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Abstract. We use beam tracing — implemented with a newly-written code, Scotty
— and the reciprocity theorem to derive a model for the linear backscattered power of
the Doppler Backscattering (DBS) diagnostic. Our model works for both the O-mode
and X-mode in tokamak geometry (and certain regimes of stellarators). We present the
analytical derivation of our model and its implications on the DBS signal localisation
and the wavenumber resolution. To determine these two quantities, we find that it is
the curvature of the field lines that is important, rather than the curvature of the cut-
off surface. We proceed to shed light on the hitherto poorly-understood quantitative
effect of the mismatch angle. Consequently, one can use this model to correct for the
attenuation due to mismatch, avoiding the need for empirical optimisation. This is
especially important in spherical tokamaks, since the magnetic pitch angle is large and
varies both spatially and temporally.

1. Introduction

Turbulent fluctuations in tokamaks are responsible for cross-field transport. The
Doppler Backscattering (DBS) microwave diagnostic enables the non-perturbative
characterisation of turbulent density fluctuations (1 < kip; < 10) [1, 2] and flows
3,4, 5, 6, 7] with high spatial and temporal resolution, both at the edge and the core of
the plasma. Here, &k, is the wavenumber of turbulent fluctuations perpendicular to the
magnetic field, and p; is the ion gyroradius. Consequently, it is a widely used diagnostic
for both tokamaks and stellarators [8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18]. Moreover,
since DBS is a microwave diagnostic, it is one of the few diagnostics that can be used
in burning plasma because they are resilient to high neutron fluxes [19, 20].

There are a series of problems we seek to address: mismatch attenuation,
wavenumber resolution, and localisation of the signal. We seek a model that can account
for all of them in realistic geometries and realistic turbulence spectra. The model that
we have developed is an extension of the already extensive work on reciprocity done by
Gusakov and collaborators [21, 22, 23, 24, 25]. We have introduced more geometry, not
assumed a particular turbulence spectrum, and used beam tracing to make the problem
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Figure 1: A microwave probe beam is launched into the plasma. The emitting antenna
also acts as the receiver, hence only the backscattered signal is measured. In large
aspect ratio tokamaks, the magnetic field is mostly in the toroidal direction. The Bragg
condition determines how the wavevectors of the turbulence k (red), the probe beam
K, (light blue), and the scattered beam K (dark blue) must relate to one another for
backscattering to occur. The right side of the figure represents a poloidal cut. The left
side of the figure is in the plane perpendicular to the page, through the dotted line on
the right side; that is, in both cases, the poloidal direction is pointing up, but on the
left, the toroidal direction is in the plane of the page, while on the right, the toroidal
direction is into the page. In this figure, we depict the density fluctuations at the cut-off
for illustrative purposes only. Our model accounts for backscattering at every point
along the ray, and we later show the extent to which different points contribute to the
signal.

more tractable. Since wavenumber resolution and localisation are already widely studied
2,22, 23], we present our insight on them later in the paper with only a brief introduction
here. The rest of this section will focus on the mismatch attenuation.

In order for detectable backscattering to occur, the wavevector of the turbulent
fluctuations at a particular point has to be twice in magnitude and opposite in direction
to the wavevector of the probe beam at that point (Figure 1). This Bragg condition
determines the dominant turbulent wavenumber probed by DBS. The extent to which
other wavenumbers are also backscattered into the detector is given by the wavenumber
resolution, while the contribution of various points along the ray to the backscattered
signal is known as the localisation or spatial resolution.

The spatial scale of turbulence perpendicular to the field lines is much shorter than
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Figure 2: The mismatch angle reduces the backscattered signal. The variables are
defined in the caption of Figure 1, except for the poloidal magnetic field B, associated
with the plasma current and the mismatch angle, which is defined to be sinf,, = K -b.
Here b and K are the unit vectors of the magnetic field and the probe beam’s wavevector
respectively. Having a significant poloidal field means that a ray propagating entirely
in the poloidal plane can no longer meet the Bragg condition.

the characteristic length parallel to the field lines [26, 27]. Hence, one has to launch
the probe beam into the plasma such that the beam reaches the scattering location
perpendicular to the magnetic field, allowing the Bragg condition for backscattering to
be met. When the poloidal field is much smaller than the toroidal field, as in conventional
tokamaks, this is achieved by sending a beam that does not propagate toroidally.

In spherical tokamaks, the magnetic pitch angle is large (up to 35°, compared
to 15° in standard tokamaks like JET) and it varies both spatially and temporally.
Consequently, the DBS probe beam and the magnetic field are not normal to each other
in general. This misalignment decreases the backscattered signal, making interpretation
of the signal complicated (Figure 2): a decrease in the signal’s magnitude could be due
to a decrease in the fluctuations or an increase in the mismatch angle, defined to be
sinf,, = K - b. Here b and K are the unit vectors of the magnetic field and the probe
beam’s wavevector respectively.

The misalignment can be empirically optimised with 2D beam steering [28].
However, such empirical optimisation is ungainly and expensive, requiring several
repeated shots for every measurement. Consequently, a quantitative understanding
of the effect of the mismatch angle on the DBS signal would make practical the
characterisation with DBS of plasmas in spherical tokamaks.
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We seek to develop a quantitative understanding of what affects the backscattered
signal and how. We write the electric field due to the microwaves as Ee ™’ where {2
is the angular frequency of the microwave beam. Hence, the electric field of the probe
beam (which is launched into the plasma) and the scattered microwaves satisfy

2

%VX(VXE)ZG-E. (1)

Here we have already divided away the factor of e

¢ and € is the cold plasma dielectric
tensor, given by

—1 2 1—bb 95‘3156 U0 Dee v 1 2
€= —m( - )—92 +Q(QQ—_QCQE)( x 1), (2)

where 1 is the 3 x 3 identity matrix, b is the unit vector in the direction of the external
magnetic field B, 2,. = (n.e?/ meeo)l/ % is the electron plasma frequency, (2.. = eB/m,
is the electron cyclotron frequency, n. is the electron density, m, is the electron mass, e
is the absolute value of the electron charge, and ¢ is the permitivity of free space. We
split the dielectric tensor into equilibrium and turbulent parts, € = €., + €. Assuming
the electron density has an equilibrium piece n. and a small fluctuating part én. < n,
we find that

cu =" ey 1), ®)

The inhomogeneity length associated with the equilibrium part of € is long, while the
turbulence has a much shorter spatial scale. For dn./n. < 1, we can split the electric
field into a large component due to the beam and a small additive term due to the
scattered microwaves, E ~ E, + E,. The equilibrium part of € is responsible for

propagation, refraction, and diffraction of the probe beam,
2

C
@VX(VXEb)—Eeq'Eb:O. (4)

The scattered electric field Eg, which is much smaller than the probe beam electric field
E,, is associated with the fluctuating part of the dielectric constant, which has a much

smaller associated spatial scale,

2

%v % (VX E,) — € By = €1 By, (5)

We use beam tracing in Section 2 to determine the electric field E, due to the
probe beam. We obtain an integral that determines the backscattered signal using the
reciprocity theorem in Section 3. The main thrust of this paper is the simplifications
that we apply to this integral to obtain a manageable result, as presented in Sections
4-7. With the form of the backscattered power, we proceed to discuss localisation in
Section 8, wavenumber resolution in Section 9, and the effect of the mismatch angle in
Sections 10 and 11. We finish with a discussion of the model’s insights in Section 12.
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2. Beam tracing

To determine the electric field of the probe beam, one could perform full-wave
simulations [29, 30, 31, 32, 11, 25]. However, this method requires the turbulent dielectric
tensor to high resolution, which is precisely what we do not know and are trying to
determine. A seemingly more sensible approach, especially considering that there are
many ray tracing codes in the fusion community [33, 34, 35, 36], would be to trace a
bundle of rays to reconstruct the microwave electric field. However, since DBS depends
on physics near the cut-off [2, 22], this method is not suitable as ray tracing breaks
down near the cut-off [37].

One way around this problem is to trace only one ray and perform an expansion
around that ray. This method, known as beam tracing, corresponds to tracing the
path of a Gaussian beam, where this central ray gives the location of the peak of the
Gaussian envelope. The theory of evolving Gaussian beams in isotropic inhomogeneous
media is well-studied [38, 39, 40]. Beam tracing in anisotropic inhomogeneous media,
which is relevant for magnetic confinement fusion, was covered briefly by Peeters [41]
and more extensively by Pereverzev [42, 43] and Poli [44, 45]. Beam tracing has also
been implemented numerically [46]; it has so far been used to model ECRH [35], ECCD
[47, 35, 48], SAMI [49], and conventional reflectometry [50, 51]. Importantly, it has been
shown that the beam tracing method can be applied near the cut-off [52].

The rest of this section is divided into two parts. Section 2.1 lays out the beam
tracing orderings and equations, summarising the results of our beam tracing derivation
in Appendix A. The second part, Section 2.2, describes our new beam tracing code.

2.1. Ordering and equations

In beam tracing, we assume that the length scale associated with the inhomogeneity of
the density L is long compared to both the width W and wavelength A of the beam, and
that the wavelength A is much smaller than the width of the beam W, A < W <« L.
We choose the specific ordering [42, 43|

w A

AT < 1 (6)
Ordering the width as an intermediate length scale follows from classical optics by
taking the Rayleigh length to be the same order as the inhomogeneity length. We then
consider a region of space close to the trajectory of the central ray, r = q(7), where 7 is
a parameter that gives the position along the ray. We will find the equations for q(7)
as part of our beam tracing derivation.

To define a convenient coordinate system, we introduce the effective group velocity

(this is not the true group velocity since it is a derivative with respect to the parameter
7, not with respect to time)

. dq
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where g = |g| is the magnitude of g, and g its direction. The group velocity g is parallel
to the central ray. We will describe any arbitrary position as being composed of the
position along q(7) and across the ray,

r=q(7)+w=q(7) + w,x(7) + w,y(7). (8)

Here x(7) and y(7) are two mutually perpendicular unit vectors which are also
perpendicular to g. In the orthogonal basis (X, ¥, g), the vector w is given by

Wy
w=| w, |. (9)
0
We write the electric field as
E(r) = A(r)exp [iv) (r)] . (10)

Using the beam tracing coordinate system, equation (8), we propose the following ansatz

for -
1
P(r) :S(T)+Kw(T)-W+§W-Spw(’7')-w—|—..., (11)
where
T / / / L
s = / K, (tg(r") dr’ ~ " (12)
0
with K,(7) = K(7) - g(7) being the projection of the wavevector along the ray, while
1
K, ~ <,
A

is the projection of the wavevector perpendicular to the ray. The 2D symmetric matrix

(13)

W, (7) is complex, and
1
The real part of ¥, is responsible for the curvature of the Gaussian beam, while its

v, (14)

imaginary part gives the characteristic decay width of the Gaussian envelope. In general,
the real and imaginary parts are not simultaneously diagonalisable. The eigenvalues of
the real part are

K
=R

where Ry, are the radii of curvature of the beam front, while the eigenvalues of the

Re (Yy.0a) (15)

imaginary part are
2
=

where W, are the beam widths. From here on, we use the subscripts , and ,, to indicate

(16)

Im (Yy,.00)

projection parallel and perpendicular to the central ray respectively, and we use bold
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roman and bold italics to denote vectors and matrices respectively. In the basis (x,¥, g),
K, and ¥, are

K,
Kp=| Ky |, (17)
0
and
Vo Wy O
U,=| V. ¥, 0 |, (18)
0 0 0

such that K,,-g=0and ¥, -g = 0.
We expand the amplitude A, given in equation (10), in W /L to obtain
A=A+ AV w)+ AP (1, w) + ..., (19)
where A™ ~ (W/L)"A©®. We split the zeroth order term into an amplitude A® and a
polarisation e,
AO(r) = AO(7) & (a(7), Ky(7), Ku(7)). (20)
The polarisation depends on q(7), K,(7), K, (7), and satisfies
6.6 = 1. (21)

We derive (in Appendix A) the equations to determine the functions of 7 — q, K|,

K., ¥,, A9 and é. These equations are summarised here. First, we define

CQ

D(q,K) = o (KK — K1) + €(q). (22)
Since D is Hermitian, we can find its eigenvalues and eigenvectors,
D.-e= He. (23)

This equation defines the dispersion relation H(q, K) corresponding to the polarisation
é(q,K). We want H = 0 at all points along the central ray. One way to ensure that is
to choose K such that H = 0 at some arbitrary point q along the central ray. Then,
evolve q and K = K, g + K,, using

dq

B H 24

dT VK 3 ( )
and

dK

— =-VH 2

such that H = 0 along the rest of the ray.
For convenience, instead of evolving ¥,,, we evolve the 3D matrix

¥(r)=VVyY(r,w, =0,w, =0), (26)
from which ¥, is subsequently determined. The equation for ¥ is

aw

E——(@VKVKHEP—FEPVKVH—FVVKHSp—i-VVH) (27)
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The matrix ¥,, can be deduced from ¥ by projecting ¥ on the plane perpendicular to

A

g.
Finally, we split the amplitude into its modulus and its phase,

AO = A exp[i (¢ + op)] - (28)
Its modulus is given by
[AQ] = C [det (Im (®,,))] g, (29)

where C' is a constant of integration and det [Im (¥,,)] = Im (&) Im (&,,) — [Im (¥,)]*;
its phase is ¢g + ¢p, which is composed of the Gouy phase ¢¢, given by
ddg
dr

and the phase associated with the changing polarisation when propagating through a

= —Im(¥) : VxVkH, (30)

plasma ¢p, given by

dop . de 1<8é* D oe  oe* D 8é).

= 1— - [ - _ .

dr — dr 2 \0K, = ar, or, 0K,

Our derivation in Appendix A, an alternative to Pereverzev’s original work [42, 43],

(31)

shows that the beam tracing equations for q, K, K, ¥, A and é are the result of
forcing equation (10) to be a solution of equation (4).

Given the properties of the launch beam at the antenna, we can calculate how it
evolves as it propagates into the plasma. This initial condition for a beam launched
perpendicular to the surface of the antenna is

Eant - Acmtéant €xXp (%W : !pw,zznt : W) ) (32)

where we have chosen is,,; = 0, and noted that due to the vacuum dispersion relation,
K. .ant = 0. The probe beam’s electric field is thus

o =t o [ B

X €exp (is+in-w+%w-!Pw-W).

2.2. Beam tracer: Scotty

To simulate the propagation of Gaussian beams in tokamak plasmas, we have developed
a new code, Scotty. It is a beam tracing code written in Python 3, entirely in cylindrical
coordinates (R, ¢, Z), with an option to convert the output to Cartesian coordinates
(X, Y, Z). This exploits the toroidal symmetry of tokamak plasmas, simplifying the
beam tracing equations. Hence, although the theoretical work presented in this paper is
applicable to stellarators (in regions where the appropriate orderings and approximations
hold), Scotty cannot be used out-of-the-box for such devices. Nonetheless, the results
presented in this paper would still be applicable: one would just need to run a suitable
beam-tracing code and post-process the output appropriately.
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In cylindrical coordinates, we have H(R, Z, Kr, K¢, Kz): a very natural choice of
variables for a tokamak. The new spatial coordinates R, Z, ( are defined as follows

R=vVX>1Y?, (34)

¢ = tan™* (f—() : (35)
Z =12 (36)

The components of K in the new coordinate system are

Kr = Kxcos(+ Kysin(, (37)

K= (—Kxsin¢+ Ky cos() VX2 +Y?2, (38)
and

Ky =K. (39)

Note that K is the toroidal mode number, and is thus dimensionless, instead of having
units of inverse length (unlike the other components of the wavevector). Hence, K
becomes

K=KrVR+ KN(+K;VZ, (40)

being careful to remember that we have VR =R, VZ = Z, but V({ = é/R

Since Scotty was inspired by Torbeam [46], it has the option to use the same input
files for equilibrium data. Specifically, B and the normalised poloidal flux %, on a grid
(R and Z), as well as electron density as a function of radial coordinate \/w_p. We split
the magnetic field into toroidal and poloidal components,

B = B.( + BgR + B;Z, (41)

where B¢ is the toroidal component of the magnetic field, and By and By are its
poloidal components. Scotty can also calculate B directly from EFIT output: this is
done by using RB¢ and numerically evaluating the gradients of ¢,. The magnetic field
is calculated as follows:

1 0v,
—__ - 42
"7 Rz’ (42)
1
B = 21 (0y(R, 2)). (43)
where [ is proportional to the poloidal current, an output of EFIT, and

1 0y,
- P 44
2= % oR (44)

Scotty assumes lossless propagation as it is written specially for DBS. Since we use
MAST plasmas as a case study in this work, we do not need to account for the relativistic
correction to the electron mass. As such, in its current implementation, Scotty does not
use temperature profiles, although we expect to add the relativistic correction in the
near future.
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In its current implementation, Scotty matches boundary conditions at the plasma-
vacuum edge, using the generalised Snell’s law [44] for ¥ (like Torbeam) but not for
K (unlike Torbeam). Consequently, a possible discontinuity in VV H arising from a
sudden change in the density gradient is properly handled; see Appendix B for details.

