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Abstract.

Ton-gyroradius-scale microinstabilities typically have a frequency comparable to
the ion transit frequency. Hence, it is conventionally assumed that passing electrons
respond adiabatically in ion-gyroradius-scale modes, due to the small electron-to-ion
mass ratio and the large electron transit frequency. However, in gyrokinetic simulations
of ion-gyroradius-scale modes, the nonadiabatic response of passing electrons can
drive the mode, and generate fluctuations with narrow radial layers, which may
have consequences for turbulent transport in a variety of circumstances. In flux
tube simulations, in the ballooning representation, these instabilities reveal themselves
as modes with extended tails. The small electron-to-ion mass ratio limit of linear
gyrokinetics for electrostatic instabilities is presented, including the nonadiabatic
response of passing electrons and associated narrow radial layers. This theory reveals
the existence of ion-gyroradius-scale modes driven solely by the nonadiabatic passing
electron response, and recovers the usual ion-gyroradius-scale modes driven by the
response of ions and trapped electrons, where the nonadiabatic response of passing
electrons is small. The collisionless and collisional limits of the theory are considered,
demonstrating interesting parallels to neoclassical transport theory. The predictions for
mass-ratio scaling are tested and verified numerically for a range of collision frequencies.
Insights from the small electron-to-ion mass ratio theory may lead to a computationally
efficient treatment of extended modes.

Plasma Phys. Control. Fusion



FExtended electron tails in electrostatic microinstabilities 2

1. Introduction

The leading magnetic confinement fusion experiments achieve single particle confinement
by exploiting strong magnetic fields that have nested toroidal flux surfaces: the Lorentz
force prevents particles crossing the magnetic field in the perpendicular direction, but
particles are free to stream along magnetic field lines. Despite this, there are still
particle and heat losses from the confined plasma. Neoclassical transport is driven by
interparticle Coulomb collisions in toroidal magnetic geometry, and turbulent transport
is driven by the free energy available in the equilibrium temperature and density
gradients.

Turbulence forms through the nonlinear saturation of microinstabilities. The
most important microinstabilities for transport have frequencies w comparable to the
transit frequency of the constituent particle species, and perpendicular wavenumbers
k, comparable to the inverse thermal gyroradius of the particles, i.e., w ~ vy s/a ~
pis€ls K S, and kypms ~ 1, where vy = /21s/mg is the thermal speed of
the component species s, a is a typical equilibrium length scale, Q, = Z;eB/mgc is
the cyclotron frequency of the component species s, and p.s = pums/a < 1, with
Pths = Utns/s the thermal gyroradius of the species s. In the above definitions T
is the species temperature, m; is the species mass, Z; is the species charge number, e is
the proton charge, B is the magnetic field strength, and c¢ is the speed of light. These
microinstabilities are extended along magnetic field lines, with parallel wave numbers
such that kg ~ 1, where ¢ is the “connection length”, ¢ ~ 1 is the safety factor and
R ~ a is the major radius. A diffusive random walk estimate for the heat flux ()5 driven
by instabilities at the scale py s gives Qs ~ Qqgps = p2nsTsvys, with ng the equilibrium
plasma density of species s. To obtain this estimate, we use that the macroscopic profiles
have a scale of order a, and that turbulent eddies transport heat by a step length py,
in a timescale vy, s/a.

A plasma has multiple particle species: the simplest plasma consists of ions, with
charge Z;e and mass m;, and electrons, with charge —e and mass m.. In a fusion plasma
with deuterium ions, the separation between the ion and electron masses has significant
consequences for the nature of the turbulence and the underlying instabilities. Since

mi/me ~ 60, we have that py,; > pine and vgn; < Vgne, 1.€., instabilities can be driven
over a wide range of space and time scales. Historically, research has largely focused on
transport and instabilities driven at the larger scale of the ion gyroradius. This is for
the simple reason that the heat flux estimate Qg ; for pi-scale turbulence dominates
the heat flux estimate Qgp, o for pp o-scale turbulence by (m;/ me)l/ > 1. However, it is
important not to discount the py,  scales for several reasons. It is known that py, e-scale
turbulence can drive experimentally relevant heat fluxes that exceed the Qg estimate
by a large order-unity factor [1-4]. Recently, expensive direct numerical simulations
(DNS) with realistic electron-to-hydrogen-ion-mass ratio [5, 6] and realistic electron-
to-deuterium-ion-mass ratio [6-11] have demonstrated the existence and significance of
cross-scale interactions between turbulence at the scales of py, i and p .. Finally, as we
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will demonstrate in this paper, even familiar long-wavelength modes with binormal wave
numbers kypw i ~ 1 may have narrow radial structures near mode-rational surfaces that
satisty K,pine ~ 1, with k, the radial wave number. These structures result from the
dynamics of passing electrons [12, 13], and may be important for understanding cross-
scale interactions in multiscale DNS, cf. [6]. We will see that there are novel kypy; ~ 1
modes driven by the electron response to the electron temperature gradient (ETG) in
the k,pine ~ 1 narrow layer, and we will see that even the familiar ion temperature
gradient (ITG) mode can exhibit k,pw e ~ 1 features.

Anisotropy between the radial wave number k, and the binormal wave number
k, arises naturally in linear modes in magnetic geometry because of the presence of
magnetic shear §. In the presence of magnetic shear, linear modes are conveniently
described in terms of “ballooning” modes that follow the magnetic field line many times
around the torus [14]. Ballooning modes have wave fronts that rotate with position
along the magnetic field line. As we shall describe with more precision later, in a
ballooning mode the radial wave number k, satisfies k, oc —k, 50 for large 6, where 6
is the extended poloidal angle that is used to describe the position along the field line
as it winds around the torus. Therefore, it is possible for kypwm; ~ 1 modes to have
extended “ballooning tails” at 6 > 1 that correspond to k,pi,; > 1 components. In
the real-space picture, modes with extended ballooning tails are modes with significant
amplitude in a layer around mode-rational flux surfaces — flux surfaces where the field
line winds onto itself after an integer number of toroidal and poloidal turns. With
this in mind, we can understand the origin of electron-driven ballooning tails with a
simple physical argument. On irrational flux surfaces, where a single field line covers
the flux surface, rapidly moving passing electrons can sample the entire flux surface and
respond adiabatically. However, on mode-rational flux surfaces, passing electrons can
only sample a subset of the flux surface and hence have a nonadiabatic response.

