5, 6 which were estimated by the toroidal array of Mirnov coils [38]. 

 



 

Figure 4. Time-evolution of (a) heating power, (b) line-averaged density, (c) Mirnov signal of TAEs, and (d) the 

calculated linear growth rates using analytic formulas. TAEs are initially derived by ICRH fast ions, then 

disappear at 𝒕 ≈ 𝟓. 𝟔 𝐬 by beam damping, and afterglow TAEs appear at 𝒕 ≈ 𝟔. 𝟐 𝐬 as beam power off. 𝒒𝟎 is 

above 2.0 during this time domain. 

 

Figure 4 shows the time-evolutions of the heating power and absorbed fast ion energy by NBI and ICRH, line-

averaged density by HRTS, Mirnov signal of TAEs, and calculated linear growth rates using analytic formulas for discharge 

#92416. TAEs are initially driven by continuously injected ICRH as seen in Figure 4 (a) and (c). At 𝑡 = 5.3 s, the NBI 

power is increased from 10 MW to 25 MW, and the density gradually increases by the NBI fueling as shown in Figure 

4 (b). As the line-averaged density exceeds a critical value 𝑛𝑐𝑟𝑖𝑡 ≡ 𝐵0
2/9𝜇0𝑀𝑖𝑣0

2  (black dashed line in Figure 4 (b)) 

eventually, beam-ions interact with TAEs, and then the modes disappear by the beam damping. This critical density is the 

minimum value to satisfy the beam-TAE resonance condition, 𝑣0 ≥ 𝑣𝐴/3. 

In Figure 4 (a), we can see that the absorbed beam energy hits the maximum before 𝑡 ≈ 5.5 s after the increase of 

the NBI power at 𝑡 = 5.3 s . This is consistent with the thermalization time of beam-ions, τth,b =
𝜏𝑠𝑑

3
ln (

𝑣0
3+𝑣𝑐

3

𝑣𝑐
3 ) ~150 ms . However, TAEs are still undamped over ~100 ms  after enough beam absorption, which 

indicates that the strong interaction of TAEs with the beam-ions occurs at a rather high density in JET to satisfy the 

resonance condition. As the beam power is turned off at 𝑡 = 6.1 s, the beam energy density and the plasma density are 

decreased again, and then afterglow TAEs reappear with diminishing beam damping. The red and the blue vertical dashed 

line show the time of NBI power change and the time satisfying the density criterion, respectively, where we can see that 

the TAE (dis-)appearance seems to be correlated with the density criterion as well as the absorbed beam energy. 

Figure 4 (d) shows the calculation of the linear growth rate from equation (1) for given mode numbers. Each term 

in equation (1) is obtained by using the analytic expressions shown in section 2. The toroidal mode numbers are chosen 

as 𝑛 = 4, 5, 6  which are the most unstable modes at 𝑡 ≈ 6.3 s  [38] and poloidal mode numbers as 𝑚 = 𝑛𝑞 − 0.5 

around the most unstable region. In discharge #92416, the 𝑞-profile is quite flat in the core region, and the central safety 

factor is varying in the range 2.1 ≲ 𝑞0 ≲ 2.3 in the time domain shown in Figure 4, so (𝑚/𝑛) = (10/4, 12/5, 14/6) 

are used for the computation. Even though these analytic estimations have somewhat simple assumptions such as slowing-



down distribution for beam-ions and bi-Maxwellian for ICRH fast ions, it could reproduce the stability of TAE in various 

heating and density conditions in JET. Besides, this analysis allows a much faster estimation of the linear stability of TAEs 

than other simulations, highly desirable for the fast prediction or scenario development.  

 

5. Prediction of alpha particle contribution to TAE for DT scenarios in JET 

In JET, MeV-range hydrogen minority ions are created by ICRH in deuterium plasmas in order to probe the TAE instability 

threshold, to mimic the effect of alpha particles in DT plasmas in the upcoming JET DT campaign. However, we should 

note that the ICRH- and alpha-driven TAEs can be different due to different fast ion distributions and resonance 

mechanisms, as discussed in sections 2.1 and 2.2. In this section, we predict alpha particle effect on TAE stability in JET 

DT plasmas by using analytic formulas.  

 

 

Figure 5. The profiles of (a) toroidal beta of alpha particles and 𝒒-profile for prediction of the TAE stability by 

alpha particles in JET DT plasmas, and (b) the calculated linear growth rate by alpha particles for 𝒏 =

𝟑, 𝟒 𝐚𝐧𝐝 𝟓 modes using analytic formulas. The 𝒙-axis in (a) and (b) is the normalized toroidal magnetic flux, 

𝝆𝑵. (c) The linear growth rate by alpha particles with respect to 𝜟𝒃/𝜟𝒎
(𝒐)

 and 𝒗𝑨/𝒗𝜶. The range for each mode 

number of TAE in JET DT plasmas is shown with the dashed circle. 