The definitions of Kg, K¢, K, in equations (37), (38), and (39) were chosen such
that the electric field has the form:

Ej o exp [is HiKRAR +iK;AZ + K AC
1
2
+ Wee (AQ)® + 2Wpe ARAC + 20 ACAZ) |

+ —(Wggr (AR)* + 20z, ARAZ + W,y (AZ)? (45)

which gives us the definitions of the components of ¥ in cylindrical coordinates. The
components Ygr, Yzz, Yee, Yrz, Yre, and ¥z of the matrix ¥ in the new coordinate
system must satisfy

v (T)—ﬂ(Tw—Ow—O) (46)
of S Orgorg s T
Hence, they are
Upp = Wy x cos® ( 4+ 2Wxy sin ¢ cos ( + WPyy sin’ ¢, (47)
Vyz =V¥zz, (48)
Uee = [lI/XX sin? ¢ — 2Wyy sin ¢ cos ¢ + Py y cos? C] (X2 + Y2) (19)
— (Kxcos¢+ Kysin()vX?2+Y?2,
!pRZ :!pXZcOSC—i‘!pyzsinC, (50)
Upe = [—WXX sin ¢ cos ( + Yxy (COS2 ¢ —sin® C) + Wyy sin € cos C] VX24+Y? (51)
— Kxsin( + Ky cos(,
Lng = (—szSinC+WychS<) \/X2+Y2. (52)
The rest of the elements can be found by remembering that ¥ is symmetric.
With these new variables, the gradients become
0 0 0
=VR— — Z— 53
V=V 8R+V§8C+V 57 (53)
and
\Y —VKi—i—V Ki—i-VK 0 (54)
K = VK R&KR K C@Kg KKz

Using all these properties, we can write the evolution equations in a way which makes
their Hamiltonian character explicit,
Y _ O (5)
dr 0K,
dK,  OH
dr _3_7’(1’

(56)
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and
d¥,s B 0°H 0’H 0*H 0*H

A - Wy — Wy =
dr Oradrs  OK,0rs Or.0K, " “TOK,0K,

Here we note that while dg./dr = 0H/OK,, the corresponding component of group

![/,]5. (57)

velocity, given by
g =VkH, (58)

is gc = ROH/OK; dqc/dT = OH/OK, is an angular velocity, while g, is a linear velocity,
and they have different units.

Moving forward, the most obvious simplification to the above equations is due to
toroidal symmetry: spatial gradients of equilibrium properties in the toroidal direction
are zero, that is, 0H/9¢ = 0.

We proceed to solve these equations numerically, evolving ¥, from which ¥,, may
be obtained. Since ¥ is symmetric, it only has 6 independent components. We can
further reduce the number of such components: equation (A.41) means we can reduce
it by 3. Hence, it is in principle possible to solve for only 3 independent components
of . However, this would require Scotty to transform from the old to the new beam
coordinates at every 7 step. Consequently, for simplicity, we have made a conscious
design decision to solve for all 6 components.

The initial conditions required by Scotty for the beam are as follows: frequency,
initial beam widths and curvatures, poloidal ¢, and toroidal ¢, launch angles, and
launch position. Note that only the initial gz and ¢z need to be specified. The toroidal
angle is taken to be zero at launch, g = 0. The launch angles are defined the same way
as Torbeam [46], and are used to initialise K, as follows,

w

Kpant = = COS Py COS Pp,
w .

Keam = —ERam sin ¢y cos p, (59)
w .

Ky o = = Sin @y,.

Scotty uses SciPy’s initial value problem solver to evolve the beam tracing ODEs. The
solver has the option to easily switch between various integration methods. For this
paper, we use an explicit Runge-Kutta method of order 5(4) [53, 54].

Having broadly described the workings of Scotty, we proceed to describe our choice
of dispersion relation, and the subtleties involved in doing this correctly (Section 2.2.1).
After which, we lay out the parameters for two test cases that we use throughout the
rest of the paper to illustrate our analytical results (Section 2.2.2).

2.2.1. Dispersion relation. In our derivation of beam tracing, the dispersion relation
H is defined in equation (23). To calculate H, we first express the various components

of the cold plasma dielectric tensor in the orthonormal basis (i1, iz, b). The @y and 0,
directions are perpendicular to b, and the 1i; direction together with b defines a plane
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that contains K, while 015 is perpendicular to the plane of b and K. In this basis,

€11 —iegg 0
€ = i€12 €11 0 s (60)
0 0 €pb
where
)2 22 0. 2?2
€1 =1-— e b e = 1 - (61)

57 oo €12 = 5755 - .
22 — (2 Q22— 22) 22
Here the subscripts 1, 2, and , denote the components in the w;, 0y, and b directions

respectively. The components of D are
Dy =Dz Dy
D=1 iDyy Do 0 , (62)
Dy 0 Dy

where
A oo
D11 = €11 — ﬁK S1n Hm, (63)
o,
Doy = €11 — mK ) (64)
A o
Dbb = €pp — mK COS Hm, (65)
D1 = €19, (66)
G
Dy, = @K sin 6,,, cos 0,,,. (67)
Here, the mismatch angle 6,, is defined in Figure 2. We proceed to solve the eigenvalue
equation
Dy —H —iDyy Dy
det (D - H].) = iD12 D22 — H 0 = O, (68)
Dy 0 Dy, — H
getting
H3+h2H2+h1H+hO:O, (69)
where the coefficients ho, hq, and hg are
hy = —D11 — Doy — Dy, (70)
hi = D11 Dy, + D11 Doy + Doy Dy, — D3, — D3, (71)
and
ho = D33 D}, + Dy DYy — Dyy Das Dy, (72)

We use Cardano’s formula to solve for H, getting three possible solutions

hy 3 3h1_h% ho
Ho=— vyt 2 = 73
e SR A & (73)
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1—iv3 3hy —h2  hy
Hy— — 6\/_h (1+f) fht_? (74)

and

14+14V3 , 3hy —h%  hy
Hy=—"—>"h+(1-iV3) ——2 -2, 75
’ 62 ( ) 3Vah, 3 (75)

where we have used the shorthand
1.1
he = | —2h3 + 9hohy — 2The + 3V/3 (4h§h0 — h2h2 — 18hahiho + 4h3 + 27h§) } *(76)

To evolve the beam, we need to choose the solution that is zero along the entire path of
the ray. Unfortunately, it is not immediately obvious which solutions correspond to the
O and X modes. Moreover, Cardano’s formula is complicated and cumbersome. Hence,
we elect not to use this form of the dispersion relation to propagate the beam. We now
prove that this is indeed a valid approach.

Instead of H, we used H (H(q,K),q,K), with the function H satisfying

H(H=0,q,K) =0, (77)

such that the derivatives of H with respect to q and K holding H constant vanish.
Bearing this in mind, we now evaluate the gradients of such an alternative dispersion
relation, getting

E s dT =V KH (78)
and

dw

dar
where we have used equation (A.41) in the derivation of equation (79). Here the

(!P VkVikH W +W -VgVH+VVgH - W—i—VVH) (79)

derivatives of H are evaluated without holding H fixed, that is
oH B oH 0H aq 0K

— =__| — 4+ =VH —VigH

9o ~ 0Hlaxda " oa " Max T a0 Y g (80)
As such, the new parameter 7 is defined by

dr 0H

T 1

dr  0H’ (81)

Consequently, we can calculate the beam parameters q, K, and ¥ from H as they are
unaffected by choosing a new dispersion relation.

In our implementation of Scotty, we make the following choice for the dispersion
relation H: the solution of the Booker quartic [55, 56]

K Bivy_‘m =0, (82)

92

where

a = ey, sin? 6, + €11 cos? b,,,, (83)

B =—enew (14sin°0,,) — (€1, — €1,) cos” Oy, (84)
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and

Y = € (5%1 - 5%2) . (85)
Recall that sin 8, is the mismatch angle, see Figure 2. The sign of the square root in

equation (82) is chosen based on the mode. To figure out which sign corresponds to
which mode, we consider the case where 6, = 0, getting

ﬁ + 4 /ﬁQ _ 404’}/ _ —6%1 + 6%2 — €11€pp + |6%1 — 6%2 — 511€bb| (86)
2x

2611.

We need to choose the signs such that we recover K2c?/2% = ¢y, for the O mode and
K?c?/$2* = €11 + €12/€1; for the X mode. Thus, if €2, — €25 — €116 > 0, the + of the
+ corresponds to the O mode. If it is less than zero, then — of the £+ corresponds to
the O mode. The other sign, in either case, would correspond to the X mode. Scotty
selects the appropriate sign, and uses this H(H,q,K) in place of H to find q, K, and
¥. Should one wish to use a different dispersion relation, it would be straightforward
to modify Scotty accordingly.

There are a few quantities that depend on the definition of H given in equation
(23). These are equations (29), (30), and (31). In particular, the exact definition of g
in equation (29) is crucial for our result on localisation in Section 8. Our calculation of
group velocity is dependent on the choice of dispersion relation, since
dr dq
dr dr’
where the dependence of d7/d7 on our choice of H is given in equation (81). We use

g= (87)

Cardano’s solution in equations (73), (74), and (75) in post-processing to determine g
and ¢ in equation (33) consistent with our definition of H.

2.2.2. Test cases. Throughout the rest of this paper, we use two test cases to illustrate
our results. Omne of these cases uses equilibrium data from a real shot which was
carried out at the Mega Ampere Spherical Tokamak (MAST), while the other is entirely
analytical. We detail these two cases here, and unless otherwise stated in subsequent
sections, the parameters here are what we then use. In both cases, the probe beam’s
frequency was taken to be 55 GHz with O-mode polarisation.

To illustrate our model’s ability to deal with real plasmas, we chose MAST shot
29908, at 190ms. This was one of six repeated shots used to study the effect of mismatch
in an earlier paper [28], in which DBS data was analysed for these shots at 190ms. The
RB¢ and the normalised poloidal flux density v, were determined by MSE-constrained
EFIT, and we used equations (42), (43), and (44) to calculate B. We used SciPy’s
bivariate spline to interpolate v, [53]. To ensure that the second spatial derivatives are
smooth, we used a degree of 5 and a smoothing factor of 2. This does not significantly
change the poloidal flux profile, as can be seen from Figure 3.

The density profile was acquired by Thomson scattering. We chose to fit the density
data rather than smooth it because it was noisy, which made the evaluation of VVn,
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Yy from EFIT Interpolated 1, ,,

1.4 \ﬂ/
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04 06 08 1 12 14 04 06 08 1 12 14

R/m R/m

Figure 3: Data from MSE-constrained EFIT (left), after smoothing (right). Here t,,,, is
the normalised v, such that v,, = 1 on the last closed flux surface and v,,, = 0 on the
magnetic axis (left). The smoothing spline (right) gives ¢,, < 0 in a region of space
near the magnetic axis. Thankfully, the beam is never in that region in the simulations
used for this paper, so this is not an issue.

and thus d¥/dr, challenging. Since data processing is not the main focus of this paper,
we instead use the following function to fit the density data

Ne = 01 tanh [02 <¢p,n - 03)] s (88)

where 1, , is the normalised 1, such that 1,, = 1 on the last closed flux surface and
Ypn = 0. The coefficients C; = 3.25 x 10" m™3, Cy = —2.4, and C3 = 1.22 were
determined via manual fitting by visual inspection. These coefficients were used by
Scotty directly to calculate the density. Notice that the fit gives negative densities for
Ypn > C3; at these values of v, the density is set to 0. The fit is not particularly good

when v,,, < 0.4; the experimental density profile is hollow. Fortunately, this is not a

~

problem for the current work, since the beams studied in this paper do not enter that
region.
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Figure 4: Electron density n. data from the Thomson scattering diagnostic as a function
of normalised poloidal flux (blue and red circles, denoting measurements on the outboard
and inboard respectively), hyperbolic tangent fit (black line). The fit is less good when
Ypn S 0.4; the experimental density profile is hollow. Fortunately, this is not a problem
for the current work, since the beams studied in this paper do not enter that region.

We launch a circular beam, at gg = 2.44m and ¢z = Om, with ¢, = 6°, ¢, = —6.4°,
Ry, = Ry, = —728cm, and W, = W, = 3.97cm. The launch beam’s width and
curvature were obtained from E-plane measurements of the 50 GHz beam of the MAST
DBS [28]. This beam propagates through the plasma as given in Figure 5.

For our analytical equilibrium, we use a large aspect ratio, circular flux surface
equilibrium. The toroidal component is given by
R,

R’
where R, is the R of the magnetic axis and B;, is the corresponding toroidal
magnetic field at the said axis. The poloidal field inside the last closed flux surface,
(R — R,)*+ Z? = a?, where a is the minor radius, is

Z

JE-Ry+ 22

B¢ = Bea (89)

Br=B, (90)

and

R-R,
B, =B (91)
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Toroidal Plane

&
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R/ m X /m

Figure 5: Beam propagation through MAST plasma, shot 29908 at 190ms. Poloidal
(left) and toroidal (right) cross-sections. The orange line in the right figure shows the
radial position of the last closed flux surface at the midplane. Thin solid lines give the
1/e positions of the Gaussian beam’s electric field, and the dotted lines show the ray’s
propagation in vacuum. Notice that the thin solid line loops upon itself in the figure on
the right: this is not an artefact, it is the result of the beam widening as it turns and
travels a significant distance in the poloidal plane, while not propagating quite as far in
the toroidal plane.

Here, inside the last closed flux surface, we have

R—R,)?+ 7?2
By = Bpa v S+ ; (92)
a
where B, , is the magnitude of the poloidal magnetic field on the last closed flux surface.
Unless otherwise stated, we use B,, = 0.1T, B, = 1T, R, = 1.5m, and a = 0.5m.
The density profile was linear in /1, going from n, = 4 x 10m=> at /¢, = 0 to
zero density at /1, = 1. A circular beam is launched at gr = 2.2m and ¢z = Om, with

wp =10°, ¢y = 0°, Ry, = Rpy = —4.0m, and W, = W, = 4cm.

)

3. Reciprocity theorem

The exact expression for the scattered electric field E; is complicated. Coherent
scattering in fusion plasmas has been studied extensively in cases where the wave
frequency is much larger than the plasma frequency [57, 58, 59]. Since the frequency of
the DBS beam is close to the plasma frequency, refraction is significant, making analysis
even more challenging. Fortunately, we know that the emitted and received patterns
of the antenna are the same. For the antenna to receive a wave, it must be of the
same form as the emitted wave, shown in equation (32), but time reversed. Since the
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received and emitted waves are travelling in opposite directions, their wavevectors and
beamfront curvatures, given by Re(¥), have opposite signs. The received and emitted
waves must also have the same envelope, given by Im (%), to pass through the optics of
the DBS system. The polarisation of the emitted wave must be the same as that of the
received wave. For example, an antenna emitting right circularly polarised light must
also receive right circularly polarised light. However, the direction of travel has changed,
and thus the direction the polarisation is moving also changes, as one might expect from
time reversal symmetry. The received polarisation is thus the complex conjugate of that
emitted. Consequently, at the antenna, the received scattered electric field must satisfy

Eon = A,&5, exp (—%w SO w> , (93)

where we have assumed that the antenna is in a vacuum and that the probe beam is
launched perpendicular to the antenna surface. If the scattered wave is not of the form
in equation (93), it will be detected by the antenna.

To calculate A, for a given E,, we project the scattered electric field on the
Gaussian beam mode, the lowest order mode of the Gauss-Hermite beams, which form
an orthogonal basis [60, 61],

A, = 7! [det [Im (Ww,am)]]% / [ES - €4t €XP (
nt

a

i

2W Wy ant - W)‘| ds. (94)

The 7! [det [Im (met)]]% piece is the reciprocal of what we would get if we evaluated
the 2D Gaussian surface integral, as shown in Appendix C.2. We have assumed that
the DBS optics produces a sufficiently good Gaussian beam, such that the contribution
to the signal from higher order modes is negligible.

We use reciprocity to obtain A, without calculating Eg in its entirety. The
reciprocity theorem is a standard method of calculating the signal received by an
antenna. However, it cannot be used in its usual form when the medium is a
magnetised plasma. In order to deal with highly magnetised plasmas in tokamaks, some
modifications have to be made. Specifically, the reciprocal beam has to be launched into
a plasma which has its dielectric tensor transposed [21, 22, 62|, which is the same as
having its magnetic field reversed. The dielectric tensor has to be transposed to maintain
time reversal symmetry. Like previous work on reciprocity, we use the superscript ()
to denote solutions in the medium with the transposed dielectric tensor, which is

2

c
5V x (V% EM) =€l - E™. (95)
To obtain A, in equation (94), we contract equation (5) with EG) |
2
c
mE(” Vx(VXxE,)=E" .¢, E,+E" ¢, E,, (96)

and integrate by parts, using equation (95) to obtain
2

%v (VX E) xE® - (VxED) xE] =E® . e - E,, (97)
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Choosing the right surface and the right boundary condition for E(*) on that surface,
one can calculate A, from a volume integral of EM . ey - Ey,

92
/[(v xE;) x EM +E, x (VxEM)].dS= [ S EM . ¢ E, dV. (98)
c
We impose that E(Y) at the antenna is
ECY) = 771 {det [Im (@ one)]} 2 €7, XD (%w Wyt - w) . (99)

This might initially seem odd to the astute reader. Here we have the polarisation of
the outward propagating reciprocal beam to be €*. However, to recover the integral in
equation (93), the outgoing polarisation has to be € instead of €*. We will show this
in a few lines, in equation (103). Fortunately, in vacuum, both the O and X modes
are linearly polarised, hence we can choose their polarisations to be real. Thus, at the
antenna, € = €*. This choice proves to be most convenient, as one will see in the next
paragraph.

The behaviour of E() as it propagates into the transposed plasma is governed by
the beam tracing equations. The beam’s evolution is governed by the dispersion relation
D-é = 0, where D was defined in equation (22). When the dielectric tensor of the plasma
is transposed, the dispersion relation is D7 - &) = 0. The fact that D is Hermitian
implies that Df-e& = 0. Thus, DT -&* = 0, and we conclude that é(*) = &*. Intuitively,
this makes sense, since transposing the dielectric tensor corresponds to switching the
direction of the magnetic field; hence, left-handed polarisation in the transposed plasma
behaves the same as right-handed polarisation in the physical plasma and vice versa.
As such, the reciprocal beam E() propagates like the probe beam E,, except for its
polarisation being complex conjugated. Since E(*) at the antenna, equation (99), has
the same form as E;, at the antenna and follows the same set of evolution equations,
except for the complex conjugated polarisation, the reciprocal beam is

1

E™) = 7~ {det [Im (@, 4n;)]} T {det [Im (&,,)]}F <M> ’

g (100)

x €" exp(ipg — ipp) exp (is +iK, -w+ %W -, - W) .