Linear modes with extended ballooning tails have been observed in simulations
with a variety of equilibrium conditions, for example, in simulations of electrostatic
modes in core tokamak conditions [12, 13] and in the pedestal [15], as well as in
electromagnetic simulations of linear micro-tearing modes in spherical and conventional
tokamaks [16-18]. Although simulations of linear modes are inexpensive compared to
nonlinear simulations of turbulence, simulations of modes with extended ballooning tails
can be remarkably costly. The results presented in this paper are intended as a step
towards efficient reduced models of this class of mode.

In this paper we will obtain an asymptotic theory, valid in the limit of (m,/ mi)l/ S
0, for electrostatic modes that exist at the long wavelengths of the ion gyroradius scale,
i.e., kypmi ~ 1. Reduced models of these modes must provide a reduced treatment of the
electron response. In the simplest case, for example, the classical ITG mode calculation
[19, 20], the electron response is taken to be adiabatic. More advanced calculations
retain the bounce-averaged response due to trapped electrons, see, e.g., [21, 22]. The
nonadiabatic response of passing electrons is traditionally neglected, despite evidence
from DNS that indicates that the nonadiabatic passing electron response can alter
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transport in linear modes [12, 13] and fully nonlinear turbulence [6, 13]. In this paper,
we will show that, in the (me/m;)"”? — 0 limit, there are in fact two classes of modes
existing at kypm; ~ 1: first, the traditional ITG or ion-response-driven modes; and
second, ETG modes that are driven by the electron response in the large 6 tail of the
ballooning mode. We find the large 6 equations that govern the electron response in
the tail of the ballooning mode, and we show that the orderings used to derive these
equations are satisfied by the numerical solutions of both the ion-response-driven and
electron-response-driven modes simulated using the gyrokinetic code GS2 [23].

The nature of the large 6 equations, and the nature of the corresponding electron-
driven ballooning tail, depends on the electron self-collision frequency v. and the
electron-ion collision frequency v ~ Vee. In the “collisionless” limit, where avee/vine ~
(me /i)'

orbit width and finite Larmor radius physics. We find that the electron-driven tail

< 1, the extent of the mode is set by a balance of free-streaming, finite

extends to 0 ~ (mi/me)l/ 2. In the “collisional” limit, where ave [Vthe ~ 1, the
extent of the mode is set by a balance between perpendicular collisional diffusion and
parallel collisional diffusion that is set up by gradients in the fluctuations along the
magnetic field line. The diffusion arises from both classical and neoclassical collisional
mechanisms. As a result of this balance, we find that the electron-driven tail extends to
0 ~ (m;/me)"*, corresponding to krphe ~ (me Jm:)**. We treat the collisionless and
collisional asymptotic theories separately, before turning to numerical simulations that
support the analytical results.

The remainder of this paper is structured as follows. In section 2, we briefly review
the electrostatic gyrokinetic model that is the starting point for this work. In section
3, we identify a convenient form of the gyrokinetic equation that we use to describe
electron dynamics. We obtain the asymptotic theory of collisionless modes in section
4, and we obtain the asymptotic theory of collisional modes in section 5. We compare
the results of sections 4 and 5 to numerical simulations in section 6. Finally, in section
7, we discuss the implications of these results and possible extensions of the theory.
Included in this paper are appendices containing results pertaining to the collisional
limit. In Appendix A, we obtain the classical perpendicular flux contributions to the
electron mode equations. In Appendix B, we solve the Spitzer problem necessary to
obtain the neoclassical parallel and perpendicular flux contributions to the electron
mode equations. In Appendix C, we obtain the parallel and perpendicular fluxes for the
electron mode equations in the highly collisional (Pfirsh-Schliiter) limit. In Appendix
D, we obtain the parallel and perpendicular fluxes for the electron mode equations in
the banana regime of collisionality in a small inverse aspect ratio device. Finally, in
Appendix E, we give a detailed analysis of the ion nonadiabatic response at large 6.

2. Electrostatic gyrokinetic equations

In this section, we briefly review the linear, electrostatic, df gyrokinetic model [24]
that is the starting point for the analysis in this paper. In gyrokinetic theory, the
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microinstability mode frequency w is taken to be much smaller than the cyclotron
frequency Q4 at which particles gyrate around the magnetic field direction b = B/B,
where B is the magnetic field. The mode frequency w is taken to be of order the transit
frequency vy, s/a. The spatial scale of the fluctuations perpendicular to the magnetic
field line is of order the thermal gyroradius piu,s = Vihs/€2s, and the fundamental
gyrokinetic expansion parameter is p.s = pwns/a. In of gyrokinetics, the fluctuating
distribution function Jf, for each species s is a sum of the nonadiabatic response hg, and
the adiabatic response —ZsepFys /Ty, i.e.,

Zsep(r,t)

T

where ¢ is the fluctuating electrostatic potential, Fy, is the equilibrium Maxwellian

5f8(r7v7t) - hS(R767 Avt) - FOS7 (1)

distribution, r is the particle position, v is the particle velocity, and we have indicated
that h is a function of guiding centre position R = r — p, (with p, = b x v /),), energy
e = m,w?/2 (with v = |v]), and pitch angle A = v? /v?B (with v, = |v—bb-v|), whereas
¢ is a function of r but not of v. In this paper we consider linear theory, and so we
make the eikonal ansatz

hoR,t) = heg, expli(ky - R — wt)],

S(r.t) = dn, expliky -7 — wt)], (2)

where k, is the perpendicular-to-the-field wave vector. Henceforth, we drop the k;
subscripts on the Fourier coefficients.