 

First, we chose discharge #92054 for the reference pulse, which uses only NBI heating at the peak performance time 

for a DT-relevant experiment. Then we assumed a core-peaked alpha particle pressure profile, and used the 𝑞-profile at 

𝑡 ≈ 6.4 s in discharge #92054, as shown in Figure 5 (a). Then we calculated the linear growth rates of 𝑛 = 3, 4, 5 TAEs 

by alpha particles by using equations (5)-(7) in Figure 5 (b). Here, we chose the toroidal mode numbers around 𝑛 = 5, 

which is the most unstable mode number in ICRH-driven plasmas to compare the TAE drives by alpha particles and ICRH 

fast ions. As we expected, (𝛾/𝜔)𝛼  profile peaks near 𝜌𝑁~0.4  where the pressure gradient of alpha particles is 



maximized. In the previous prediction for DT plasmas in JET, the toroidal beta of alpha particles is estimated to be 

𝛽𝛼0~0.1 % [38]. In this situation, the linear growth rate by alpha particles (𝛾/𝜔)𝛼 is 𝑂(10−4) from an estimation in 

Figure 5 (b), which is relatively low comparing with ICRH drive in deuterium plasmas ((𝛾/𝜔)𝑅𝐹 = 𝑂(10−2) in Figure 4 

(d)). 

This relatively low alpha particle drive of TAEs is because of the finite-orbit-width stabilizing effect. The drift orbit 

width of 3.5 MeV alpha particles is much larger than the mode width. In this regime, the linear growth rate is proportional 

to (𝛥𝑏/𝛥𝑚
(𝑜))

−2
. Figure 5 (c) indicates that 𝑛 = (3 ∼ 5) TAEs in JET DT plasmas (marked with dashed circles) are not 

significantly unstable by alpha particles, and rather lower 𝑛 (resulting in lower 𝛥𝑏/𝛥𝑚
(𝑜)

) modes are more likely excited 

by them. However, for the low-𝑛 (𝑛 ∼ 1) modes, damping effect by beam-ions (as shown in Figure 1) and the interaction 

with the Alfvén continuum might also be significant. This result is consistent with that there were not clear observations of 

alpha-driven TAEs except the afterglow modes in the past DT campaign in JET [13]. 

 

6. Conclusions 

A parametric analysis of TAE stability in the presence of beam-ions is conducted using analytic expressions which include 

the finite orbit width effects. It is found that the orbit width of the beam-ions normalized by the mode width, 𝛥𝑏/𝛥𝑚, is a 

key parameter which quantifies the influence of NBI on the TAE stability. In the case of the sideband resonance of TAE 

with beam-ions, the mode drive is dominant for 𝛥𝑏/𝛥𝑚 ≳ 1 and the damping is dominant for 𝛥𝑏/𝛥𝑚 ≲ 1. This result 

could explain the beam damping effect of TAE commonly observed in JET and the reason why TAEs are more often 

observed in high-𝑞0 discharges in KSTAR. For analyses of the cases that the beam damps ICRH-driven TAEs in JET, the 

linear growth rate of TAE driven by ICRH fast ions is derived using a bi-Maxwellian distribution for the fast ion. Then a 

linear stability analysis of TAEs in a time-varying plasma is performed for a JET discharge. We find that TAEs are excited 

by ICRH and then damped as the beam beta increases and the plasma density exceeds a critical value for the resonance. It 

is noteworthy that the strong beam damping of TAE occurs only in plasmas with a rather high density so that 𝑣𝐴 is low 

enough to satisfy the resonance condition 𝑣∥ = 𝑣𝐴/3. In JET plasmas with densities lower than this critical value, the 

interaction of TAEs with the beam ions is turned out to be weak. The stability analysis using these analytic expressions 

successfully reproduced these experimental trends despite their simple assumptions. In addition, alpha particle effect on 

TAEs in JET predicted DT plasmas is estimated by using this model. The result indicates that alpha-driven TAEs are not 

significantly unstable compared to ICRH-driven TAEs. In this study, in order to focus on the particle interactions with 

TAEs, we chose the discharge with flat 𝑞-profile which minimizes continuum and radiative damping of moderate-n (𝑛 ∼

5 ) TAEs. However, for high-𝑛  TAEs with the finite magnetic shear and high temperature plasmas such as JET DT 

experiments and ITER, those damping processes could be important for the TAE stability due to its strong dependence on 

the mode number and the electron temperature. The method employed in this work can be used for extensive parametric 

studies at low computational cost, to help optimizing the scenarios being prepared for alpha-driven TAEs observations in 

JET DT. 
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