We remark that ¢ does not change sign, unlike ¢p. Note that equation (100) has
its current form because we chose €,,; to be purely real, and hence we were able to
write equation (99) in its present form. For a general €,,,, the initial condition for the
reciprocal beam’s electric field E(Y) would have had the polarisation &,,;, which would
have been awkward.

We evaluate the integral on the left side of equation (98) over a surface which both
contains the antenna and is far enough from the plasma that we can write E; as a
summation of plane waves,

E, =) A,exp(iK, 1), (101)

K
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which we can do because the antenna is typically situated away from the plasma. Due
to the vacuum dispersion relation, the scattered microwaves at the antenna have almost
the same wavenumber as that emitted, {2/c, at the antenna. The integrand of the
surface integral in equation (98) is

(V x E,) x EP) 4 E, x (V x EM)

~ ) [i(K - EM)A, —i(A, - EMK,] exp(iK; - r)
K. (102)

+3 (A EMK —i(K - A)E®] exp(iK, - 1),

where we have used VE(Y) = iKE(). At the antenna, K is normal to the surface, and
as a result its electric field is parallel to the surface. Moreover, at the antenna, E(T)
exp(iK,g - r), and any term that contains an A, with K, not exactly perpendicular
to the surface of the antenna integrates to zero. Therefore, [(K, - E))E; -dS = 0.
Similarly, [(K - E,)E®) -dS = 0. The scattered waves are always travelling out of the
plasma; the probe beam is also travelling out of the plasma at all points, except at the
antenna. Consequently, the terms that contain A, - E() cancel at all points other than
on the antenna. The surface integral in equation (98) is thus
/[(v X E,) x EF) 4+ E, x (Vx E®)].dS = —/ 212135 .EMds
o ¢ (103)
= —2i—A,.
c

Here we have used the fact that the wavenumbers are {2/c since the antenna is in
vacuum. Hence, we get the reciprocity relation
(P51

A= E™M) . ey - EydV. (104)

4. Assumptions about turbulent fluctuations

To evaluate the backscattered signal, we use the microwave and reciprocal electric fields,
as well as the linearised dielectric tensor, in the reciprocity theorem. Substituting
equations (3), (33), and (100) into the volume integral of the reciprocity theorem,
equation (104), we get

124
Ay = et [ detfTm () 22 exp2ioc)
. e g (105)
X —@&" - (€ — 1) - & exp(2is + 2K, - w +iw - ¥, - w) dV.

e
We see that we need to evaluate three spatial integrals to determine the backscattered
signal. In order to do this, we need to make some assumptions about the nature of the
turbulent fluctuations dn..

In this work, we take the plasma to be in steady state, such that the equilibrium
electron density n. has no time dependence, whereas we assume that the turbulent
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fluctuations dn. can indeed have a fast time dependence t in addition to a spatial
dependence. This time-dependence will be important in Section 7.1. For now, we will
concentrate on the spatial properties dn..

We consider a tubular region of space around the Gaussian beam as it propagates
through the plasma. This region of space is elongated along the ray, and across the ray
it is several times the width of the Gaussian beam, such that the beam’s electric field is
effectively zero on the boundary of this region. We Fourier analyse dn. in this volume.
We use the usual assumptions for turbulent fluctuations [26, 27], considering electron
density fluctuations dn. with very large gradients across the magnetic field and small
gradients along it. Hence, we define coordinates aligned with the magnetic field. We
use v, the arc length along magnetic field lines, and two variables u; and u, that both
satisfy

b(q(7) +w) - Vu; = 0. (106)
With these variables, we get

5ne(r, t) = /5736(/{,]_71, k’J_Q, UH,CU) exp (ikLJUl + iku_,QUQ — 1wt) dk’J_J dk‘J_,g dw, (107)

where w has contributions from both the angular frequency of the turbulence in the
plasma’s frame and the Doppler shift due to the moving plasma, and

1 1 0
~ — ~N — ~ — 1
k:J_7a \ > k‘” I au” ( 08)

are the components of the turbulence wavevector perpendicular to the magnetic field.
We define u; and us such that their gradients are perpendicular to each other at w = 0
(on the central ray). They are only perpendicular to each other along the central ray,
and not when we move away from it: this is a consequence of magnetic shear. Any vector
perpendicular to the magnetic field is resolved into two directions: @; = Vuy(w = 0)
and Gy = Vuy(w = 0). The subscripts ; and 5 indicate projection on these directions
respectively. We choose t1; and 15 as follows: 1 is in the plane of g and b, while 1 is
perpendicular to g, and both of them are perpendicular to 13,

= \px8xb (109)

(b x &) x bl

and

>

X
Uy = ———. (110)
b x g
Here we take b to be a shorthand for b(q(7)) = b(7). That is, b is the unit vector of
the magnetic field on the central ray. Note that if g and b are perpendicular to each

1=}

other (that is, if there is no mismatch, as we later show), ; = g (Figure 6). Note that
this 1; and 0y are the same as that used in Section 2.2.1, as we will prove in equation
(139). We align the basis for w, see equation (8), with the basis for k. We choose
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Figure 6: Bases for k; and w, with § > 0 and 6, > 0.

y = Uy and denote projection in that direction with the subscript ,. The other basis

vector for w, which is perpendicular to both g and y, will be
S 4w B
x= Y28 _ H2%8 (111)
v x gl [0 xg
Based on the bases for k| and w, we define the angle 6 such that

cosf =g - 0. (112)

Hence,
X -1 = —sind. (113)

This angle # is not the mismatch angle, but is of the same order as the mismatch angle,
as we will later prove. The mismatch angle is

sinf,, =K -b, (114)
which we take to be small,
A
O ~ —, 115
o (115)

in order to obtain a significant signal. This will be shown to be self-consistent at the
end of our derivation.

Using the definitions of iy = Vu;(w = 0) and Gy = Vuy(w = 0) above, we derive
the coordinates u; and us in Appendix D. We summarise the results here. They are

U = / g(7") cos6(7") dT — w, sin 6
0

L,
%(Slzej_e_n,isin9+§(.Vb.g_f(-Vb-fctane) (116)
-

2
. in 0 tan 6 ds .
+ww, (—&~ysin9+y-Vb-g+Md—x-y—y-Vb~>2tan9>,
g T

and

2 (tanfdx . %x-Vb-y v-Vb -y
e (DO BT T
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Here,
1 dg
k=5 (118)
g dr
is the curvature of the central ray. This ray curvature should not be confused with the
wavefront curvature, 1/R;,. Note that we have kept corrections to u; and us to order \.

Finally, the arc length along the magnetic field is
u >~ — / g(7")sinO(7")dr" — w, cos b, (119)
0

where we have neglected terms that are small in W/L. Since kjj ~ 1/L, we have kju ~ 1,
and the higher order contributions to | are not required.

5. Backscattered electric field: general

We proceed to evaluate the amplitude of the backscattered electric field, A,. Writing
the volume element in equation (105) as

dV = g dw, dw, dr, (120)
and substituting equations (107), (116), and (117) into equation (105), we get

i2A !
A, = I;M / [det[Im(®, )]]? exp(2ige) exp (—iwt)
e
Me . R L T N
X : € - (€qq—1)-€ exp (215 + 1kzL71/ g(1") cosO(1") dT) (121)
e 0

x exp [1(2Ky + ki ) - Ww+iw- M, - w| dw, dw, dr dk, ; dk; o dw.

Here k| =k 10y + k209 and M, is the symmetric modified ¥,, matrix, given by

My, M, 0
M,=| M, M, o |, (122)
0 0 O
where
My, =V E(Smed—e—n %sinf +%- Vb - g—X- Vb - xtan@)
2 g dr
R 123
@ tan@dx g )E‘Vb-y (123)
2 cos ’
M,, =, k—< Gsind+§-Vh. g4 SmOtamOdX o o op fctanG)
2 g dr
(124)
L ey
2 0059 ’
and
My, = W,,. (125)
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It is worth noting a few points about this modified matrix. First, the modifications to
w,, are only to its real part, that is, the part associated with curvature (as opposed to
width). Secondly, that these modifications depend on the curvature of the magnetic
field, not on the curvature of the cut-off surface. As we will see in Section 9, this affects
the wavenumber resolution, and our model gives a different result from widely-cited
earlier work [2, 23]. In Scotty, we calculate the gradients of b in cylindrical coordinates,

~ abR abR CC abz abz A A
b= DERR + PRIR 10,5 + DZR7Z+ 2277,
Vb= %R o7 TR TR T oz (126)
(g Dy R
8RRC 3, Z¢ — b= e

To get this result, one should remember that the R and é basis vectors depend on
position. That is, we have used

5 GG
R=-" 127
VR = ¢ (127)
and
. (R
V(= —"—. 128
(=& (128)
What the DBS Community actually uses is not A,(t) directly, but its Fourier
transform A, ( ' [ A, (t) exp(iwt) d¢, which is
~ i2A 1
A (w) = M / [det[Im (@, )]]? exp(2ide)
2me
0ne . . 7
X :LL € - (€q—1)-€ exp (213 + 11@71/ g(7") cos 6(7") dT’) (129)
e 0

x exp [i(2Ky + ki ) - Ww+iw - M, - w| dw, dw, dr dk, ; dk ».

The task ahead of us is to solve the integrals in equation (129). We begin by evaluating
the Gaussian integrals in w (section 5.1). When calculating Gaussian integrals with
complex coefficients, we need to be careful — see Appendix C. To solve the integral in
7, we have to make some assumptions about 8, which we do in section 5.2. Depending on
the assumptions made, we can solve the integral in the conventional tokamak (section 6)
or spherical tokamak (section 11) cases. Moving forward, the form of the backscattered
electric field that we will use for the backscattered power will be that of the conventional
tokamak case.

5.1. Gaussian integrals in w, and w,

To solve the spatial integrals perpendicular to the beam, we first define the inverse of
M, as

Mg M0 My, My, 0
-1 _ o
M, = = Myxl Myy1 0| = My, M,, 0 . (130)
0 0 0 0 0 0
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It is important to bear in mind that Mgl is the 75 component of M !, and not 1/M,;.
We then note that
2Ky +kiy) - w+w-M, -w

1 1
= | W+ 52Ky + ki) - Mil} Mo {W oMy (2K + k) (131)

1
— Z(QKW + ki) M (2K, + k).
We substitute this expression into equation (121). Note that the integrals with respect
to dw, and dw, in equation (129) are Gaussian integrals. In Appendix C.2, we show
how to calculate a 2D complex Gaussian integral. The density fluctuations dn. also
depend on w, via u, but this dependence is slow since the turbulent properties change

slowly along a field line. Hence, the turbulent fluctuations are evaluated at
O (lﬂ,h ko, uH,w) ~ 07, <lﬂ,1, ko, —/ g(7") sinO(7") dT',w) , (132)
0

and equation (129) thus becomes

It QAantgant / det [Im (Ww)] % :
A =— 2
2 det (M) | <P2ide)
One . L ’
X : e - (€q—1)-€ exp (213 + 1k:L71/ g(7") cos 6(7") dT/) (133)
e 0
X exp |:—i(2Kw + kJ_7w) . Mujl . (QKw -+ kJ_7w):| dr dlﬁ_,l dl@_g.

We note that the phase of y/det (M,,) is chosen from

det (M)
anj ’

and the fact that these square roots must have

Im (\/M_m> >0, (135)

Vet (M) = /M., (134)

and

det (M,,)

I
H M,,

> 0. (136)
An easy way to remember this rule is to consider a purely imaginary M,,, in which case
this result is the most intuitive and sensible one. Refer to Appendix C.2 for a more
detailed explanation of the underlying reasoning.

To simplify equation (133), we project K,, onto x and y. Note that the dispersion
relation for cold plasma depends on K only via K2 and (K - b)2,

H(K,q) = H(K? (K-b)* q). (137)

Thus, we find that

OH oH -
oK? I(K - b)? (138)
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and as a consequence
K, =0. (139)

That is, the beam wavevector K is always in the plane defined by b and g. Using these
insights, we remark that there is an exponential decay of the signal with k, » because
of the piece

i
exp [_4_1(2Kw =+ kL,w) . MJI . (QKw —|— ki,w)
(140)

= exp {—i ((2Ky — ko 1sin®)’ M + 2k, 2(2K, — kyysin0) M, + k3 ,M, 1)

Hence, k) » cannot be of order 1/A, otherwise the argument of the exponential will be
large and there will be no signal. Instead, by requiring that this argument can at most
be of order unity, we find that

1

ijﬂQ ~ W (141)

5.2. Ordering 0,

We consider two cases: the conventional tokamak and the spherical tokamak. These
are just names for two different cases typical of but not exclusive to conventional and
spherical tokamaks respectively. Moreover, these orderings are not only applicable to
tokamaks. As long as the orderings in either case hold, the results will be applicable.
In particular, they are applicable to stellarators.

In the conventional tokamak case, we take the mismatch angle to be small for the
entire length of the beam path,

A

0,, ~ W (142)
In this situation, the backscattered signal is given by the Bragg condition, which we

discuss in more detail in Section 6.
In the spherical tokamak case, we take the mismatch angle to be of order unity
0., ~ 1. In general, this requires more work and is beyond the scope of this paper.
However, in the special scenario where there is no mismatch (6,, = 0) on at least one
point along the beam path, the backscattered signal is dominated by this point. We
derive the backscattered signal for this particular case in Section 11. In the right limits,

we show that the spherical tokamak and conventional tokamak cases coincide.

6. Backscattered electric field: conventional tokamak

In this section, we solve the integral in 7 for the conventional tokamak case, while the
spherical tokamak case will be handled in Section 11. We begin by exploring in detail
the orderings involved in the former case. Once we do this, we then proceed to evaluate
the integral in 7 via the method of stationary phase.
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6.1. Ordering

We contract equation (138) with b, giving us

0H 0H
—gsinf = 2K + - sin 6,,. 143
g <8K2 8(K~b)2) (143)
When 6,, ~ A\/W, equation (138) gives us g ~ 2K dH/OK? to leading order. Hence we
find that
OH  (oH\™'
sinf = — [1+ - sin 6,,,. 144
(K - b)? <<9K2> ] (144)

The finer details of the relationship between 6 and 6, are discussed in Appendix E.
However, to proceed, all we need is to note that since

oH 0H
— ~ , 145
O(K-b)2 0K? (145)
we get
A
0~ 0, ~—. 146
= (146)
Consequently, we have
1
K, =—-Ksin(0,, +0) ~ —K(0,, +0) ~ W (147)

Hence, K, /K is small in mismatch angle, whereas
K, = Kcos(§ +6,,) ~K. (148)

From equations (139) and (147), we find that K,,/K = K,/K ~ 0,,. At this point, we
see that our ordering 6,, ~ \/W is necessary for the mismatch angle to be small enough
to allow for a backscattered signal to be detected. Indeed, using equations (146) and
(147), the M;! and M| terms in the exponential of equation (140) are of order unity.
In a conventional tokamak, most of the magnetic field is in the toroidal direction
b ~ ¢. Hence, to have § ~ A/W, we require
Los A
g- ¢~ W

Note that this is a maximal ordering. What this means is that the group velocity of

(149)

the probe beam can have a small toroidal component and the orderings will still hold,
but everything still works perfectly fine if the group velocity is entirely in the poloidal
plane. If this were the case, then the mismatch angle is simply the ratio of the poloidal
magnetic field to the toroidal magnetic field, leading us to the conclusion that
B, A
B W (150)
In order to help develop better intuition of equation (147) and the various orderings,
we launch various probe beams into high aspect ratio circular flux surface analytic
equilibria with no Shafranov shift, described in Section 2.2.2. We fix the launch angles,

and vary By maz/ B¢ mas, thereby scaling B, /B ~ B,/B ~ 0,, everywhere. We see from
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Figure 7: For a beam in the poloidal plane, increasing B,/B increases the mismatch
angle, which increases K, /K (left). Increasing the toroidal launch angle also increases
the mismatch angle, which increases K, /K (right).

Figure 7 (left) that the magnitude of K, scales accordingly, as expected. We increase
the toroidal launch angle for a plasma with B, = 0, starting from a launch angle of 0,
which corresponds to the beam being entirely in the poloidal plane. This also has the
effect of increasing the mismatch angle, and we can see in Figure 7 (right) that K, also
increases.