2.1. The gyrokinetic equation and quasineutrality

The linear, electrostatic gyrokinetic equation is

oh, . _ Z
vjb - Vo—z +ilks - v — w)hs = CE[hs] = 1 (ws s — w) JosFos T“Z), (3)
where v = b - v, 6 is the poloidal angle coordinate that measures distance along the
magnetic field line,
v 2 VB
I v
s=—=—bxb-Vb bx — 4
VD, Qs X Vb + 2QS X B ( )

is the magnetic drift, and the finite Larmor radius effects are modelled by the 0" Bessel
function of the first kind Jos = Jy(bs), where by = kv, /Q, and k; = |k, |. Note that
4 = ZieB/mic > 0, whereas Q. = —eB/m.c < 0. The frequency w, s contains the
equilibrium drives of instability:

€ 3
wm = wf’s (1 + Ns (T - 5)) y (5)

ck, T, dng
w5 Zeeng dip

with
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and ng the equilibrium number density of species s, ¥ the poloidal magnetic flux (defined
implicitly in section 2.2), and
_ dInT;

~dlnn,

(7)

Finally, the collision operator CSX[-] is shorthand for the linearised gyrokinetic collision

s

operator of the species s.
For ions, the linearised gyrokinetic collision operator is defined by

CE* [hi] = (exp [ikL - pi]Ci [exp [~ikL - pi] i) . (8)

with Cj[-] the linearised self-collision operator of the ion species, and (-)  the gyrophase
average at fixed R, ¢, and . The self-collision operator of the species s, Cy4[], is defined
by

2rZ%etIn A O , , o (f 0 ' .
il =25 [Rre - (55 () —aw (7)) @

where f is a distribution function, and we have used the shorthand notation f = f(v),
= f), Fos = Fos(v), F}, = Fos(v'), and

Iv—v'|* - (v—2)(v—7)

lv—v'|3
with I is the identity matrix. We note that the Coloumb logarithm InA ~ 17 [25].
After Braginskii [26], we define the ion self-collision frequency v by
4y/7 Zinzet In A
- , (11)
3 27

1 1

Uwv-—7)=

: (10)

Vi

and we define the electron self-collision frequency v, by
_ 4V2m nee*In A

noting the factor of v/2 difference in the definitions of v, and ;.
For electrons, the linearised gyrokinetic collision operator is defined by
CJ¥ [he] = (exp [ikL - pe] Cee [exp [—ik. - pelhe]) r
el ” &u'i K
+ <eXp lik, - pe] L [exp ik, - pe]he — %FO] > , (13)
e R

where Cool-] is the linearised self-collision operator of the electron species, defined by
equation (9), and
3Vm 4 0 (U2I—U’U 8f)’ (14)

Wl =—gratiegy \ T e

is the Lorentz collision operator resulting from electron-ion collisions, with the electron-
ion collision frequency v, defined following Braginskii [26], i.e.,

_ A2m ZZnietIn A

. 15
3 T 1

Vei
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In equation (13),

1
ou; = —/ (Joﬂ’llbﬂL iJnv—LkL X b) hi d*v, (16)
n; Ky

i
where Ji; = Ji(bs), the 1°* Bessel function of the first kind.

For a simple two-species plasma of ions and electrons, quasineutrality implies that
the equilibrium densities satisfy Zin; = n.. In the electrostatic limit, the system of
gyrokinetic equations for the fluctuations is closed by the quasineutrality relation. The
quasineutrality relation has the form

ZiTe GQZ) 5’11 5ne
1) =2 =2 ¢ 1
< T; * ) Te n; Ne ’ ( 7)
where the fluctuating nonadiabatic densities on, are defined by
g = / Joshs d*v. (18)

2.2. Magnetic coordinates and boundary conditions

To describe the plane perpendicular to the magnetic field line, we use the dimensionless
binormal field-line-label coordinate «, and the flux label v, defined such that the
magnetic field may be written in the Clebsch form

B =Va x V. (19)
We restrict our attention to axisymmetric magnetic fields of the form
B = IV(+V({x Vi, (20)

where ( is the toroidal angle, and I(v) is the toroidal current function. An explicit
formula for «, in terms of ¢, ¢, and the poloidal angle #, may be obtained by equating
expressions (19) and (20):

with the safety factor
1 [ B-V(,,
o) =5 [ Fogth (22)
and
*B-V(
v(,0) = B v0d9 —qb. (23)

Note that v(¢,27) = v(¢,0) = 0. Using the (¢, ) coordinates, we write the
perpendicular wave vector as
kj_ = k’qu@/J + k:aVa, (24)

with the field-aligned radial and binormal wave numbers £, and k,, respectively.

In the study of linear modes, it is convenient to consider the coordinate € as an
extended ballooning angle, and to replace ky with 8y = ky/¢'k,, where ¢’ = dg/di. In
this formulation, hg, k, = hey .k, (0), with —oo < 6 < 0o and the boundary conditions

ok (0) = 0 at § — —oo, for v > 0, and
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ook, (0) = 0 at § — oo, for v < 0. (25)

Much of the discussion in the following sections of this paper is focused on the
behaviour of the solution at large 6. The large 6 part of the mode corresponds to a narrow
radial layer in the real-space representation. To see this, consider the (contravariant)
radial wave number

d
ky =k, - Vr = (0 — e)kad—;{my? — ka(qVO - Vr + Vv Vi), (26)

where r = r(¢) is a minor radial coordinate that is a function of ¢ only, and has
dimensions of length. For large |0y — 0|, we find that k, ~ (6 — 0)k.(dq/dr)|Vr|?, i.e.,
we may obtain narrow radial structures in a ballooning mode by either imposing a large
0o (= ky/q'ks), or by following the field line, as a result of magnetic shear.

It will be interesting to consider the behaviour of the magnetic drift. The term due
to the magnetic drift, ik, - va s, may be written in the following convenient form

ik, - vy = kavms - (Va+60Vg) + ika%(éo — Q)ons - VT (27)
We note that the quantity Va + 0Vq = V( — ¢V — Vv contains no secular variation
in 0. Hence, for large |0y — 0| the magnetic drift is dominated by the radial component:
ik, - vys >~ ikons - Vr/|Vr|? for |6 — 6] > 1. Thus, the leading behaviour of a
ballooning mode at large 6 should be expected to involve the radial magnetic drift. We
will often make use of the identity for the radial magnetic drift in an axisymmetric

magnetic field,

_ 0 (Iy
UM,s * V¢ = U||b : VQ% (Qs ) . (28)

Finally, we complete this discussion of coordinates by defining a field-aligned
radial wave number and binormal wave number with dimensions of length, k, and
k,, respectively. First, we define local radial and binormal coordinates with units
of length, x = (v — 1) (d/dz)™" and y = (o — ag)(da/dy)~", respectively, where
(19, ) are the coordinates of the field line of interest. Then, the field-aligned radial
wavenumber k, = ky(dy/dz) and the binormal wave number k, = k,(da/dy). We
take the proportionality constants to be dy/dx = r1/qRy and do/dy = (I/Ry)dr/di.
The functions 1(1)), r(v), and ¢(v)) appearing in the proportionality constants should
be evaluated on the local flux surface of interest, and Ry is the major radius at
the magnetic axis. Using these normalisations, we find that the true radial wave
number k, ~ (0y — 0)k,5~|Vr|? for |§y — 6] > 1, with the magnetic shear defined
by § = (r/q)dgq/dr and the geometrical factor & = (q¢Ro/Ir)dy/dr.