6.2. Stationary phase integral in T

We now proceed to evaluate the integral in 7 in equation (133), exploiting the orderings
above. Noticing that the function exp [Qis +ik, 4 fOT g(7")cos@(r) dr’ } oscillates quickly
in 7 since 2is +1iky 1 [y g(7') cosO(7') A7’ ~ L/A > 1, we use the method of stationary
phase to evaluate the 7 integral, an approach to DBS that is well-established [22].
The method works as follows. Since the exponential fluctuates quickly, the positive
fluctuations cancel with the negative fluctuations, integrating to zero to lowest order.
This does not happen where the phase is stationary, that is, when

{23 + kL,l/ g(") cos (") dr'| =0, (151)
0

dr

where 7, = 7,, T3, . . . are various points along the ray that satisfy this equation. Equation

Tu

(151) is the Bragg condition alluded to in the introduction,

ki1cosO(t,) = —2K,(1,). (152)
Neglecting terms that are small in mismatch, we get

ki1~ —2K(T,), (153)

which is how the Bragg condition is typically presented in the literature: at every point
along the ray, there is a specific k; ; that is responsible for backscattering, and its value
is determined solely by the wavenumber at that point. We consider the case where the
density profile is monotonic. In such a situation, K decreases as we get close to the
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Figure 8: Every k,; is associated with scattering at different points of the path.
Every point only backscatters one particular k; ;. Red lines: these values of kj ;
are not responsible for backscattering along the ray. Green line: the k; ; for which
backscattering occurs at the extremum. Blue line: this value of k; ; backscatters from
two points along the ray.

cut-off, and increases as we go further from it. Hence, for any given k, ;, there are
three possible scenarios, as shown in Figure 8. First, that £k ; is either too small or too
large, such that at no point of the ray’s trajectory is it responsible for backscattering.
Second, that it backscatters the beam exactly once, at an extremum value of K along
the path. Third, that the same k, ; is responsible for backscattering at two points along
the path, 7, = 7, and 7, = 7; consequently, we have to add contributions from both
these locations when taking the integral in 7. This can be extended to more complicated
cases where the density profile is non-monotonic.

Since the dominant contributions to the integral are due to small intervals centred
around 7, = T,,T,..., we Taylor expand the phase 2is + ik, ; fng(T/) d7’ around
Ta, Tp, - - - t0 find these contributions. Usually, we will have at most two points to expand
around (7, and 7), but we keep things general and sum over all of them, just in case
one were to consider one of the aforementioned complicated cases. We first note that
when the mismatch angle is small, ,, ~ A/W, we have

exp (uﬁ,l /0 " g(7) cos () d7’> ~ oxp (i/ﬁ,l /0 e (1 - %9%')) dT'), (154)

where we have discarded terms which are small. Hence, expanding the large phase term,
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we get

T 1
exp (213 + ikLJ/ g(7") (1 — 59%7”)) dT’)
0
dK

~ exp [zis(m) Fiki, /0 "o (1 - %9%’)) ar' +ig(ra) | (7 —T,ﬂ .

Here the subscript , on functions of 7 indicates these functions are evaluated at 7 = 7,,.

(155)

T

We have also used the Bragg condition, equation (153), to simplify some of the terms.
Thus, the final integral is again a Gaussian integral, and slowly-varying functions of 7
such as dn,. can be simply evaluated at 7., 7, .. .,

Oney (ki1 ki 2,w) =~ dn (kLl,kL,g? —/ g(7")sin (1) dT’,w) , (156)
0
giving
1 1
. Q2 AantGant det [Im (@, )12 | ./ dK| \'|°
A = ——" o pinial
2 / 2 [det(Mm T\l
u=a,b,... )
. 0Ty

X exp (2ipg,) €], (€eqpu—1)-€
(066,) & (€uas— 1) -8, -

X exp {—i(zKW +ki) - ML (2K, + kL)}

. e 0*(1") /
X exp | 2is, + ik 3 gt | 1— 5 dr’ | dkp; dkyo.
0

With the mismatch angle being small, 6,, ~ W/L, we remark that
i

4

2Ky + ki) - M, - (2K, + k1)

; (158)
~ —iKﬁeﬁwMgggju + iklnguem,MM;y{u — ZkiQM;yfu,
and the corrections to ¥,, are
k N
Map gy = W = = (b Vb - g) , (159)
“w
and
MIGORLE
Moy > Wy + 27 =, (160)

b, x g,

Here we have used, X ~ —b, y = b x g/|f) x g|, and the result that k; o ~ 1/W, as we
argued in equation (141). Hence, the M,, , is modified by the curvature of the magnetic
field B, while M,, ,, is modified by the magnetic shear.

Unfortunately, dK/dr = 0 at a minimum of one point along the ray, since K
decreases as the beam enters the plasma and increases as it leaves. A proper treatment
of this divergence requires us to consider the next order terms in the Taylor expansion of
the phase 2is +1ik1 1 [;* g(7') (1 — 6*(7')/2) d7’, which we do in Appendix F. However,
this is not an important issue: the divergence is integrable, as we see in Section 8.
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At this point, we find ourselves in a bit of a pickle. Consider the inverse Fourier
transform of the density fluctuations

1 T
e (kg kig,w) = Dy /5716 (ul,u2, —/ g(7")sin (1) dT',lﬁ)
0

X exp (ik?J_JUl + ik’J_QUQ — 1wt) dk?J_71 dk’J_,Q dw.

(161)

We see from equations (D.6) and (D.7), uy ~ L and uy ~ W. Consequently, scales as
large as 1/L for k; ; and 1/W for k, 5 are large enough to change 7., by order unity.
This is despite dn. changing on the scale of L. Moreover, in equation (157), there is
a large phase term k, ; fOT“ g(r")Ydr" ~ k1L ~ L/X > 1. These two facts mean that
we have order unity change even when k; ; ~ 1/L or k; o ~ 1/W. Consequently, one
would have to consider very large length scales 1/L which is not only undesirable from
a physical point of view, but also prevents us from evaluating either of the remaining
integrals. We can get around this by working with the time-averaged backscattered
power instead. Using power avoids the need to deal with the phase, and time averaging
leads to separation of scales in 47, ,, thereby eliminating the long length scales.

7. Backscattered power

For the reasons discussed at the end of Section 6.2, it is difficult to evaluate the &k, ; and
k, o integrals when working with the backscattered amplitude. In order to make further
analytical progress, we have to eschew the phase of A,, and work with the time-averaged
backscattered power instead. We introduce the correlation function (Section 7.1), and
proceed to solve the Gaussian integral in k; o (Section 7.2). Unfortunately, the final
integral in k; ; cannot be solved analytically without making assumptions about the
turbulence spectrum. This issue, along with a numerical solution to the k, ; integral, is
discussed in Section 8.

7.1. Correlation function
We consider the correlation function for two density fluctuations, at r, ¢t and r+Ar, t+ At,
(0ne(r, t)on.(r + Ar, t + At)),

(dn(r,t)),
r and Ar have different scales after time averaging, and this will be important later.

C(r,t, Ar, At) =

(162)

Using equation (107), we express the density fluctuations in terms of their Fourier
transforms

(0ne(r,t)dn.(r + Ar, t + At)),
(6nZ(r,1)),

= <5n2([‘, t)>t_1 / (57~”Le (kl,h kLQ, u” + AuH,w) 575: (kj_,la ]{73_,2, u”,w’) (163)

x exp [i(kiy — K\ w4+ (ks — K| 5)us] (exp [—i(w — w')t]),
X exp (iky 1 Auy + ik) o Aug — iwAt) dky 1 dk) o dw dkl; dki’2 dw'.
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Since we assumed our system was in steady state, we can perform the time average <>;
over a sufficiently large time interval

1 1
—— >, (164)

T ~

such that we get a Dirac delta function as follows

/00 exp [—i(w — W )t] dt =276 (w — ). (165)

oo
However, this is not true of k; ; — &/ ;, since there is a characteristic long length scale
L. After time averaging, we assume separation of scales for r and Ar, which means we
have to order

1
kg =Ky~ ke =k~ 7, (166)
but
1
kian~kion~ % (167)

Note the apparent contradiction with equation (141). The turbulent fluctuations dn,
only have k; 5 ~ 1/A, but the beam requires k, 5 to be much smaller: k; o ~ 1/W as
per equation (141). We will see shortly that this implies that we eventually should take
ki o = 0. For now, however, we get

(0ne(r,t)one(r + Ar, t + At)),
(0ng(r,1)),
= <5nz<r7 t)>t—1 / O (kj_,l, ]{ZJ_,Q, uy + AuH,w) 573: (kj_,la kﬁ_’Q, u”,w) (168)
X exp [i(kl,l — kiyl)ul + i(k'J_Q — kj_’2>’u2} dkl,l ko_’Q
X exp (iijlAul + ikJ_}QAIU/Q — IUJAt) dw dk'j_J dkﬁ-ﬂ’

We compare this to the Fourier transform of the correlation function with respect to Ar
and At, which satisfies

C(r,t, Ar, At) = / Ce, b,k Ky o, Auy,w)

(169)
X exp (ik 1Auy + ik g Aug —iwAt) dky 5 dk) o dw.
Hence, we find that
é(ra t7 ki,l? kL,% AU”, W)
- <5”g(r> t)>;1 / 6/ﬁfe (kJ_,la kJ_,Qa u + AU’H?"‘)) 5ﬁ: (kl,la kl,Q? U”,(JJ) (170)

X €xp [i(kJ_,l - k‘lg)ul +i(kLe — k’l,z)uﬂ dki,l dklg-
Since we have assumed a steady-state plasma, there is no slow time dependence, so we

drop it from C from here onwards. The ¢ in on., is a fast time dependence, which we
need to keep.
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We introduce the backscattered power spectral density p,., such that the total
backscattered power P, is given by

P = /pr dw. (171)

To evaluate p,, we multiply the backscattered amplitude, equation (157), by its complex
conjugate, and we time average over a time 7" that satisfies equation (164) to find

D, . ' Tu(k1,1) ) Y
[ Atbssbemen it tikn [T gt ar
0

P, ant

p=a,b,...

X OMe (ki  kig,w) dky 1 dky o

* (1.0 / . / -1/ Tu(kﬁ"l) " "
X Z Fu(kJ_,DkJ_Q)eXp _21S(TV(I€J_,1>>_1I€J_,1 ; g(7") dr

v=a,b,...

(172)

X 5ﬁ:,l/(kl,l7 kigaw) dkl,l dk:/L,Qv

where P,,; is the total power emitted by the antenna and where we have abbreviated

Fu(kia, ko) =

the slowly-varying piece of the amplitude (without density fluctuations) as
dr
X exp (2ip¢ ) e, (€equ—1)-€,
i
X exp l—z(2Kw# +ky)- MJL (2K, + kL)]

1 173
annt |:det [Im (Epww)q ’ [71’1 <9u dK ) ]
1
X exp (%lﬂ,l/ g(To* (1) dT’) )
0

2¢ det (M) dr
Me (173)
We remind readers that 7, is a function of k, ;. Hence, F, (K ;, ¥ ,) would be evaluated
at 7, (k' ), rather than at 7, (k. ;). Moving forward, we try to match equation (172)
with the Fourier transform of the correlation function C'. First, we note that since
F,(ki1,k1 2) depends slowly on &k, ; and k, 5, as we have taken the large phase term
out of it. Hence, we can neglect ky ; — k' ; ~1/L < 1, giving us

F (K1 Ky ) = Bk, k). (174)

To deal with the exponential term outside F},(k, 1,k12), we Taylor expand Ty(/{ijﬂl)
about 7, (k1)

/ / Ty(kl’l) " "
2s (Tu(kJ_,l)) + k) g(t") dr
0

v (kL,1) 175
w2, () + 1Ly [ o ar” e
0

+ [2Kugu + kﬁ.,lgV} [TV(kj_,l) - Tl/(kJ-,l)} :



Beam model of Doppler backscattering 34

In order to gain the insight we need to proceed further, we consider the following piece
of equation (172),

Z ‘mew(lﬁ_,l ) k’L,Z, w)élﬁ’;y(kl,l ) kl,ga W)- (176)
"%

When p # v, 7, and 7, generally correspond to positions that, in the perpendicular

*
e,V

direction, are many correlation lengths apart. For p # v, dn.,0n;, can only become
significant when 7, and 7, are either close to each other or connected by a length of
magnetic field line of the order of the parallel correlation length. Since this only happens
on a countable number of flux surfaces, we ignore this possibility, and assume that when

W # v, 0N ,0n; , is small. Hence, we find that

Z ‘me,u(lﬁ,l, ki o, w)éﬁ:,u(kl,lﬂ kl,2> w)

[7%7
X exp [Qisu - i/ﬁyl/ g(r") dr" — 2is, — ik‘l,l/ g() dT”:|
0 0
= Otk kg, w)oi (K 4, K, w) (177)
j787%

X €xp {i (2Ku9u + kj_,lgu) [Tu(kl_,l) - Tu(%.,l)} }
X exp |:1 (kl,l — k,i,l) / ) g(T”) dT”:| ‘
0

Here we can neglect the small term (2K,g, + K| 19,) [Tu(kr1) — 7u(K ;)] Indeed,
using

1(dK| \ 7
ke = ki) = =5 (], ) tbaa = (178)

which is a result of the Bragg condition, equation (153), we show that term to be small,

(2Kugu + kl,lgu) [TMU{:LJ) - Tu(ki,l)]

1 (dE| 7 A (179)
:écﬁm)%”“‘ﬂf”z<L
Using equations (177) and (174), we rewrite equation (172) as
Pr - ~
o — H:azb /5ne7u(k1,1,kjm,w)dnw,(k’l’l,kijg,w)
(180)

X exp {(kl’l — kll) / g(") d’l'”:| dki,l dkL2
0
X |Fy(kya, ki) dkyy dky s,

and we match the result to the Fourier transform of the correlation function in equation
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(170). We now get

Pr o det Im )]
e St / Z |det Al

,...

2

€, (€cq—1) - €y

exp [2Im (M ) K?0? }

zx,p) T mp

Tu

(181)

i (M) K2

xexp[—ﬂm(M )K Gm#klg—i—Q )

zY, [
<(5n >t -
TCM(I{:L,M kl,QaW) dklg dlﬂ,Q-

Here, Au in Cu is zero and the subscript , indicates that it is evaluated at U 5ni .18

evaluated at u), = — fo "sinf(7') dr’ ~ 0, ug = 0, and uy = fo ) d7”. Hence,
r =q(7,(kL1)), and so, for convenience, we have dropped the r dependence and denote
it with the subscript , instead.

7.2. Gaussian integral in k o

We begin by manipulating equation (181) into a more wieldly form. Remarking that

—2Tm (M3})) KB ki o + ;Im (ML) R,

TY,1 Yy,p
m (M;1)]°
_ = ~1 T\ P ayu)
= -Im (M,,},) k12— 2K,0p, I (M) (182)

we see that the k, o integral is a Gaussian integral. Thus, we find the k| 5 selected by
the signal,

kio~kyo(ru(kin))

B Im (M,}) 1 (183)
I gl W

Interestingly, this is small in mismatch, and is exactly zero when there is no mismatch.
The backscattered power is thus

pr w2 det [Im (¥,,,,)] 2
P,: 42 Gans / Z |det [M,, ]|

Ak

S (€cqp— 1) - €,

,...

g”d_ exp —QM exp | —2—F— (184)
" (Akp2) (Ab,,,)

on2 (t)) ~
< ;5( )>tCN(ki,17 kL,Qaw) dkLJ dkL’Q.
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Here, we use the notation

A@mu:i( Im (M,,}) )é) -
T K\ [Im (M) )] —Im (M;!) Im (ML)

TY, 1 TT, Yy,p

which gives the characteristic 1/e? width of the mismatch attenuation and

1

1 2
Akyy =2 <m> , (186)

Yy,p

which gives us the wavenumber resolution (in 1/e?). For those seeking to design a
synthetic DBS to study data from gyrokinetic simulations, equation (184) is the form
of the backscattered signal that we recommend using.

If we take the %k » wavenumber resolution, Ak, 2, to be small, we can evaluate the

Gaussian integral by using the approximation k£, » ~ k,2 ~ 0 in C , Myy pu, and Mgy ..

T, 0L
After doing this, we get

Dr \/27r 2* Z /det (Im (¥,,,)]

2

Pant 2 5 Yant |det § | é;’; ’ (Eeq,u - 1) : é#
=a,b,... H
X g#? - [_Im (Myy#l)} exp <—2m (187)
o A0meu®), 5 (i, ko, w) dk
n2 pu\Pv L 1 vp 2, 1,1-

Here Mg, as well as M,, , are evaluated at k, o = k,o. The final integral in &k, ;
cannot be evaluated analytically. However, we can make a few simplifications to the
current form of the backscattered power, thereby making clearer the physics involved.

7.8. Final simplifications

We hone in on three pieces of equation (187), showing how they may be normalised and
re-expressed in more explicit forms. We begin by writing equation (187) as

Pr Vel ] W, det [Im (@,,)] . p( 02, )
pu— — X — Y
Poe  2¢2022€2m2W, V2 |det [M,,]| [—Im (My_yl)}% (AQm)2

-1

(188)
dK

X <5nz(t)>t5u(k¢,17ku,2a W) Gant |9~ dr

dkl,la

where ¢ and W, will be introduced in the following lines. The first piece we focus on is
related to the polarisation; we call this piece ¢,

2%e2m?

ST €, (€cqu —1) &l (189)

etn?
The second pertains to the widths (beam) and curvatures (beam and field lines),
W, det [Im (@, ,,)]
V2{det [M,,,]] [~ (3,)]

YY,p

(190)
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Here W, is the value that W, = 1/2/Im(¥,,) takes at the beam waist, in vacuum. The
final piece contains the integrable divergence

dK
In dr
We first look into the polarisation piece, e. Using equation (22) and recalling that

-1

dk 1. (191)

2
g ant

T

the polarisation € is the eigenvector of D corresponding to H = 0, see Appendix A.1,
we re-express the polarisation piece as

04e2m2 | 2 . 9
_ 2Zegmy %Ki{l—@{u'éu)]_l

€y =
This expression can be made simpler for the O-mode, but is less obvious for the X-mode.

2

(192)

4,2
e'nz

Assuming the polarisation is reasonably well-aligned upon entering the plasma, we have
é-b ~ 1 for the O-mode. For cold plasmas, K = K cos f,,1; + K sin Gmfo by definition of
the mismatch angle, and consequently |K - &| ~ 0, for the O-mode. Thus, the O-mode
polarisation piece is

2
£y = zifjj (;2—221(3 - 1) . (193)
Making use of the O-mode dispersion, ey, — K.c*/2* ~ 0, we find that
e, ~1, (194)
which is constant, see Figure 9 (left). For the X-mode, even when 6,, = 0, the

polarisation piece € depends on the relative sizes of (2. and (2,.. Since we do not
make any assumptions about them, we will not further simplify the polarisation piece
for the X-mode in this work. Should one wish to calculate the polarisation piece of the
X-mode, one should use its full expression, given in equation (192). An example is given
in Figure 9 (right).

Subsequently, we briefly discuss the piece related to the widths and curvatures,

W, det [Im (¥,)]
T (195)
V2 |det [M,, ]| [—Im (Mﬁllu)} ’

Due to the complexity of this piece, we do not simplify it any further. Instead, we
explain our choice of normalisation. The idea is that we want this piece to be 1 under
certain conditions which make the problem easier. Consider the waist of a Gaussian
beam in vacuum. Take M = W for simplicity. Assume also that this beam is not
astigmatic, that is, the beam widths are minimised at the same point in 7. At this same
point, the real parts of ¥ are simply 0. If ¥, is also diagonal in the (X,y, g) basis, then
the prefactor Wy / V/2 ensures that this piece is 1.

Finally, we simplify the piece containing the integrable divergence.  First,
differentiate the Bragg condition with respect to 7

ko_ 1 dK
LR il 196
dr dr’ (196)
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Figure 9: The O-mode polarisation piece (left) and that of the X-mode (right) along the
ray, for the MAST test case. Notice that the O-mode polarisation piece is almost exactly
1, as expected. The X-mode polarisation piece does seem to give more localisation to
the cut-off, but this may not be generally true.

and use this to find that

dK| |7 2
ko_,l gug . = EdTu. (197)
Since we sum over u, equation (184), we can express the integration as being over the
beam path,
2 2
—d7, = —dl. (198)
Iu g
This piece is thus
dr | |7 g2
2 ant
—_— dk, 1 = ==dl, 199
Gant |9p dr - 1.1 92 ( )

where one has to be careful to use the form of the dispersion relation used in our beam
tracing derivation, equation (23). Using the definition of H, equation (23), we find that
equation (138) gives us gun: = 2¢/{2 (since we take the antenna to be in vacuum).

In summary, after all these simplifications are done and dusted, equation 188 is

now
Dr Vet c Gant W, det [Im (%, )] o ( 9 0, )
— — X -
Pt 22GmEW, )~ 6% /3| det [M,]| [Tm (M;:1)] (49.)°) (200)

x (dn2(t)), Ci(w) dl.
We remind readers that the variables in this equation are now functions of arc-length

along the ray. The notation C, indicates that the correlation function is evaluated at
a(7(l)), ki1(1), ki2(1), and Au = 0, which are all functions of arc-length as well. Note
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that € is given by equation (192); for the O-mode, this can be simplified to equation
(194), while we do not further simplify it for the X-mode.

The subsequent sections explore localisation, wavenumber resolution, and mismatch
attenuation, which are various pieces of equations (184) and (200).

8. Localisation

As the beam propagates through the plasma, it is backscattered by various different
k. 1, the exact value of which is given by the Bragg condition. Whereas it might be
tempting to think of some sort of ‘wavenumber resolution’ for & ;, having to fulfil the
Bragg condition means that each %, ; is associated with specific points along the ray.
Hence, it is more physically suitable to think of the spread of backscattered k; ; as
localisation along the ray. Most of the backscattered power comes from near the cut-off,
as we will see shortly. The localisation around the cut-off due to scattering physics is
strong, but on its own it is not enough to restrict the backscattered signal to the cut-off.
We seek to understand how we can get further localisation, by studying the prefactor

g, W, det [Im (@,,)]
9° V3 |det [M,]| [~Im (M!)]

vy

(201)

NI

of the density fluctuations and correlation function in equation (187). We have
deliberately left out the pieces associated with polarisation, equation (192), and
mismatch

exp {—2 (Aej; )2} . (202)

The mismatch may indeed affect localisation, and in fact, is the dominant mechanism
of localisation in the spherical tokamak case, see Section 11. However, assuming we
are not dealing with such extreme situations, we deem it more physically insightful to
discuss the effect of mismatch later (Section 10).

We analyse two contributions to the localisation, which we call the ray piece

2
gan

2 (203)
and the beam piece

W, det [Im (&,,)]

V2 [det [M]| [~Tm (M;;)]*

vy

(204)

They are named as such because the former can be determined with ray tracing alone,
while the latter requires beam tracing. The ray piece requires one to use the appropriate
dispersion relation, equation (23), to calculate the group velocity.

We now apply our model to our MAST test case. In Figure 10, we show the
localisation due to the ray and beam pieces. We see that there is some localisation to
the cut-off due to the ray piece. Since the localisation associated with the ray and beam
pieces is complicated, we use the following method to determine the localisation length.
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Figure 10: Ray (left) and beam (middle) contributions to localisation as a function of
distance along the central ray from the cut-off location for the MAST test case. The
beam piece is given explicitly in equation (204). Product of the ray and beam pieces
(right); the shaded area is 80% of the total area under the curve. Black points mark
the start and end of the shaded area. The corresponding half width is 19¢cm.

First, integrate the localisation with respect to arc length along the central ray, from the
point the beam enters the plasma until the point it leaves. Second, choose two points
along the ray, integrate localisation with respect to arc length from the first point to
the second, and make sure that this result is 80% that of the first integral. These two
points show the start and end of the region where most of the signal is coming from. In
this work, we choose the first and second points such that the value of the localisation
piece is the same at these two points. Third, take the localisation length to be half of
the arc length between the first and second points. The localisation length associated
with the combined beam and ray pieces calculated by this method is 19cm, which is
large, indicating that there are probably other mechanisms of localisation.

We now consider the turbulence spectrum, which may futher contribute to
localisation. For electrostatic turbulece, references [63, 64, 65] suggest that the spectrum
is of the form C (ki1 kg, w) o< k| 1073 ¢or kip; < 1 and C (K1, ko, w) o k| 1373 for
k., p; > 1. The spectrum piece associated with the backscattered power is thus

K\~ % K\~ %
205
(Kant) o (Kant) ’ ( )

where we have used the Bragg condition to express k;; in terms of the beam’s

wavenumber. Since the magnitude of the wavevector is minimum at the cut-off, there
is significantly more turbulence with the appropriate k; ; for backscattering. We now
multiply the piece (K/Kqn) "%/, Figure 11 (left), together with the beam and ray
pieces, and see what this overall localisation gives, Figure 11 (right). We find the
localisation length, after taking the spectrum into account, to be around 13cm for our
MAST test case, Figure 11.

It is important to note that this distance [ — [. is measured along the ray. For an
O-mode beam, the ray’s radial component of group velocity is small near the cut-off,
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Figure 11: Localisation due to the power-law turbulence spectrum (left) and overall
localisation (right). Here [. is the distance along the central ray, from launch to cut-off
location. The overall localisation is the product of equations (204), (202), and (205).
The shaded area is 80% of the total area under the curve, and the black points mark
the start and end of the shaded area. The corresponding half width is 13cm. Note that
we have chosen the black points such that they have the same y values on the graph,
that is, the same value of localisation.

hence more of the signal is coming from fairly similar flux surfaces, unlike what it might
ostensibly seem given the fairly large half-width, see Figure 13. Apart from that, it
is interesting to note that the peak of localisation is shifted away from the cut-off, by
around [ —[. = 6¢m or so, due to the changing beam piece near the cut-off. The physical
intuition as to why the beam piece decreases as the beam propagates is as follows: the
MAST DBS was designed to have the beam waist before the plasma, hence the beam
is always getting wider while in the plasma. Thus far, we have shown plots of the
integrand of equation (200), and calculated the associated localisation lengths. Since
these lengths are calculated from the cumulative integrals of the localisation pieces, we
plot the cumulative integrals themselves in Figure 12.

Every point along the ray is associated with a particular k; ; as a result of the
stationary phase integral in Section 6.2, it is impossible to divorce the localisation and
k1 1 resolution. We show how to calculate the associated k| ; resolution from the spatial
localisation in Section 9.1.
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Figure 12: Here we show the cumulative integrals of localisation for the MAST test
case, normalised such that it is 0 upon entering the plasma, and 1 when leaving. On
the left, we look at the beam and ray pieces, and on the right, we include the spectrum
piece as well. These pieces are shown as a function of arc length from the cut-off, [ —I..
The vertical dotted line shows the location of the cut-off. The two black points in each
figure correspond to that of Figure 10 (right) and Figure 11 (right), indicating the start
and end of 80% range, which gives where most of the backscattered signal comes from.
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Figure 13: Most of the signal (80%) comes from the region between the two black
points. The thick solid line shows the path of the central ray. Thin solid lines give the
1/e positions of the Gaussian beam’s electric field, and the dotted lines show the ray’s
propagation in vacuum.
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9. Wavenumber resolution

The wavenumber resolution is different for k£, ; and &, 5. The calculation of the former
follows from the previous section on localisation, while that of the latter is simply given
by equation (186). Consequently, this section is split into two parts, discussing the k; ;
and k o resolutions in turn.

9.1. k1 resolution

The k), resolution, Ak, ;, cannot be divorced from the localisation, Section 8.
Nonetheless, one may consider it insightful to calculate it. Here we show how this can
be done. Since the ray piece as a function of backscattered £, ; diverges at k, ; = —2K,
the mode £, ; of backscattering corresponds to that particular value. However, as we
can see from Figure 14 (bottom), the median backscattered k| ; is not exactly that of the
cut-off, regardless of whether we use the spectrum piece or not. The divergence means
it is not particularly insightful to calculate and plot the localisation, the integrand of
equation (188), to find the backscattered k, ; resolution. Instead, we directly take a
cumulative integral of the localisation piece, and calculate the resolution from there, see
Figure 14.

9.2. k) o resolution

To understand the width of the Gaussian, Ak, 2, we first consider a simple case with
My, = 0. Then, My*yl# =1/M,, . Remembering that M,, , = ¥,, , exactly, as using
the definitions given by equations (15) and (2.1), we find that equation (186) gives

1/2

21/2 1 1 \?
Ak,o = — |14+ - K*W* (—) . 206
14,2 WyVM [ 4 'y Rb7y7u ( )

This recovers the widely-used expression for the wavenumber resolution for a circular
beam in a slab. We do not see the corrections due to the curvature of the magnetic
field lines or the magnetic shear in equation (206) because we have taken M,, , = 0.
As useful as this might have been to gain some physical insight, in general, we cannot
neglect M, ,. The corrections due to curvature and shear of the magnetic field are
therefore important. These corrections affect the wavenumber resolution in a way that
in general cannot be easily further simplified. Hence, one has to use equation (186)
in its presented form to determine the wavenumber resolution. We now apply our full
model, equation (186), to our MAST test case, Figure 15. By noticing the difference
between the dotted and dashed lines in the figure, one sees that the corrections indeed
significantly affect wavenumber resolution.

In our model, the curvature of the cut-off surface does not affect the wavenumber
resolution at all. One can understand this as follows. Physically, it is the curvature of
the field lines and the magnetic shear that are important, since the beam is scattered
off the turbulent fluctuations perpendicular to the field lines. The beam is not scattered
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Figure 14: Here we show the normalised cumulative integrals of localisation as a function
of backscattered k ; = —2K (given by the Bragg condition) for the MAST test case. On
the left, we look at the beam and ray pieces, and on the right, we include the spectrum
piece as well. The start and end of the 80% range are marked on the graphs. The
vertical dotted line indicates the backscattered k, ; at the cut-off. The intersections of
the horizontal dotted lines with the curves shows the median backscattered k&, ;. Note
that the derivatives are infinite at the cut-off, but the plots themselves do not diverge,
showing that the localisation piece is indeed integrable. The backscattered |k ;| at the
cutoff is 1070m™~*, while the values of |k, 1| at the ends of the 80% range are 2020m !
and 1090m~" (left) and 1310m~" and 1110m~" (right).

from the cut-off surface per se — hence, strictly speaking, it is not the curvature of the
cut-off surface that is important, as previously argued [2, 23].

10. Mismatch

The backscattered spectral density decays exponentially with mismatch, p, o
exp(—267, ./ (A0, ,.)?], where Ab,, ,, is given by equation (185). This is consistent with
our choice to take the mismatch angle to be small, such that the backscattered signal is
large enough to detect. Like we did with the wavenumber resolution, we take M, , = 0
to simplify the expression in order to gain some physical insight, getting

1 1 —-1/2
T,

I

We write this out in full, to get
1
4 2|2
V2 [1<+ Wi K>

A , (208)

mopu = 2
Wa K, AR vr
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Figure 15: Wavenumber resolution as a function of distance from the cut-off along the
central ray [ — [. for our MAST test case. The solid blue line includes the corrections
arising from curvature and shear of f), while the dash-dot black line does not have these
corrections, and only uses the beam properties.

where we use the shorthand
1

Roniy  Rowp
It has been reported [28] that for high K, the backscattered signal’s amplitude is
especially sensitive to the toroidal steering angle. This can be explained by mismatch.

+ (B Vb g)u. (209)

At a given finite mismatch angle, the attenuation due to mismatch is larger at larger
K, as seen from equation (185) and from Figure 16. Indeed, for

2Ry M
K, > —22k (210)
w2,
equation (208) reduces to
62 4R?
_o M| _p2 oMy 211
b (Aem,u)Ql o < ez ) (21

at which point further increasing K, has no effect on the mismatch attenuation. These
considerations are especially important when designing DBS systems with no toroidal
optimisation: there will be a finite mismatch over many of the channels, and this will
be more problematic at larger wavevectors. Understanding mismatch attenuation will
help one to mitigate this issue.

We proceed to apply the unsimplified expression for mismatch attenuation, equation
(185), to a real tokamak, Figure 17. The beam and equilibrium plasma properties
account for the experimentally-observed mismatch attenuation, and not backscattering
from some kj (which we neglect in our model). This preliminary analysis of MAST
data is a good proof of concept — we now understand, and are able to calculate, how
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Figure 16: How beam parameters at the scattering location influence the attenuation
due to mismatch. We do not use beam tracing for these graphs; instead, we vary the
beam properties by hand and see what happens. Here, we have 1/Ry, = 1/ RI+B-VB-Q,
M, =0, W, = 7.5cm, and 6,, = 5°. The line colours correspond to the same R, for
both graphs.

mismatch attenuates the DBS signal. A more detailed analysis of the other channels
(different frequencies) and other times will be performed in a future paper, which will
enable us to better evaluate our model for use in real plasmas. This advancement means
that we can now operate DBS in regimes where the mismatch is small, but not so small
as to be negligible (as was required previously). New insights can thus be gained from
existing data, and new experiments can be performed with less strict tolerances.

11. Backscattered electric field: spherical tokamak

At the end of Section 5, we introduced the conventional tokamak and spherical tokamak
orderings. Thus far, we have focused on the former. That is, we have taken 6,, ~
AW < 1 along the beam. When the mismatch angle is not small at every point along
the beam (spherical tokamak ordering), we consider only the simplified case in which
one point along the path has no mismatch, 7 = 7y, and that the mismatch angle is large
elsewhere.

To begin, we remind readers of the exponentially decaying piece in equation (133)

A, x exp —i (2K sin(f + 0,,,) + k. 1sin0)> M| (212)

where we have used equation (147). Since k3 ~ K and K*M_! ~ W?/X\* > 1,
the signal is localised to the points where the mismatch is zero, 6,, = 0, regardless of
whether those are near the cut-off or not. Due to equation (143), § = 0 at this point as
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Figure 17: Red points indicate DBS data from repeated shots, where only the toroidal
launch angle was varied [28]. We have taken there to be a 1.1° systematic error in
the steering mirror’s rotation angle, which affects the launch angles of the beam. The
data points are from similar flux surfaces, but at different mismatch angles. Hence, the
attenuation that we see is mainly from the mismatch, since we expect the turbulent
fluctuations to be largely the same. The solid blue line indicates the model’s predicted
attenuation due to mismatch, exp [—262, ./ (Aem,c)ﬂ, given the beam properties at
the cut-off when we launch the beam at various toroidal angles. The dash-dot black
line shows the attenuation but with A6, . calculated from ¥, instead of M, that
is, calculated only from the beam properties without the corrections arising from the
curvature and shear of b.

well. Hence, at the location with zero mismatch, the dominant scattered wavevector is
given by the Bragg condition at this point. In a case in which the mismatch angle does
not vanish at any point along the ray, we would need to use a steepest descent method
to optimise for both the real (mismatch attenuation) and imaginary (stationary phase,
conventionally called the Bragg condition) parts of the exponential. However, we will
not cover this here.