3. A convenient form of the gyrokinetic equation

It is possible to use the identity for the radial magnetic drift in equation (28) to rewrite
the gyrokinetic equation in a way that will simplify the asymptotic analysis of the
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electron response. Collecting terms due to parallel streaming, and radial drifts, we find
that we can write

vb - VG% + 1kaq (0o — O)vyb - VG% (%) s
— exp [—iAs (0 — 0)]vyb - ve% (exp [iAs (00 — 0)]hs) + ib - vekaglvﬁ hs, (29)
with S
M= % (30)

Note that A\, should not be confused with the pitch angle coordinate A\. We define the
new function Hy by

H, = exp [i\s (00 — 0)]hs, (31)

and hence we can rewrite the gyrokinetic equation, equation, (3), as

H ~ Z
vb - V@% +i(wms —w)Hs — Cs[Hs] =1 (wws — w) exp [iAs(0o — 0)]Jos Fos ;egb’ (32)
where
q’[vﬁ
wMs = ko | Vms - (Va+60Vg) +b- V@Q— ; (33)
and
as [Hs] = exp [1)\9(60 - 9>]CSK [eXp [_i)‘s<90 - 6)]Hs] (34)

It is also useful to consider the form of the nonadiabatic density appearing in the
quasineutrality relation, equation (17). In terms of Hj, we can write the nonadiabatic,
fluctuating density dn, as

5y = / exp [—ids(8 — 0)]Jos H, dPv. (35)

When the gyrokinetic equation is written in terms of H,, the oscillation in the
distribution function due to the radial magnetic drift appears explicitly as the phase
exp [iAs(fg — 6)] — this phase may be thought of in analogy to the phase exp [ik, - ps]
arising from the finite Larmor radius in gyrokinetic theory. In fact, the appearance of
exp [iAs(fg — 0)] is due to the finite particle drift orbit width. This may be noted by
writing As(6y — 0) = kaq' (6o — 0) A1), recalling that Ay = Iv)/Q, is the excursion in
flux label ¢ made by trapped particles in a banana orbit [27], and finally, noting that,
in the limit of large |0y — 0], A\s(6p — 0) =~ k.(dr/dyp) Ay /|Vr|?.

4. Long-wavelength collisionless electrostatic modes in the (m./m;)"* — 0
limit

In this section we derive reduced model equations for long-wavelength, collisionless,

1/2

electrostatic modes in the (me/m;)’" — 0 limit. We will focus on modes that exist
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at the long wavelengths of the ion gyroradius scale, i.e., kypg; ~ 1 and 0y ~ 1. For
the modes described in this section, we take the “collisionless” ordering for the electron
collision frequency. Electron-ion collisions occur at a rate v, and electron-electron self
collisions occur at a rate ... The collisionless ordering is

R ee R ei e 12
q°”~q°”~(m) <1 (36)

Uth,e Uth,e my

In this ordering, the electron collision operator competes with the source term due to the
electrostatic potential and with the precessional magnetic drift. For consistency with
the electron species, we take the ion self-collision frequency v ~ (me/ mi)l/ 2 Veni/qRo <
vini/qRy ~ w. We find that the extent of the ballooning mode is controlled by the
collisionless terms in the electron gyrokinetic equation, with the result that the mode
extends to a ballooning angle 6 ~ (mi/me)l/ > > 1. In the following section, we
begin the derivation of the reduced model equations by examining the § ~ 1 region
of the ballooning mode. This discussion reveals the existence of passing-electron-
response-driven modes, in addition to the usual ion-response-driven and trapped-
electron-response-driven modes, and motivates an examination of the 6 ~ (m;/ me)l/ 2
region of the collisionless ballooning mode in section 4.2. To aid comprehension, we
summarise the results of this section for trapped-electron-response-driven and ion-
response-driven modes in section 4.3, and for passing-electron-response-driven modes
in section 4.4. Finally, in section 4.5, we comment on the relationship between the
derivation of gyrokinetics and the derivation of the reduced model equations for the
electron response: although these theories have fundamental differences, they have a
similar structure, relying on the finite Lamor radius and the finite (magnetic drift) orbit
width of particles, respectively.

4.1. Outer solution — k,pgn; ~ 1

We define the outer region of the mode to be the region where 6 ~ 1, equivalently, the
region where k,pu; ~ 1. In real space, the outer region is the large-scale region far from
the rational flux surface.

In the collisionless ordering, it is natural to expand the electric potential and

distribution functions in (me/m;)"*:

=60 +6"+0 ((%) ¢) , (37)
with ¢™ ~ (me/m;)"* $(©; and
he = hy® + " +0 ((1) hs) : (38)
my
where b, ~ (mo/m;)""? (e¢/T,)Fys. Similarly, it will be natural to expand the

frequency of the mode in powers of (me/m;)"%:

w:w®+wﬂ+o<cm)w>. (39)
my
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We now derive the equations for the ion response, before moving on to derive the
equations for the electron response.

4.1.1. Ion response in the outer region. For the ion species, we start with the usual

form of the gyrokinetic equation, equation (3). In the collisionless limit, the leading

order equation for the ion response is

oh;© Zied®)
Bl (.