We perform a Taylor expansion around the point of zero mismatch, for g (7 — 79) ~
W, which is a sensible ordering because the equilibrium properties such as the mismatch
vary on length scales of L. Hence, a distance of W away from zero mismatch, we expect
the mismatch to be ~ W/L. Thus, the argument of equation (212) is of order unity in
the region g (1 — 79) ~ W, which means the backscattered signal is already significantly
attenuated. The Bragg condition is also not exactly met away from 7y, hence

2K+ ki~ (213)

1
W’
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which we will later prove in equation (226).
We begin by introducing a few more orderings. From earlier, we had 0y = 0,,,0 = 0.
However, the derivatives of both # and 6,, change on the length scale L,

SV (214)

where 7, ~ L/g; at a distance of L away from 7y, the mismatch is large 6 ~ 6,, ~ 1.
Using these orderings, we find that

d ) dé,, 1
(T —70) Tl (2K, —kj 1sinf) ~ —2K0? . (1 —70) ~ W (215)
and

, d2
(1 —70) pr=il (2K, —ky 1sin6)

dK dé dé d26 9
o | g8 (O dO e 40 _ 216

|: dr ) < dr 0 dr To) 0 dr2 T():| (T TO) ( )

1

L’

where we have used equation (147), and equation (213) to write k; ; ~ —2K,. Taking
into account all these considerations, and recalling that k, 5 ~ 1/W, we now Taylor
expand the exponentially decaying piece, as well as the large phase piece, keeping terms
of order unity

1
4

L

: 1 : _ _
(2K, — k,1sin0)°>M_' — §kL,2(2Kx — ki sin@) M, — 4ki}2Myy1

+2s+ ki1 / g(7") cosO(7") dr’
0

1 . TO
~ =k p My + 280 + ks /0 g(7") cos O(7') dr’ (217)
A s
+ kL,2K0? Mmy70 + 2K0g0 -+ kJ_’lg() (T — 7'0)
70

dK o (0| \7 2
o], () M] T =m)"

To make the equations more manageable, we use the shorthand

de
—- K==
T0 0 ( d7—

+

dK
go dr

) 1
Go(ki1,ki2) = [ > Mx_ml,(]] . (218)
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We now proceed to solve the Gaussian integral in 7 to get

1 QAantgant det [Im (Ww,())] % .
Ar = 2c /[ det (M) exp(2i¢c0)

OMeo R : : ™
x el € (€eq0— 1) - € exp <21so + 1kl,1/ g(7") cos O(7") dT’)
0

Neo

219
%, (219)

(’“’2%??
70

i

2
1 M;;a,l,o +2Kog0 + kJ_,lg()) Go]

xexp[
i
4

Here Re (\/ﬂ'iGo) > 0 as discussed in Appendix C, and the density fluctuations are
evaluated at

NI

X (ﬂ'lG())

yy,0

exp [ l{?i2M_1 :| d]ﬁ_,l dku_’Q.

70
(577Le70 (/ﬁ,l,/ﬁ,z,w) = 5ﬁe (lﬁﬂl,lﬁ_,g, —/ g(T/) sin@(r') dT/,OJ) . (220)
0

In principle, the mismatch could be zero at more than one point along the ray. In that
case, the total backscattered signal is the sum of the backscattered signal of each of
those points. In the interests of simplicity, we will not discuss this further in this paper.

We proceed to show that in the appropriate limit, the conventional and spherical
cases give the same result. Unfortunately, we cannot do this with their backscattered
amplitudes given by equations (157) and (219). Specifically, there are difficulties getting
their respective large phase terms ki f; g(7’) cos 6(7')dr’ to match with each other.
Instead, we match the backscattered powers for the two cases, avoiding their phases.
To do this, we perform subsidiary expansions of both the conventional and spherical
expressions. For the former, we take the mismatch to be large and perform a Taylor
expansion of k; ; about —2K. For the spherical case, we make the mismatch less than
order unity 6,, < 1 throughout the beam path. In this intermediate range,

A
1>0,> W (221)
both models should be applicable and must coincide.

In such an endeavour, the backscattered power of the conventional case is given
by equation (181); that of the spherical case can be determined by applying the same
methods used in Section 7, giving
pr 1 2? /det Im (P 0)] | ..

- det (M0)] 0

A2
Pant 4 C2 Yant™ (Eeq,O - 1) ) e0|

1 1 dby, - ’
X m exp {5 Im [(k‘JﬂQKO? Tngyl’O + 2Kogo + ]CJ_’lg(]) GO] } (222)
1 B on2,(t)), ~
X exp {Elm (M,,}0) k’iz} <’T00>tco(lﬁ,1,/ﬁ,2,w) dkyy dky ».
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We now perform the subsidiary expansion of the spherical case. We begin by expanding
Gy — see equation (222) — to get
—1
dK A0 \?
Go = (d 9o — Kg (d_ ) Mac_acl,O)
T l19 1 T 1o 2 2 (223)
dK B dé dK B
~ | — K2 (=2 M1 (=
(dT Togo) + 0 ( dr ‘ro) zz,0 (dT ‘rogo) ’

where we have kept terms up to order unity for the exponential. However, when it
B

comes to the |Go|™' outside the exponential, see equation (222), we only need to keep
the zeroth order term, ignoring the first order correction. It is worth noting that we
looked at several MAST shots, and the difference between the full expression and the

expansion was indeed negligible. We introduce the notation
Aki1=ki1—Fki10=Fki1+ 2K, (224)
where we have used the Bragg condition at the zero-mismatch point. We see that the

signal decays exponentially with Ak, ;, hence we order the most quickly decaying term
to be of order one

b ) dK |\
—Im | (Ak, 1) K} M1 — ~ 1. 225
m |k 3 (2] ) e (5 ] (225)
This gives us the size of Ak ;
1
Akyy ~—— 22
ST W (226)

which makes physical sense, since one would expect better localisation at 7y with larger
mismatch along the ray. In the spherical tokamak subsection, we had 6,, ~ 1, which
gives Aky 3 ~ 1/W, justifying equation (213). We now take 6, < 1 and expand the
exponentially decaying piece from equation (219), using equations (223), (224), and

(226), getting
-1
dK) o (0 ? e
T0 0 dr 0 2,0

dr

1 | ’
§Im ki 2K0? Mo+ goAkiy go——
70
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2 ) , (227)
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L1 ( dT 7‘()) ( dT T()) m ( ;&t,O)
do,,| [(dK| \ '
+l€J_ QAkJ_ 1K0? - (E 7-0> Irn (MxyO) + 2kJ_ 2Im (MyyO)

where we have neglected terms that are small.

We proceed to perform a subsidiary expansion of the conventional tokamak case,
equation (157), in the limit 6,, > A\/W. To determine the relationship between 7, and
k., 1 around Ty, we differentiate equation (152) with respect to 7, at 7 = 79, to get

(2g TO) B , (228)

dr,

dk,

dr
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which we then use in our expansion in k; ; of the exponential decaying piece in equation
(181). Together with equations (224), and (226), this gives us

2Im (M) K602, , —2Im (M} ) K0, .k 1 5 + %Im (M,}) k2,

T pmsp Y, YY1t
1, . . dK | \ " db,,
= 5’%2 (M) + ko (Mg) Akiy <g N KO? . (229)

+ % (M,)) Ak 4 (Kodol

2 dK -2
dT o dT o ’

where we have neglected terms which are small < 1 and recalled that the Bragg

condition is exactly met at 75. We note that equations (227) and (229) match, showing
that the exponential decay is indeed the same in both cases.

12. Discussion

Having presented the physical and quantitative insight our model sheds on localisation,
wavenumber resolution, and mismatch attenuation, we now discuss how the various
aspects of our model might come together and enable us to better understand DBS as
a whole.

The first point of interest is that the optimisations of both k; 5 wavenumber
resolution and mismatch attenuation have opposite requirements. To gain some
insight, we consider the simplified case when M,,, = 0, where we find that both the
characteristic widths of mismatch attenuation Af,,, and wavenumber resolution Ak, o
are proportional to —Im (1/M,,). When designing a DBS system, one would want to
maximise resolution (minimise Ak, ) and minimise mismatch attenuation (maximise
AB,,,,). Hence, to optimise both simultaneously, one would need an elliptical astigmatic
beam.

We look at how the —Im (1/M,,) piece behaves in vacuum and answer the question
of whether it is larger at or far from the beam waist. The answer is not obvious.
Consider the following example. The intuitive reason why the backscattered power is
nonzero when there is a mismatch is because there is a spread in K due to the width
and curvature of the beam. Specifically, we see that only the width and curvature in
one direction matters, ¥,, ,. To maximise the aforementioned spread, we want very
curved wavefronts (small R, ,) and narrow beams (small W, ,). The dependence on
beam curvature means we want to be far from the waist, while the dependence on width
means we want to be at the waist. Conversely, the wavenumber resolution benefits from
the low curvature near the waist, but from the larger beam widths far from the waist.

In fact, in vacuum, it can be shown that a circular beam satisfies

1 2
m (w ) = (230)

waist

at all points along the beam. Hence, it does not matter where we are along the beam
nor where is the beam waist, the only import thing is the beam waist’s width. We would
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Figure 18: MAST test case, with launch parameters R, = Ry, = —1.79m, W, =
W, = 9.47cm. Evolution of curvatures (left, dark lines) and widths (right) along the
beam, calculated from the diagonalised real and imaginary parts of ¥ respectively. The
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effective curvatures (left, bright lines) are calculated from the diagonalised real part of
M . Note that in general, the directions of the principal widths, curvatures, and effective
curvatures are not in the same direction. Here we plot the curvatures 1/R, and 1/ R}
rather than the radii of curvature R, and R, s to avoid a divergence. At the point the
beam enters the plasma (when these plots start), the principal curvatures are not the
equal to each other, despite us launching a circular beam, is because we have applied
the vacuum-plasma boundary conditions, as described in Appendix B. Recall that [ — .
is the distance along the central ray from the cut-off location.

want a narrower waist to optimise wavenumber resolution, and a wider waist to optimise
mismatch attenuation. In order to reconcile these seemingly contradictory requirements,
one could imagine using an elliptical Gaussian beam to simultaneously optimise widths
in the relevant directions. There is a caveat: the beam tracing equations show that, in
vacuum, an elliptical beam in vacuum will lose its ellipticity and become increasingly
circular as it propagates. One must thus be careful not to launch the elliptical beam
too far from the plasma.

Despite the intuition that considering beams in vacuum may give us, the evolution
of ¥, is ultimately more complicated in a plasma. This is one reason why using beam
tracing is important. In Figure 18, we see that the beam in the plasma can indeed
be quite different from what one would expect from vacuum propagation: the beam
curvature goes to zero at two points, and neither of them are where the beam widths
are at a minimum. Thus, the notion of a beam waist, where the widths are at a minimum
and the wavefront curvatures are zero simultaneously, is not properly achieved to begin
with. This insight is a demonstration of the strength of our model.
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13. Conclusion

We have successfully derived the full analytical form of the linear backscattered signal
from DBS measurements. Our model sheds new light on various phenomena that the
DBS community has observed, such as localisation and wavenumber resolution, unifying
them within a common framework. In particular, we find that it is the curvature
of the field lines, rather than the curvature of the cut-off surface, that is important.
This new understanding developed in this paper enables us to comprehend the various
contributions to the signal, and how to optimise them.

Using our model, one can now correct for the effect of mismatch, since we have
found the quantitative dependence of attenuation on the mismatch angle. This is vital
for DBS measurements of spherical tokamak plasmas, where the pitch angle is large
and varies both spatially and temporally, making optimisation for all channels at all
times impossible. Furthermore, the effect of mismatch is also important in conventional
tokamaks, especially for high wavenumber measurements.

With the physical insight from this model, data from existing DBS systems can be
better analysed, and future DBS systems better designed.
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Appendix A. Derivation of beam tracing

In beam tracing, we seek to find the electric field of the Gaussian probe beam as it
propagates through the plasma. By using the ansatz for the probe beam’s electric field,
equation (10), and the expansion of its amplitude in equation (19), we get

E= [A(O) (1) + AW (1, w) + A@(r, w)] exp (iv) . (A.1)

We take AM and A®) the higher order amplitudes, to be linear and bilinear in w, that
is

AV (1, w) =w-V,AY(7), (A.2)



Beam model of Doppler backscattering 54

and
1
AP(r,w) = SWW Vo VeA@ (1) + AP (1, w = 0). (A.3)

This simplified dependence on the intermediate length scale w allows us to neglect
VVA®W and VVVA® compared to VVA© (1) and VVVA®© (1), respectively.

Since we are looking for a solution to equation (4), we need to evaluate the
derivatives of E,

O°E o O oY OA 0% OA O 0’A
_ | _ %oy, OV . A LA ).
Jr,0r, or, Or, * 187’” or, + 18@8% + 187’” or, + or,0r, exp(iv’) (A.4)
NGRS EEN g SN ,
~AT2A ~A-1L-1A ~L-2A
The first order derivatives of ¢, where 1 is given in equation (11), are
ds dK,, 1 dw,,
V@D:EVT—FKW—F o -WVT+SEU-W—|—§W-?-WVT. (A.5)

Here we have used w = [r — q(7)]w, and noted that since dq/dr = g, we get
K, - dq/dr = 0 and dq/d7 - ¥, - w = 0. In order to proceed, we need to know
the form of V7. We do this by using the reciprocal vector

or or or or or -t
_ Or \for O A6
vr (&wx % awy) [aT (&wx % awyﬂ (4.6)

Using dx/d7 - g = —x - dg/dr and dy/d7 - g = —y - dg/dr, we find that

de1

VT:g{g—W-—g} : (A.7)
dr

Note that ¢g~'dg/dr = dg/dl = k, where k ~ L' is the curvature of the central ray

and [ is arc length along the ray. This ray curvature should not be confused with the

wavefront curvature. Using the ray curvature xk and equation (A.7),

~

g

Vri=—°2 | A8

Ty kw) (A.8)
We note that k- w ~ W /L < 1 and that we can re-express V7 as

VTZ%[I—}—K,-W—F(K,-W)Q—F...]. (A.9)

Substituting equation (A.9) into the equation for Vi, equation (A.5), and separating
the terms by order, we get

Vi = (Vo) + (V) + (V)P 4 (A-10)
—_—— Y= Y~
~1/A ~1 W ~1/L

where
(V)@ = K8 + K, = K,

5 K,
(V) = Kgg(n-w)+% WA, W,

A1l
and ( )

dK,, +1g dv¥,,
-W We—— W
dr 2q dr

(V) = Kk - w)* + %(n W)
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Here we have defined the wavenumber parallel to the central ray to be K, = g~'ds/dr =
ds/dl, and the total wavevector to be K = K,g + K,,.

We will need VV only to lowest order. Note that the gradient of 1) can only have
two possible length scales, W and L. Consequently, to evaluate VV to leading order,
we need to find the gradients of both (V)® and (V) but not (Ve)?. Hence, we
have

5 K,
YV ~ ¥ K—i—Kgg(n-W)—i—% = ~w+%.w]
. . (A.12)
gdK . dK,\ g
~w, + 8 | &
+gd7-+ gng—i—(dT 9

where all the terms are of order (AL)™' ~ W2,

We substitute equation (10) into equation (4), and remember the sizes of various
terms as shown in equation (A.4). We perform a Taylor expansion of the dielectric
tensor,

€(r) =€e(q+w)~e(q) +w-Ve(q) + %WW : VVe(q). (A.13)

Appendix A.1. Zeroth order

To lowest order Vi ~ K8 + K, = K~ A™! and A ~ A giving
2
7
We do not need to keep higher order terms because (¢?/2?)Kx (KXE) ~ (¢?K?/?)E ~
N2E and € - E ~ N2E, where N is the refractive index. For convenience, we use the

(KK — K?1) + €| -A® = 0. (A.14)

notation

02

D(q,K) = =

(KK — K*1) + €(q), (A.15)
leading to
D-A© =0, (A.16)

Since D is Hermitian, it can be diagonalised — there exist three vectors é(r, K) such
that D - e = He. To solve equation (A.15), K (7) must be such that one of the three
eigenvalues H(q(7), K(7)) vanishes, that is, H = 0 will give K,(7) once K,,(7) and q(7)
are known. To obtain the equations for K,,(7) and q(7), we need to go to first order in
the expansion \/W ~ W/L.

In general, only one of the eigenvalues H goes to zero. The vector A©® has to be
parallel to the é that corresponds to H = 0, A = AOg,

Appendixz A.2. First order

In this subsection, we get contributions to equation (4) that are of first order in
AW ~ W/L < 1. The terms come from Vi in equation (A.5), the next order
correction to the amplitude A", and the expansion of € in equation (A.13),

(VYD . VD -eAQ + DAY 4 w.Ve(q) - eA? =0. (A.17)
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Here we have used

6Da5 02 0
= — (Ko Kp — K2(5a5)
2
oK TR, a1
= @ [Kg(sa“ + Ka(sgu — QKM(SO{[;} .

Substituting the expression for (V); given in equation (A.11) and realising that
Ve =VD, we get

. g dK,

(Kgg<l€ W) + 5 Ir

+D-AY 4+ w.VD-8A© = .

~W—|—!7w-w) .VKD.éA(O)
(A.19)

Since D is Hermitian, €* - D = 0. Thus, we multiply equation (A.19) by €* to eliminate
D AW,

o dK
e [(Kgg(m.w) —1—3 dTw w4+, 'W) VD +w- Ve(q)] -e=0. (A.20)

This equation can be simplified by using derivatives of the dispersion relation H =

e -D-e Since D-é=0= ¢ D, we find that 9,H = e*-9,D - e, where 0, is
shorthand for either /0K, or 0/0r,. Hence, equation (A.19) can be rewritten as

. gdK,,

(Kgg(n ‘W) + ) dr

We note that the curvature & is always in the same plane as w (since it is always normal

-W+Spw-W>-VKH+W~VH:0. (A.21)

to the group velocity), and so is the matrix ¥,, (since we have chosen it to be so). Since
equation (A.20) is satisfied for all possible values of w, we obtain

1 /dK,\ 7.
[Kgn+§< dT) ]g-vKH+spw-vKH+va:o. (A.22)

Note that H is real and ¥,, is complex. There are four equations at play here; there are
two directions in the plane perpendicular to g, and since ¥,, is complex, both the real
and imaginary parts in either of these directions must also be satisfied. Two of these
equations are used to determine dK,,/d7, and the other two are used to determine g,
the direction of g = dq/dr. The magnitude of g is not determined by these equations,
since we do not have enough of them; instead we choose it shortly. Since we want K to
be real, we have to enforce Im(¥®,,) -V H = 0, which will lead to VxH g, since ¥, is
perpendicular to the group velocity. This is the key step — we select the group velocity
such that it is in the direction of the central ray, the only direction in which there is no
decay of the electric field. Since g is now a unit vector in the direction of Vi H, we get

1 (dK, .