Using equation (40), and the estimates w ~ wvi/a ~ w,; and b ~ 1, we find that

v)b- Vo +i(ky-om; — w(o)) h =i (wsi — OJ(O)) Joi Foi (40)

hi/ Fo; ~ e /Te. Hence, the ion nonadiabatic response contributes at leading order to
¢. The equation for the nonadiabatic ion density is
0 B0 ep©®
1 Joi— d*v ~ : 41
i / ’ YT (41)

i e

4.1.2. Electron response in the outer region. For the electron species we will use the
modified form of the gyrokinetic equation, equation (32). We do this to avoid integrating
the radial magnetic drift vy e - Vi by parts in 6 at every order when applying transit
or bounce averages. The leading order equation for the electron response is

oH"
b-Vio =0 42
gl 50 : (42)
where we have used that the electron parallel streaming term is larger than every other

term in equation (32) by the ordering wa /v ~ kypini ~ 1 and vgni/vine ~ (me/mi)l/Q.
We note that for electrons Ae ~ (me/m;)"?, and hence, for g ~ 6 ~ 1 the phase

exp [iAe(fy — €)] may be expanded as

2 3/2
exp [iNe(fy — 0)] = 1+ iX(6y — 0) — %(90 —0)2+0 ((ﬂ) > L (43)

my

As a consequence of equation (42), the leading-order nonadiabatic electron response
is independent of 6 for # ~ 1. The remainder of the expansion must be carried out
separately for passing and trapped particles.

Trapped particles occupy the range of pitch angles 1/Byax < A < 1/B(0), with
Binax the maximum value of B(#). In each well, trapped particles bounce at the upper
and lower bounce points, 6, and 6, , respectively. Equation (42) for trapped particles
states that Héo) is constant in € within each magnetic well. Imposing the trapped
particle boundary conditions

he(0F, 0 = 1) = ho(6F,0 = —1), (44)

where o = v /|v|, and using equation (31), we find that Héo)(a =1)= He(o)(a = —1),

and so H” is independent of (f,0). The trapped electron piece of the distribution

function He(o) is determined by the equation for the next order in the electron response

oHW

v”b-V@ 8Q

+ i("‘}M,e - W(O))H«go) - Oee[He(O)] - 'C[Héo)]
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e
T, ’

where we have used that for b, = O((me/mi)l/z), Joe = 14 O(me/m;), and
1/2

= —i (.o — 0 ) R (45)

exp [iXe(fo — 0)] = 1+0 <(me/mi)1/2>, and we have employed k, - p. ~ b, ~ (me/m;)
to reduce the collision operator in equation (45) to the drift kinetic electron collision
operator Ceo|-] + L[-]. To close equation (45), we introduce the bounce average for
trapped particles

S Ly 8 ()b 0

AP L (46)
2f_b d9/|v|||b -V
b
Applying (-} to equation (45), we find the solvability condition
: b 0 0 0 0 : 0 € <¢(O)>b
{((wne)” = w@) HE = Coo B = LIHO] = =i (o0 = 0) Fou =, (47)
where we have used the property
a b
<U||b : V08—‘£> =0 (48)

of the bounce average, valid for any f = fy, r. (€, A, 0, 0) satisfying the bounce condition
feo,ka<5>)\,0 = 1,(9;:) = fgoyka(af, )\70 = —1,92:).

Passing particles occupy the range of pitch angles 0 < A < 1/B.x, and hence,
passing particles are free to travel between magnetic wells. For passing electrons,
equation (42) determines that, for a given (6y, k,) mode, H is a constant in 6 for
each sign of the parallel velocity o, i.e.,

H® = HY(g, \, 0). (49)

To determine this constant Héo), we need to supply an appropriate incoming boundary

condition to the 6 ~ 1 region. This will require us to consider the 6 > 1 region.

In the conventional treatment of passing electrons, it is argued that the incoming
boundary condition (25) implies that HY = 0 in the passing piece of velocity space,
cf. [28, 29]. This assumption results in modes driven at scales of kypyn; ~ 1 by the
ion response or the trapped electron response. Under this assumption, the leading-
order nonadiabatic response of passing electrons He(l) is determined by the first-order

equation
oHY ep©®
00 T, ’

where the magnetic drift, frequency, and electron-ion collision terms are neglected
)

v b- Vo — C’ee[H(O)] =—i (w*,e — w(o)) Foe

e

(50)

because H” = 0 in the passing part of velocity space. The collision operator term
Cee [He(o)] is retained because Cee [Héo)] is a nonlocal operator representing the drag of
trapped particles on passing particles. In this ordering, passing electrons coming from

)1/2

the 6 > 1 region receive a (me/m; small impulse from the 6§ ~ 1 electrostatic

potential:

HM(0,0 =1)= HY(—00,0 = 1) (51)
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6 1 €¢(0)
EE— W HO _ o — (0) Fy. | do’
+/oov||b'V9( () =1 {wne =) T, "’ ’

and
HMY (O, 0 =—1) = HY(c0,0 = —1) (52)
0 0
1 e
— | CLIHO —i(w, o — W Fy. | do’
+/oovb-V9 (C ] =1 (e =) T, ° ’

where Hél)($oo,a = =+1) should be determined consistently in the § > 1 region.
Because H." contributes only a small correction to quasineutrality, the nonadiabatic
response of passing electrons is conventionally ignored.

One of the key contributions of this paper is to notice a flaw in the conventional
argument: in fact, H” need not vanish, but instead He(o) can be determined self-
consistently in the 8 > 1 region. The resulting class of modes are driven by the
nonadiabatic response of passing electrons, with no leading-order impact from the ion
response or trapped electron response in the # ~ 1 region. We now turn to the 6 > 1
region for the collisionless ordering. The equations that we obtain there will provide
the nonadiabatic passing electron response, J2as (e,\,0 = £1), in the case of passing-
electron-response driven modes, and the boundary conditions Hél)(e = F00,E,\, 0 =
+1) in the case of modes in the conventional ordering.

4.2. Inner solution — kypine ~ 1

In real space, the inner region is the radial layer close to the rational flux surface. The
inner region is characterised by fine radial scales associated with electron physics. In
order to capture these scales analytically in the ballooning formalism, we introduce an
additional ballooning angle coordinate y that measures distance along the magnetic
field line. The coordinate 6 will capture periodic variation in ballooning angle on the
scale of 27 associated with the equilibrium geometry, whereas the coordinate y will
measure secular variation on scales much larger than 27. In the inner region, distribution
functions and fields become functions of the independent variables 6 and Y, i.e.,

f(0) = f(0.%), (53)
and parallel-to-the-field-line derivatives become

9] 0 0

RN T 4

96 " 20 " ax (54

We order 0/0y ~ (me/mi)l/2 0/00, and we order k,pge ~ 1, whilst keeping kyppm;i ~ 1.