{nge + — < 1 ) ] \VkH|=-V,H=—-VH+gg -VH. (A.23)
g T w

We obtain g-V H from taking the derivative of the equation for K,, H = 0, with respect

to 7. Since dH/d1 = 0, we obtain

dK d
& v+l v -, (A.24)
dr dr
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which can be rewritten as

1dK
—-— VxH=—-g-VH. (A.25)
g dr
Substituting equation (A.25) into equation (A.23), we get
1 (dK,, o dK
Kok + - ViH|+ 852 |V H| = —VH. (A.26)
g\ dr /, g dr
We then note that
dK dK,, dg dK,,
— | = K, |—) = K,9kK. A2
(7).~ (&) (@) = (F) e
Consequently, we get
H|dK
VelldK o (A.28)
g dr

We then choose g = |V H|. This gives us
dq

1 — 98 =IViHlg=ViH. (A.29)
Hence, we have

dK

— = _VH. A.

= \Y (A.30)

Note that we could have chosen any other prescription for g, and it would only have
modified the definition of the free parameter 7. The choice g = |V H| emphasises the
Hamiltonian character of the equations.

Finally, we can use equations (A.19) and (A.23) to solve for A,

NI
D-A“):—K—¥+w-%) VgD-é+w-VD - -é&| A9, (A.31)

We can write the solution to equation (A.31) in terms of the derivatives of é(r, K)
Taking any derivative of equation (23), we get

o,D-é+D-0,e=(0,H)e, (A.32)
where we have used H = 0. The projection of equation (A.32) on €* gives

o,H=¢e"-0,D -e. (A.33)
The projection perpendicular to é* gives

(1—ee")-0,D-e=—-D-0,e. (A.34)

This equation only gives the component of J,€ perpendicular to €. The component of
0,€ parallel to € is a free choice that is partially constrained by the condition €-é* =1,
equation (21). Indeed, even with this condition, € is defined up to a phase factor «,

é — éexp(ia). (A.35)
Hence, one can always add a vector parallel to & to 0,€,

0,8 — 0,8 + 16,0 (A.36)
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This result shows that the condition €-é* = 1 constrains the component of J,& along e
to be purely imaginary. To summarise, while J,& - (1 — é*€) is uniquely determined by
the beam tracing equations and is thus physical, J,€ - €*é can be chosen at will and it
does not have any particular physical meaning. Using the result in equation (A.31), and
noticing that equation (A.31) is perpendicular to €* when equations (A.29) and (A.30)
are satisfied, we find

AL — K_w VultE . qfw) Vet w- Vé] A0, (A37)

Appendixz A.3. Second order

To get the contributions to equation (4) that are second order in \/W ~ W /L < 1, we

need to evaluate VA,
VA ~ di(A@)é)vr + VAW, (A.38)
T
where we have noted that V,A®" ~ V(A©e). To lowest order, V7 ~ g/g. To find

VAW, we take the derivative of equation (A.37),
VoAD = |-V, HE Ve + W, Vie+ Vo] A, (A.39)
g

It is convenient to define a new tensor ¥ that contains ¥,,. The tensor ¥ is the
lowest order result for VV1), given in equation (A.12)

U =VV. (A.40)
With this definition of ¥, we find

U.ViH= i—lf = _VH, (A.41)

VoAV = AW . Vi + V)8, (A.42)
and

(V) D = . w. (A.43)

Using equations (A.4), (A.10), (A.13), (A.38), and (A.40), we can find the second
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order contribution to (4),

D-A® 4 (V)M . VDAl
+ (V) - VgD - eA” + §(w)<”(w)<” ViViD - eA®

1
+w-Ve- AW 4 gWwW VVe-&6AO

2 [gd
i (OF M. (0)
i— [ng (A%e) + V,A } (V)

(A.44)

2 g d
+ 21— (V). [ - (A é)+va<1>]
g

2 A
. C o0& d 0)
—1@(%@()[9 dT(A( é) + Vy A]
2
. C 0

To eliminate D - A from the equation, we contract the free index with &*. We remark
that some of the terms depend on w while the others do not. Since the equation
must be valid regardless of the particular value of w, we can separate it into two
separate independent equations, one of which depends on w, and the other having
no w dependence. The equations that we derive from the piece of equation (A.44) that
depends on w will determine the evolution of ¥,,, whereas the piece independent of w
gives the equation for A®. Note that the components of ¥ that are not in ¥, are
determined by equation (A.41).

Appendiz A.3.1. Pieces proportional to ww. Using equations (A.11), (A.37), (A.42),
and (A.43), the terms proportional to ww in equation (A.44) give

1 dy, dKy, oD
el LW 20K (k- wW)2 + 2k - g, e* . 6
2g {W dr W 29Ky (r - w)T 4 2k - w) dr ] (g“ 0K, e)
oD oe oe
12 VA* a7 awoc Y2 .
Ve BE, (W POK, +Wﬂarﬁ>
1 . 0D
+ §<W#L[/m,)(wawaﬁ)e 8KVK5 - e <A45)
R oD o oe N oe
w,e" - Wo ¥, Wi ——
87’1, B@Kﬂ A 87“5
+ ! e O°D e=0
2WUW6 or,rg N
Using equations (A.27), (A.40), and (A.12), we have
dw,, dw dK
: = w-— - : Y w. A.46
W WEWe W 20K, (k- w)* — 2(k - W) oV ( )
We substitute equation (A.46) into equation (A.45) and use
oD
gu€” - e=g-VigH=g (A.4T)

0K,
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to get
dw
W - E W 2
+ 2w, ¥,,.e" - g—z : (Wa!pagaa—[?ﬁ + ng—;) + (W) (WoWapg)e” - 8?(15(5 "€ (A.48)
+ 2w é*-aD . (W WgﬁjLw/B%) +w,wge" - 0°D -e=0.
T or, T OK, Org Y or,0rg

This expression can be rewritten in terms of derivatives of the dispersion relation H.
Differentiating D - € = He, we find

0,0,D-&+0,D 9,6 +0,D 0,6+ D -0,0,é

. A A . (A.49)
= (0,0,H)e + (0,H)0,e + (0,H)0.e + HO,0,€.
Contracting the free index in this equation with €*, we get
e -0,0,D-e+e"-90,D-0,e+¢€ -0,D-0,e
: . " (A.50)

= 0,0,H + (0,H),& - &" + (0,H)D, e - &

where we have used H = 0 and €*- D = 0. Using these results, employing the fact that
the equation must hold true for arbitrary w, and remembering that ¥ is symmetric, we
find that

dy
(E+VVH—HP VkVH+VVH - +W -ViViH- W)

2 VKH)( K& &)+ (W Ve &) (F-ViH),
+[VH ( ") + ( ¢-e")VH]

(W ViH(Ve- &)+ (P Vie &)VH],

VH(W Ve &)+ (Ve &)W - ViH] =0.

(A.51)

D>

+ |
+ |
+ |
+ |
Here we use the notation C,, = (1 — gg) - C - (1 — gg), where C is an arbitrary 3D

matrix. We use equation (A.41) to get

dr
which gives the components of d¥/dr perpendicular to the beam. To obtain the

dy
(——l—W VVkH - W +W  -VgVH +VViH - u7+VVH> =0, (A.52)

components parallel to the beam, d¥/dr - g, we differentiate equation (A.41) with
respect to T,
dw |
T g+ (¥ -VkVkH W +W¥ -VgVH+VVgH -W+VVH)-g=0, (A.53)
where we have used d(0,H)/dr =g - V(0,H) +dK/dr - Vk(J,H), equations (A.29),
(A.30), and (A.41), as well as the symmetry of ¥. Recalling that (d¥/dr), =
(1—gg)- (d¥/dr)- (1 — gg), equations (A.52) and (A.53) give

dw

O VkVkH W+ W Vi VH + VVH @+ VVH = 0. (A54)
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Appendiz A.3.2. Pieces independent of w. Using equations (A.11) and (A.42), the

terms independent of w in equation (A.44) give

1 s e _dA©
A0 (K-é)e*+ (K-é")e—2K]|-g T

b @em )L (e ) K (K@) 2K )
+eé& - (1-gg) (¥ Vke+Ve) K

(K- &) (1—g8) : (¥ - Ve + Ve)

9K - (1—gg) (W Vet Ve) & =0.

Using equation (A.41) to write
. . dK _ . dq _. dé
gg(!I/VKe—i—Ve)—EVKe—i—EVe—E,
we find
1 de de de
2l o) — K+ (K-8 — —2(K - 6)— - &*
p (€-g) - K+ (K -e)g -~ —2(K-g)-—-e

=(e"-g)g- (¥ -Vxke+Ve) K+ (K-&")gg: (¥ -Vge+Ve)

—2(K-g)g- (¥ -Vkge+Ve)- e
Using equations (A.18), (A.29), and (A.57), equation (A.55) becomes
22d1n A©
c2 dr

+ (K- &)W :Vge+V-&)—2K- (¥ Vyé+Ve) e = 0.
Noting that

oD 2 c? 2

A sk A A % ~ AN\ Ak C A~ ~
e"- oK, 0,6 = @(K -e")0,.é, + §<K - 0,8)€;, — 2§(e - 0,6)K,,

FW(ee—1)+8 (T Vge+Ve) K

2 2 2 2
0D e o,

C” . C
2 ule T gluly — 20

~ %

e - —_—
0K, 0K,
and that ¥ is symmetric, we can simplify equation (A.58) further, getting

dln A© o @D . 0D 0
dr o 0K, 0K,

2° " OK,0K,

. 0D 06
0K, Or,
Using equation (A.50), equation (A.61) simplifies to

dlnA© 1 oD Oe
réh' +§¥_’;VKVKH+VKH~SP~VKé-é*+é* © =0

9K, Br,
We then use equation (A.41), getting

dln A® 1 dK oD 96
- Ha4 > Ve 6"+ . 22—
ar ¥ VeVeH A Ve e e e g

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)

(A.60)

(A.61)

(A.62)

(A.63)
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To solve for A©®) using equation (A.63), we write A® as A©) = |A©)|exp(ip®).
The real part of equation (A.63) gives the equation for |[A(®)|, and its imaginary part
the equation for ¢(®). The real part of equation (A.63) is

dln|A®| 1 1 oD 0e 0é* 0D
——— + -Re(¥) : H+—-(é"- . . e = A.64

dr N 2Re( )i VieVic + 2 (e 0K, Or, i or, 0K, e) 0 ( )
where we have used e-0e* /0K, +eé*-0¢ /0K, = 0(e*-é)/0K,, = 0, the fact that 0D /0K,

~

is Hermitian, and that only ¥ and e are complex. We then differentiate H =é*- D - é
and use 9°D /K ,0r, = 0 and equation (A.32) to obtain

O*H  0& 9D oD  0é

=5 ar et a5 A.65
OK,ory  Or, 0K, ere oK, Oor,’ ( )
to get
dln |AQ] 1 1
% +5Re(W) : VeV H + 5V - Ve H = 0. (A.66)

The magnitude |A©)] is related to det[Im(%®,)], where we have defined the determinant
to be

Voo Y
det(¥,) =| = W (A.67)
!pyz Wyy
To prove that |A©)] is related to det[Im(®,,)], we evaluate
Im(¥,
A et (@,)] = det[im (@, )][Tm(@,)] ! - S0 Fw) (A.68)
dr dr
where we define
-1
Vir Yoy 0
vl = Uy Wy, 0o |. (A.69)
0 0 0
We use equation (A.54) to find d Im(¥)/dr, which is
d Im(¥®)
e (@) H - Re(¥) — Re(W) - H - Tm(®
ar m( ) VikVg Re( ) Re( ) VikVik Hl( ) (A?O)

—Im(¥) -VxkVH — VVgH - Im(¥P).

Substituting equation (A.70) into equation (A.68), and using Im(¥%,,) - [Im(¥&,,)]"! =
1—gg, we get

% In(det[Im(®,)]) = —2(1 — gg) : [Re(¥) - VkVkH + VVH|. (A.71)

Using this result and equation (A.66), we find

(0)
dlnclf | — i%ln(det[lm(tpw)]) — %g ‘Re(¥) - ViViH-g— %g .VxVH-g. (AT2)
Using the fact that g is purely real and taking the real part of equation (A.41), we find
that
1dK
-

& Re(W) (A.73)
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Hence,

dK g d A.74
- -VKVKH-—+§-VVKH-—q, ( )
g dr g dr

where we have used the definition of group velocity in equation (A.29). Substituting
this result into equation (A.72), and noting that

g Re(W) ViViH g+8& ViVH-§
g

dg d _dK dq
E = E(VKH) = E VrViH+ E VVkH, <A75)
we find
dln|A@| 14 lg dg
————— = —— In(det|Im(¥,)|) — == - —. A.76
dr 4dr n(det{Im(¥.)) 2¢g dr ( )
Using g7'g - dg/dr = dIn g/d7 and simplifying, we get
det(Im(%,,))]
40 = ¢ ldetm(Pu))lT (A.77)
g2
where C' is a constant of integration.
The imaginary part of equation (A.63) gives us
do©
((? =—Im(¥) : VkVxH
T (A.78)

+1— -Vgeée-é&" — —
1d7' K 2i

where we have once again used e - 0&*/0K,, + &* - 0e /0K, = 0(e* - e)/0K, = 0. Using
equations (A.29) and (A.33), we can rewrite this equation as

K 1(A* oD 0¢ 0e* OD é>

)
4o _ —Im(¥) : VkVkH
dr . (A.79)
T P Y UL S R Y B |
dr 2i 0K, or,  Or, 0K, '

For clarity, we have divided the polarisation dependent piece into two terms, one parallel
to €, and the other perpendicular to it. Using equation (A.34), this simplifies to

do©
o7 _ —Im(¥) : VKV H
dr (A.80)
n .de o 1 [ 0e* D de  0e D oeé '
ar 21 \OK, or, Or, 0K, )"

We separate ¢(©) into two parts, the Gouy phase ¢ and the phase ¢p associated with
how the polarisation changes when the probe beam passes through a plasma. The former
is a beam effect, whereas the latter is a result from ray tracing. We define the phases
¢c and ¢p by their evolution equations,

dog

= —Im(¥) : VxVH, (A.81)
dr
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and
dgp . de ., 1 (8 g6 oer 0é
A 5<3K“ D-g ~an, P 8K)' (A.82)

"
The de/dr - €* piece corrects for our choice of the vectors J,é - €*, as discussed at
the end of Appendix A.2. If we had chosen the vectors d,e - €* = 0, then we would
get de/dr - & = 0. The other piece of d¢p/dr is physical, and accounts for how the
polarisation changes as the b varies along the beam path.

Appendix B. Discontinuity of ¥ at the vacuum-plasma boundary

We are going to look at a special case of the vacuum-plasma boundary, where the density
ne is continuous, but its gradient Vn,. is discontinuous. Hence, the ray part of beam
tracing is well-behaved, but there will be a discontinuity in the beam part. We need to
find the matching conditions at the boundary for ¥. This is a special case of what was
presented in earlier work [44].

We take the density to be zero on the plasma-vacuum interface. We also assume
a general 2D curvature of the interface surface, which is important because density
is specified on flux surfaces, curved in 2D. This special case of matching boundary
conditions is especially useful because in many equilibria — experimental, and even
analytic — the gradient of density changes abruptly, even if the density may not.

We re-express the exponential piece in E; at the vacuum-plasma boundary as

By ocexp |is™ + 1K AR+ 1K AZ +iK P A¢
+ %(%R (AR)? + 2Wps ARAZ + Wy, (AZ) (B.1)

W (AQ) + 2 ARAC + 20, ACAZ)

where the superscript P indicates that the variables are continuous across the vacuum-
plasma boundary. We need to impose continuity of E; across the this boundary. Since
we are dealing with the special case where the density is zero at the boundary, there
is no charge or current, so all components of E; are continuous. To proceed, we have
to figure out how to parameterise the vacuum-plasma boundary. Since the density is
specified on a flux surface, the discontinuity in ¥ occurs on a flux surface, which we
take to also be the vacuum-plasma boundary. Two points on the same flux surface must
have the same flux label. Hence, they are related by

Yo(R, Z) = p(R+ AR, Z + AZ)

8@/},9 8%
R 5,47 (B.2)

1 8277% 2 82¢p a2¢p 2
+3 <832 (AR) +28RaZARAZ+ 577 (AZ) ) ,

~ (R, Z) +
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where we have expanded to second order. We write AR = AR® + ARM + ... and
AZ =AZO + AZM .. We parameterise poloidal displacement with &, such that

AR© —O, /07
( AZ©) ) ( o, j0R | (B3)
This choice ensures that equation (B.2) is satisfied to first order. To second order, we
find

3¢pAR aprZ(l)

8R 8Z
i (AR©)® 4222 Oy \po pz0 4+ L 2 (AZO)) =0 .
OR? 0ROZ 072 -
The next order corrections are thus
ARW —p/0Z \ L) Oy /OR
p— B.
<Az<1> ) ( o, or ) S T\ ou, oz | (B.5)
where 7 is given by
S a?wp W \" o Py Dy Oy Oy (00’
OR? \ 07 OROZ OR 0Z  0Z% \ OR
(B.6)

-1
£.

X

o, \> (00,
() + (32)

We redefine ¢ such that it incorporates the €1 term, getting

ARW 0, /OR
(AZ(1)>:77< 81/117/?92 ) (B.7)

Imposing continuity across the plasma-vacuum boundary, we find the formula

1
ST+ KPAR + K AZ + KPAC+ 5 (Zhr (AR)? + Wy, (AZ)? + 0 (AC)?)
+ UL, ARAZ + Wy ARAC + W2, ACAZ

B.8)
1 (
=5+ K AR+ K AZ + KPAC+ 5 (Vg (AR)? +Wh, (AZ)" + W0 (AQ)?)
+Uh, ARAZ + lI/zCARAC + Wé’ZACAZ.
We now consider displacement in the toroidal direction only, & = 0,
o, Lo, .
K+ 5w (AQ)?* = K" + SV (AQ)?, (B.9)
hence
Ui =V (B.10)

It may seem surprising that the curvature of the flux surface in the toroidal direction
does not seem to appear in this equation. However, this curvature is already accounted



Beam model of Doppler backscattering 66

for in our definition of ¥, that gives rise to the KR term in equation (49). Moving
forward, we consider purely poloidal displacement, that is A{ = 0,

1
K AR+ K AZ + 3 (Vi (AR)® + 205, ARAZ + Wy, (AZ)°)

B.11)
1 (
= K AR+ KPAZ + 5 (W5, (AR)? + 208, ARAZ + W}, (AZ)?) .
Hence, to leading order, we use equations (B.3) and (B.7) to get
0y\* Oy, 0 0\
YR <_p) —2Whymr Vg | o
0z OR 0Z OR (B.12)

0z Z9R 0Z OR
Note that AR® and AZ® do not contribute because of the continuity of K across
the boundary [44]. Finally, we consider a displacement that is simultaneously in the

2 2

toroidal and poloidal directions. Following similar steps as earlier, and using the results
we already have, we find that

W ARAC + W ACAZ = Wh ARAC + W2, ACAZ, (B.13)
Hence,
L0y O ou, O
Vicoy tWgr = Yoy T (B.14)

Equations (B.10), (B.12), and (B.14) give us 3 conditions for the transition, but we have
6 variables we want to find (either ¥? or ¥). The other 3 conditions can be found from
equation (A.41), giving us

WP .V H+ VH =0, (B.15)

We solve these six linear equations numerically in Scotty.

If the equilibrium density were also discontinuous, then we would have to solve
another three more equations. Two are linear equations, which state that the
components of K parallel to the flux surface have to be continuous. The third component
of the wavevector can be determined from the dispersion relation, H = 0, which is
nonlinear. A discontinuous K also means that the six equations for ¥ are changed
slightly, because K¢ £ K?. This is not currently implemented in Scotty.

Appendix C. Complex Gaussian integration

Appendiz C.1. 1D complexr Gaussian integration

Unsurprisingly, working with a Gaussian beam means that we have to solve a large
number of Gaussian integrals. Since ¥, is complex, we are looking to solve Gaussian
integrals of the form

/Oo exp(—az?) dz, (C.1)

o0



Beam model of Doppler backscattering 67

Im

Figure C1: The contour for evaluating complex Gaussian integrals, of the form
ffooo exp(—ar?) dz, in the complex plane. Note the direction of R, which is away
from the origin. Here z is real, a is a complex constant with a positive real part,
and « = arg (\/5), with —7/4 < a < 7/4.

where z is real and a is a complex constant with a positive real part. Note that the
notation in this part of the appendix is separate from the rest of the paper. In order
to evaluate this integral, we consider the contour integration in Figure (C1). We define
o = arg (\/a_*), with —7/4 < o < /4. Since there are no poles within the contour of
integration, we have

/ exp(—az?) dz + / exp(—az?) dz + / exp(—az?) dz = 0. (C.2)

Y0A YAB YBO
We evaluate each of the three integrals in turn. Since yp4 lies entirely on the real axis,
we have

R
/ exp(—az?) dz :/ exp(—az?) du, (C.3)
voA 0

which is what we are trying to find. To evaluate the integral over ygop, we use the
substitution

2= ——u, (C4)

Hence, we have

* Ry/|al
/ exp(—az?) dz = _\|/a_ exp(—u?) du. (C.5)
YBO a| 0

The final integral over v45 can be calculated using z = Rexp(ig)

/ exp(—az?) dz = /a exp [—GLR2 exp(2i¢)} iR exp(ip) do. (C.6)
YAB 0
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We use the triangle inequality to show that

/ ¢ exp [—(122] dz| < / Rexp [—|a|R2 cos (2¢ — 204)} do. (C.7)
VAB 0

As R — oo, we find that [;'Rexp[—|a|R?cos(2¢ —2a)] dz — 0 as long as
cos(2¢ — 2a) > 0. Since —7/4 < a < 7w/4 and 0 < ¢ < |a|, this holds. Thus,
when numerically solving equations in this paper, it is important to make sure that the

solver is indeed using the correct phase for v/a*. We can choose the appropriate root at
the last step. In the limit R — oo, we get

/ exp(—ax?) dr = % exp(—u?) du. (C.8)
0 0

Hence, we have
/ exp(—azr?) dr = )T (C.9)

0 lal a

We need to choose the root that satisfies

Re{ ﬂ > 0. (C.10)

Appendiz C.2. 2D complex Gaussian integration

We now seek to solve integrals of the form

/ / exp(—r-C -r) dz dy, (C.11)
where C' is a symmetric complex matrix

C = Cpuxx + Cyy (xy + y%) + Cy, ¥y, (C.12)
and r is a real vector

r=1,X+71,y. (C.13)

Hence, we have

/ / exp(—r-C -r) dx dy

= / / exp (—Clar — 20,y ry1ry — nyrZ) dz dy.

For exp(—r - C - r) to be integrable, the matrix Re(C') must be positive definite, and
hence det [Re(C)] > 0 and Re(C,,) > 0.
To calculate the integral, we complete the square for r,,

Coor\2  C2r?
o) e ©w

(C.14)

—Cmrg — 20y raTy — C’yyrz =—Ch, (ng +
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and evaluate the Gaussian integral in r,, getting

/ / exp (—C’mri — 205y ryry — C'yyrz) dx dy

o 2 .2 (C16)
S / exp oty Cyyr2, ) dz dy
C:cr —c0 Ox:c wiy ’
where we choose the root as argued in equation (C.10), which is
T
R > 0. C.17
[\ | ©17)
Moving forward, we note that
Crre det(C
ay'y nyr; & ( )7"2 (C.18)

C.Z‘Z’ CZ‘CE v
and evaluate the second Gaussian integral, getting

00 02 2
1/07; /_OO exp ( Cx’i:y — nyrg,) dz dy
(C.19)
B T 7Chs
VG \/ det(C)’

To simplify this expression, we write

Jdet (C) = \/Co deé(m, (C.20)

where we must be careful to make sure that each square root is in turn chosen such that

its real part is positive, which in turn determines the phase of det(C'). We now have

/_OO /_OO exp(—r-C 1) dz dy, = 7 [det (C)] "} , (C.21)

if we choose the phases as prescribed, which we do for this paper.

N[

Appendix D. Derivation of u; and u,

We seek to find two coordinates whose gradients are perpendicular to b as well as to
each other. Unfortunately, due to magnetic shear, it is in general not possible to find
a such a set of coordinates throughout the whole volume of a plasma; but it is possible
to do it along a line. Hence, we seek to find u; and us such that Vu; and Vuy are
perpendicular to b along w = 0, that is, along the central ray. We then find the higher
order corrections to u; and uy at finite w.

We know that u; must satisfy

b(q(7) +w) - Vu; ~ [f)(q(T)) +w- VB(q(T))] -Vu; = 0. (D.1)
Using the chain rule, we get
. . ou; - ~ u; . - Oui _
(b+w-Vvb) Vgt (b+w-Vb) VoGt (b+w-Vb)-V Vo~ D
~Fu N%ui NLQFNAM
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The size of the term proportional to du; /0w, is determined by the fact that Vw, points
mostly along y in Figure 6, and this direction is perpendicular to b. Using reciprocal
vectors, we follow the same procedure used to derive equation (A.8) and get

) W, dx .
Vw‘r:X_'_—g(l_y’Q.W) (E'y)v (D-3)
and
R W, g dx .
Wy—y—m(ay)' (D-4)

Having obtained these results, we then expand u; in W/L to obtain
w = ul” +ul” P 4 (D.5)

where uE”’ ~ (W/L)" ugo). Since the term with du; /0w, is much larger than the other

(0)

two terms, 8u§0)/8wx = 0. Hence, ul(-o) =u,  (T,wy,). Since we want Vuy(w = 0) = iy

7

and Vus(w = 0) = @y, where these directions are shown in Figure 6, we choose

W =07 = / g(7") cos O(7")dr, (D.6)
0

and

ug)) = U;O)(wy> = Wy. (D.7)

This turns out to be convenient because one direction is only a function of 7, while the
other is only a function of w,.
We now find the higher order corrections. The first order (WW/L) equation for u, is

(1)
1

0wy,

cosf =0, (D.8)

—sinfcosf —

which gives us
ugl) = —w, sin 6. (D.9)
The first order (WW/L) equation for uy is

Y in 6 dx - ou)
T os + wwsm o y+w-Vb-y Y2 _ 0, (D.10)
awr g dr 8wy
which gives us
) w?  [sinfdx . % U o) 4+ Y Oh (D.11)
u = _— X - . . . . .
2 2cosf \ g dr Y Y cos0” Y

Here we have used equations (A.8), (D.3), and (D.4). Since k;luP ~ W/Xx > 1,
we need to find the next order correction ugz), whereas kl,guél) ~ (1/N)(W?/L) ~ 1
indicates that expanding us to this order is already sufficient. To get the second order

. 2
contribution ug ), we use

sin ¢ (%Lgl) n ( sin 0 LW Vb - g) 8u§0)

— KW
g Or g g or
ou? sin 0 dx N oulY (D-12)
— cos ui +<— d—~$fwy+W-Vb~§{)al =0,
z g T Wy
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and find that

2 (sinf db » %
(2) wm<81n __n_ﬁsin9+§(.Vb.g—ﬁc~Vb~>2tan9)

“ :7 g dr

. . (D.13)
L R . sinftanfdx . . A
+ wpwy —n-ysm@—i—y-Vb-g—i—TE-y— -Vb-xtanf | .
Appendix E. Relationship between 6 and 6,

To shed light on how 6 and 6, relate to each other (when they are small), we seek to
make explicit the piece

8(12?6)2 (gfi) ) ’ (E.1)

in equation (144). This algebra-heavy process is detailed in Appendix E.1, while the

results and their significance are discussed in Appendix E.2 and Appendix E.3.

Appendiz E.1. Derivation of 6/6,,

The derivation is somewhat onerous because we cannot neglect 6,, from the onset: we
need to keep K| for part of the derivation to be able to calculate 0H /0K ﬁ Fortunately,
since we are finding the ratio of two derivatives of H, we are free to choose a H that
satisfies equation (77), such that

OH (9H\™' 0H (0H\ ' (E2)

0K} \0K?) — 9K \0K?) ’
For this calculation, we choose H to minimise the unpleasantness of the resulting algebra.
Hence, we choose H = det(D),

det(D) = (e1y — N2) (e — N?) (e — N? + N?)

— Njf (N? = Nj) (en1 = N?) = €z (ew = N + NJ)

Here we have used equation (62), as well as the notation N = K¢/f2 and N = Kc/{2.
The derivatives that we need can then be calculated for NV, \\2 = N?0%, < N2. We find

(E.3)

ddet(D 2
ae[((Q_) — % [611 (N2 _ ebb) + €11 (N2 _ 611) + 6%2} , (E4)
and
ddet(D 2
aeK(z ) = %[611 (611 —NQ) — (611 — N2) (ebb—NQ)
I

(E.5)
— N? (611 — N2) — ef2],

Now that we have evaluated the derivatives of H, we find the piece we care about

(9_]-[ B_H - _ €l — €1, — €€ + N2 (ep, — €11)
8Kﬁ OK? —€2 + €5, — enew + 2N%e

(E.6)
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For the O mode, N? = ¢, we have

OH (0H \ " (€11 — Ebb)2 — el

oK} (W> - _61; (€11 — ew) — €1y (B.7)
- L

Similarly, for the X mode, €11(e;1 — N?) = €3, we have

OH ( OH )_1 . 6%261)5
3Kﬁ 0K? €11 [611 (€11 — €mw) — 5%2]

(-9
22—z —2)

Appendiz E.2. Properties of 6/6,,

Now that we have the ratio between 6, and 0, we discuss what it means for the O and
X modes. We have

0 2,
% — 14 iR (E.9)
for the O-mode and
(22 (22 _ (22
A ) (E.10)
0,, (22 ((22 — 22, — _Qge)

for the X-mode, Figure E1. For the O-mode, since we launch a beam into the plasma
from vacuum, 2 > (2, always, thus 6/6,, < 0 and |0/6,,|] < 1. However, for the X-
mode, the cut-off frequency is 25 = (022 /4 + 22,)'/* 4 (2../2, which is above the upper
hybrid frequency 28, = (22, + 22 Consequently, we still have 6/6,, < 0, but now
160/6,,| > 1.

Since 0/6,, is always negative, 6 and 6,, have different signs no matter the mode.
For the O-mode, the magnitude of this ratio is always less than one, so |0] > |6,,|, and
for the X-mode, the magnitude of the same ratio is always more than one, so |0] < |6,,]|.
This is illustrated in Figure E2 for both positive and negative 6.

Appendixz E.3. Drift of the group velocity

Having done all the hard work of calculating the ratio of 6 and #6,,, it is now
comparatively easy to look at the direction of the group velocity, and note something
interesting. Using equation (138), we get
- OH (oH\ ™.

s ~K+0,— | — b, E.11

&= BT GR2 <E)K2> (E.1)
where we have neglected terms of size 6% and smaller. Using equations (E.7), (E.8),
and (E.9), as well as the notation g = g - b, we find that, for the O-mode,

g) < =0, o< 0; (E.12)
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O-mode X-mode
2 - —0 1
—0,,
1 0.5
= l
2 0 2 0
a0 B0
g =
= =
_1 _|
_2 _|
0 |
S S
= —0.5 =
® 0/0,,
14 o

—-0.4 -0.2 0 0.2 0.4 . .
(l—1)/m (1-1)/m

Figure E1: The variation of 6 and #,, along the ray (top), and how they relate

to each other (bottom). Here [ — [. is the distance along the ray from the
cut-off, and we have the shorthands ro = —1 + (22,/02* and rx = -1 —
(22,/62%) (22 — (22) /2% (£2*> — (22, — (22 ), given by the right hand sides of equations
(E.9) and (E.10) respectively. The standard MAST test case for our paper was used for
the O-mode. For the X-mode, the toroidal launch angle was changed to —7° such that
0,, = 0 at the cut-off.

for the X-mode, one instead gets
g| o< O, o< —0. (E.13)

Hence, even if we launch a beam which is initially entirely in the poloidal plane, it will
acquire group velocity in the toroidal direction. Whether this toroidal group velocity is
parallel or antiparallel to the toroidal field depends on the sign of # and on the mode.
This has been reported as a drift of the ray by previous ray-tracing work [66, 67]. We
show that this can be conveniently expressed in our formalism.

Appendix F. Region near the cut-off

We use 7; to denote the location where dK/dr = 0. The subscript ; means that the
function is evaluated at 7 = 7;. The point 7; occurs near the cut-off location 7.
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Ky Ko Ko Kx

2 O > X
K. .
B U =Yy
(a) Kx and Ko when 6 < 0. (b) Kx and Ko when 6 > 0.

Figure E2: The wavevectors of the X-mode and O-mode are denoted by Kx and Ko
respectively. This notation is only used in this section. We have shown that for the
X-mode, |0] > |0,,], and the O-mode, |0] < |0,,|. The unlabelled bright red arrows show
0,,. Note that 6 and 6,, always have different signs, for reasons explained in this section.
The angles used in this figure were chosen for illustration purposes: the real values of ¢
and 0,, for which our expansion is valid are too small for legible schematics.

We call k;; the particular £, ; which scatters at 7,
k:t71 = _2Kt = —QK(Tt) (Fl)

We Taylor expand the large phase piece 2is+ik1 1 [; g(7') d7’ of equation (133) around
ki1 and 7, to determine what happens at the scattering location 7,

2s + ]ﬂ;/ g(7') dr = 2s; + kt,l/ g(m")y dr + (k11 — kt,l)/ g(t") dr’
0 0 0

| K (F.2)
+ gt(/ﬁ,l - kt,l)(T - Tt) + ggt dTQg Tt(T - Tt)3.
We order
d’K L/r—1\°
Gt dng Tt(T - Tt)g ~ B ( - t) ~ 1, (F.3)
and

T — Tt

gt(kJ_J — kt,1>(7' — Tt) ~ (l{ZJ_’l — kt’l)L ~ 1, (F4)

TL
where g7, ~ L. With these orderings, we can safely neglect the terms of the Taylor
expansion of the phase that we have not included in equation (F.2). Equations (F.3)
and (F.4) give (1 — ) /7 ~ (\/L)Y3 < 1 and (ki — k1) /kex ~ (AJL)?3 < 1. As
a result, functions that do not oscillate quickly with 7 are evaluated only at 7. Then,
using the integration variable

- ( K,

G

Tt)é (1 — 1), (F.5)
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equation (133) becomes

A, =

QAantgantTr det [Im (Ww,t)] % .
et [ [ et enleide)

5~e Tt 92 /
x et € (€cqr —1)- € exp {Qist + ikl,l/ g(m") (1 — (2T >> dT’}
0
d’K,

ne,t
7% 2 7%
3 3
n) Al [ (ki1 — ke1)gi <d72 n)

d?K,
X (gt !
i

X €xXp |:_Z(2Kw’t + kL,w,t) . M’l;,ilf . (2Kw,t ‘I— kL,w,t>:| dk)LJ dkLg.

(F.6)

dr2

where Ai(z) = (2m)~* [7_exp(2T 4+ T?3/3)dT is the Airy function. We have thus shown
that there is indeed no divergence at the cut-off.
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