The parallel-to-the-field variable 6 appears in two forms in the gyrokinetic equation
(32): as the argument of periodic functions associated with the magnetic geometry; and
linearly in the combination —k.q' (6 — 6y). To treat the scale separation within the part

)1/2 > 1, we send # — x where 6 appears in secular

1/2

of the mode where 6§ ~ (m;/m,

terms (e.g. —kaq' (60 —0p)), and we take y ~ (m;/me)’" > 1. This assignment captures
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the effect of the secular growth of the radial wave number £, in the 6 > 1 region. With
this procedure, we note that, in the inner region, we can usefully write

k. =k + kWD, (55)
with

. e v (56)
and

k) = k00 g + ko(Va+0Vq) = O <X’1k:(f)> , (57)

where we recall that Va + 0Vqg = V({ — ¢V60 — Vv has no secular dependence on 6.
Hence, we find that in the inner region

ik?L cUM,s = lkf) * UM, s + 0O (X_lkig?) : 'UM,5> . (58)
We also need to consider the argument of the Bessel function
b, — kivimgc _ ki (0)c 2m85)\' (59)
ZseB Zse B(0)

In the region x ~ (me/m;)"?, we find that

c 2mge
Zse\l B(0)

bs = ka|V|(0) X+ 0O (x'bs) - (60)
Note that b, has a linear dependence on y, whereas 6 appears only through the periodic
functions |Vq| = |¢'||V¥|(0) and B(#). The plasma is magnetised, and hence B(f) will
have a large component independent of 6. Likewise, V1| will be nowhere zero on any
given flux surface (except perhaps if there is an X-point on the last closed flux surface).
Hence, changes in 0 cause only small oscillations in b,, whereas changes in x can cause
arbitrarily large variations in b,.

Finally, to solve for the electron distribution function, we need to impose a 27
periodic boundary condition on 8, and a “ballooning” boundary condition on Y, i.e.,

he(e =T, X) = he(e = -, X)7 (61)
and

he(x = —00) =0, for v > 0, and

he(x = 00) = 0, for v < 0. (62)

The results for large y above, equations (55)-(62), are not peculiar to the ordering
X ~ (mi/me)"?. We will reuse results (55)-(62) for y ~ (m;/me)"* when we come to
discuss the collisional inner region in section 5.1.

To solve for the electron response, we will again use the modified electron
distribution function H,, defined by equation (31), and the modified electron gyrokinetic
equation (equation (32) with s = e). We note that, in the inner region of the collisionless
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ordering, 6 ~ (mi/me)l/2 > 1~ 0> A ~ (me/mi)l/Q, and hence the phase in (31)
becomes

2262 . 3/2
exp [iAe(fg — 6)] = exp [—iAeX] (1 +1Xeby — 62 410 ((:i) ) (63)

Consistent with the expansion in the outer region, in the inner region we expand
the electrostatic potential ¢, the distribution functions h; and H,, and the frequency w
in powers of (me/m;)"%. However, we leave the relative size of the fluctuations in the
outer and inner regions to be determined. We will return to this point in sections 4.3
and 4.4.

4.2.1. Ion response in the inner region. 'The leading-order equation for the ion response
in the inner region is

kad |V X0
(e

(v1AB + 75 (2= AB)) = ihad/ xors w) 7y ©

Ziegb(o)
jwi )
where we have defined the collision frequencies

[, Y(/vm)
T \/g Y (v/vm)? (65)

V= \/g’/ii erf(v/vn;) — \If(v/vth,i)’ (66)

(v/ V)

=1 (Wi — W) Joi Fys

and

with the functions

erf(z) = %/@ exp [—57] ds, (67)
and

U(z) = % <erf(z) - % exp [—zﬂ) : (68)
The first term on the left of equation (64) is due to the finite-Larmor-radius terms in
the ion gyrokinetic self-collision operator (8) (cf. [30-32]). The ion response given by
equation (64) is local in ballooning angle — a more detailed analysis demonstrating how
this response arises is given in Appendix E. We note that Jy ~ x Y2 ~ (me/m;)"*
for by ~ kypgni ~ x ~ (mi/me)l/2 > 1. Hence, if vj;/w ~ (me/mi)l/Q, we take the ion
nonadiabatic response h; (V) /Fy; ~ x73/2(e¢Y) /T,) everywhere in the inner region.

The contribution of #® to ¢ is small in the inner region. Estimating the size of

the ion nonadiabatic density dn; in the inner region, we find that

n® 1 me ed®  ep©
= — J jhi(o) d3v ~— < . 69
ny N4 / ’ m;i T T, ( )
We have used the conventional distribution function h; and conventional form of

the gyrokinetic equation to describe the ion species. We could obtain the estimate (69)
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by using the alternative form of the gyrokinetic equation, equation (32). However, if
we use the distribution function H; and equation (32) for ions, we need to be careful
with estimates involving integrals of the phase exp [—iA;x], because A;x > 1 in the inner

region.
4.2.2. Electron response in the inner region. The leading order equation for the
electron response in the inner region is
oHY
?}”b -V = 0. (70)

00
Equation (70) appears to be trivially simple because of the choice to use the modified
electron gyrokinetic equation (32), and modified distribution function H,. In terms
of he, and using equation (31), equation (70) tells us that the leading-order electron
distribution function has the form

he9(6,x) = exp [~iAx] HO (x). (71)

In other words, the  dependence in he(?) comes entirely from the radial-magnetic-drift
phase exp [—iAcX], and HY (x) is the slowly decaying envelope of h.(?). This observation
motivates the choice to present the derivation in terms of H, rather than h,.

The distribution function H” is determined by the first-order equation for the
electron response in the inner region

HY J2rs .
vyb - veaae + b - veaax +1 (wae — @) HO — CO[HO
- 0 g0 @
= —i (wee — W) exp [—iXeX] Jge FgeT, (72)

COHO] = exp[=id] (exp [ik - pe| Cuo |exp [ik - .| exp [AIH])

+exp[=id] (exp [k . £ [exp [k - p.] exp A O] | (73)

and Jég) = Jo(béo)). In order to solve equation (72) for passing particles, we must impose
the solvability condition that Hél) is periodic in 6. This condition can be imposed by
using the transit average

. fjﬂ do (')/U”b - Vo

(' = ™ db oy - V6 (74)

Applying the transit average to equation (72) results in the equation for He(o);
on" A t
(- 98)" 2 13 ()t — ) HE — (O [10])

- (©) - 0ed®\'
=1 (w*,e —w ) FOe exXp [_IAeX]JOe T : (75)
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For trapped electrons, we need to be careful in our interpretation of the two
scales in equation (72). Physically, trapped particles cannot pass between wells in
the magnetic field strength. Trapped particles can observe only changes of order
unity in poloidal angle as they follow trapped orbits. This prohibits large variation
in the ballooning poloidal angle x for individual particles. The trapped particle
distribution function should satisfy the trapped particle boundary conditions, equation
(44). Noting that A\.(6F) = 0 as v|(6;) = 0, we have that for trapped particles

Hé‘”(e;,a =1) = Héo)(Gf,o = —1) and hence H is constant in both 6 and o.
To go to higher order, we must impose the solvability condition that HY satisfies the
bounce conditions Hé”(@f, o=1)= He(l)(ef, o = —1). Hence, to obtain the equation

for Héo) for trapped electrons, we apply the bounce average <‘)b, defined in equation
(46), to equation (72). The result is

(o) =) HO — (60 (107

i (0) ‘ 0 s\
= —i (wie — W) Foe ( exp [—ideX]Jpe T , (76)

where we have used the property (48) of the bounce average, to eliminate the parallel
derivative in 6 on the left-hand side of equation (72), and we have used the property

(v19)" =0, (77)
for any o-independent function ¢ = ggk.(€, A 0), to eliminate the term
<va . V6>b oH” /Ox. Note that no derivatives in y appear explicitly in equation (76),
and hence for trapped particles He(o) is only a parametric function of y. This is the
manifestation of the physical intuition that trapped particles do not move between
magnetic wells.

4.8. Modes with (me/m;)"* small electron tails

In this section we describe the class of modes in the collisionless ordering that have
small electron tails. This class of modes includes the conventional ITG mode and the
trapped-electron mode (TEM), so much of the discussion will be familiar. We describe
the role of the electron response in these modes in detail to provide predictions for
numerical results in sections 6.2 and 6.2.1, and to compare and contrast with the novel
modes described in the next section.

To obtain the “small-tail” modes, we assume a priori that Hég))uter = 0 for passing
electrons in the outer region of the mode where 6 ~ 1 and k,py; ~ 1. Then the
passing electron response has a leading-order nonzero component Hé}o)uter, given by
equations (51) and (52). We obtain the leading-order trapped electron response H, ©

e,outer
©

1,outer
parallel boundary condition is required to solve the trapped-electron equation (47). For

from equation (47), and the leading-order ion response h from equation (40). No

equation (40) for the ion response, we supply the zero-incoming boundary condition
(25), without referring to the inner region where k,pi,; ~ 6 > 1. This is justified by
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the fact that in the inner region hi(,?r)lner is small. We can regard He(,?))uter and hi(,%)uter
as functionals of ¢} and functions of w®, i.e., He(,oo)uter = Hé%)uter[gbg?l)ter,w(o)] and

O O

[¢g?l)ter,w(0)]. The frequency w® and potential ¢©) are determined

1,outer 1,outer
through the leading-order quasineutrality relation in the outer region
7T e B (0) HO
—+1 = [ Joi— dv— | — d° 78
( 7—‘1 * ) Te / 0 n; Y Ne Y ( )

where we have used that Joe = 1+ O (me/mu) for kypini ~ krpimi ~ 1. The small

. (1)
correction Hg ;e

problem, equation (78). As a result, in small-tail modes the nonadiabatic passing

from passing electrons does not enter in the leading-order eigenvalue

electron response is a “cosmetic” feature that does not contribute to determining the
basic properties of the mode. Nonetheless, observable electron tails can develop in
krpthe ~ 1 regions (6 ~ (mi/me)l/Q). We illustrate this in figure 1. The mode is
decomposed into three regions: 6 ~ 1, and [6] ~ (m;/me)"/? for > 0 and 6 < 0.

Forward-going passing electrons travel along the mode, receiving an impulse

AH. = /00 1 C [H(O) } —j ((,d _ w(o)) €¢L()[1)1)terF del (79)
e — ’U”b ] Ve ee e,outer *,€e T Oe

e

from the electrostatic potential ¢ in the 6 ~ 1 region. The impulse (79) sets the natural

size of the electron nonadiabatic response in the 6 ~ (m;/ me)l/ 2 region He jnner compared

to the size of the potential in the outer region:
Me 2 6gbouter
my; Te

We can use the leading-order quasineutrality relation in the inner region to obtain

He,inner ~ A-[—-[e ~ ( FOe' (80)

an estimate for the size of the potential in the inner region. The leading-order
quasineutrality relation in the inner region is

ZiTe eqb(o) . 0 Héo)
( Tt 1) e / exp [IAex]J . o, (81)
where we have used that the ion contribution to quasineutrality is small, cf. equation

(69). Using equation (81), we find that the electrostatic potential in the inner region
Oinner 18 Of size

egbinner ~ (me) 12 egbouter. (82)

T m; T,
The matching condition for He inner is obtained by demanding that the passing electron
distribution function is continuous across the boundary between the outer and inner
regions, i.e.,

He(,lo)uter<9 = :l:OO) = H(O)

e,inner

(x = 0%), for 0 < ABpax <1, (83)

Note that the trapped electron distribution function need not be continuous across this
boundary. Combining equations (51), (52), (79) and (83), we find that the matching
condition for solving for the passing electron response in the small-tails limit is

HY (x=0")=HO (x=07)+AH,, (84)

e,inner(
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Figure 1. An illustration showing the nonadiabatic passing electron response for
forward-going particles in the small-tail limit. At leading-order in the (me/mi)l/ 2
expansion, the mode frequency is determined by the response of ions and trapped
electrons in the outer region (0 ~ 1), by solving equations (40) and (47), with
quasineutrality (78). The passing part of the electron distribution function H,. is
propagated from left to right, via equation (75), starting with zero amplitude at 6§ =
—o00, receiving an impulse AH, from the potential ¢ in the outer region (see equation
(79)), and finally, carrying that amplitude into the inner region (6 ~ (m;/me)"?). In
the inner region, the trapped electron response may be determined with equation (76),
and the electron response determines ¢, via quasineutrality (81).

valid for both o + 1.
We can self-consistently obtain the electron tails associated with a small-tail mode
in the following way. First, we solve the the eigenvalue problem (78), with H, ©

e,outer
h’i(,(z))uter obtained from the equations (47) and (40), respectively. This determines w(®

¢§?}ter. Second, we solve the inner region equations (75) and (76) for the nonadiabatic

and

and

response of passing electrons and trapped electrons, respectively, subject to the jump
condition (84) at y = 0. This obtains the functional H0) = HO 40 4O 0],

e,inner e,inner L inner’ ¥ outer’
(0)

inner

Finally, we impose quasineutrality, equation (81), to obtain a relation for ¢ in terms

(0)

outer-

of the jump over ¢

4.4. Modes with dominant electron tails

We now turn to the novel class of modes identified in this paper. To obtain a “large-

1/2

tail” mode in the (mq/m;)’" — 0 limit, we assume that the leading-order nonadiabatic

passing electron response is nonzero in the outer region, i.e.,

He,outer 6stouter
~ .

FOe Te (85)
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Figure 2. An illustration showing the nonadiabatic passing electron response for
forward-going particles in the large-tail limit. In this limit, the electron response in
the inner region (6 ~ (my /me)l/ %) determines the mode frequency to leading order
in the (me/mi)l/ ? expansion: we solve equations (75) and (76) for the passing and
trapped electron response, respectively, subject to quasineutrality (81). In the outer
region, the electron response H, is approximately constant, and ions respond passively,
without modifying the frequency to leading order.

We recall from section 4.1.2 that H, ©)

eouter 18 @ constant in ¢, and is independent of the

ion response and the trapped electron response in the outer region. As a consequence,
in the ordering (85) we may solve the leading-order equations (75) and (76) for HY in
the inner region with the boundary condition that

HY (x=07)=HO . (x=0%). (86)

e,inner
(0)

inner

Imposing quasineutrality via equation (81) results in an eigenvalue problem for ¢
and w®. We illustrate the mode structure in the large-tail ordering in figure 2. Note
in particular that the nonadiabatic passing electron response changes by only a small
((me/ms)"/?) amount over the 6 ~ 1 region. As a consequence of the ordering (85), and
the boundary condition (86), we find that the electrostatic potential in the inner region
has no mass ratio scaling with respect to the electrostatic potential in the outer region,
ie.,
€Pinner  €Pouter
. T T
An interesting corollary of these arguments is that the leading order complex frequency
w©® of a large-tail mode should be independent of 6.

(87)

Finally, in a large-tail mode the role of the nonadiabatic ion response (and
nonadiabatic trapped electron response for  ~ 1) is to modify the leading-order
mode structure at # ~ 1 without modifying the frequency w®. To see this, note that
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(0)

outer

equations (75), (76), and (81) determine the frequency w®. However, ¢ is not yet

determined: in the 6 ~ 1 region only the nonadiabatic density due to passing electrons
' is fixed by the passing electron tails. To obtain ng(O)

e,passing outers W€ solve equation (40)

for the nonadiabatic ion response hi(f))uter = hfg)uter[¢giier,w<0>], and equation (47) for
the nonadiabatic trapped electron response He(fl)uter_trapped =H é,(z))uter—trapped [gzﬁc()?l)ter,w(o)],
where we have indicated that hi(,(()))uter and Héf?uter_trapped are functionals of ¢<()?1)ter and
functions of w(®. We then use § ~ 1 quasineutrality, equation (78), to obtain Q@ter as a

function of on¥

epassing: L he role of the nonadiabatic ion response (and the nonadiabatic

(0)

trapped electron response) is to modify the response of the electrostatic potential ¢ e,

to an input w® and &g?gassing.
4.5. Relating the derivation of gyrokinetics to the derivation of the transit and bounce
averaged equations for the electron response

We conclude this section on collisionless physics by commenting on the relationship
between the derivation of gyrokinetics and the derivation of the transit and bounce
averaged equations for the electron response in the inner region. We note that in
the derivation of the gyrokinetic equation the change of variables from (7, e, A,7v) to
(R,e,\,7) introduces the finite Larmor radius phase exp [ik, - ps] into the kinetic
equation. The v dependence in the kinetic equation can be removed by a gyroaverage
()7 because the finite Larmor radius phases are converted into a Bessel function
Jo(bs) by the gyroaverage (-)7, and the field ¢(r) has no dependence on the gyrophase
~. In the derivation of the equations for the electron response in the inner region,
equations (75) and (76), we find that the leading-order electron distribution function
g = g¥ (x,€, A, 0) is independent of #, and the phase exp [—iA.X] keeps track of the
electron drift orbit motion. However, the potential ¢ = ¢ (6, x) has a nontrivial
dependence on . This can be observed by inspecting the inner region quasineutrality
relation, equation (81), where we see that velocity-space structure in HY influences the
6 structure of (¥, As a consequence, we may not directly remove 6 when solving the
system of equations (75), (76), and (81).

5. Long-wavelength collisional electrostatic modes in the (m./m;)"”? = 0
limit

In this section, we derive reduced model equations for long-wavelength, collisional,
clectrostatic modes in the (me/m;)"/? — 0 limit. We define the collisional limit to
be the limit where

qRoVei - qRoVee

~1. (88)

Vth,e Uth,e
We show that in the collisional limit, the scale of the mode in extended ballooning angle
X is set by the balance between parallel and perpendicular classical and neoclassical
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diffusion terms appearing in the equations for the mode. Heuristically, this means that
we expect a balance
Ut2h,e 82
¢* Rivee OX*
We can rearrange the balance (89) to give an estimate for the size of xy. We find that

RoVee —1/2 m; 1/4
X ~ (qvi ) <H> . (90)
th,e e

For the collisional ordering of qRoVee/Vtnhe ~ 1, the scale of the electron tail is
1/2

~ Veekzp%h,eXQ' (89)

X ~ (my /me)l/ 1. As expected, the “collisionless” ordering of qRoVee/Vthe ~ (Me/M;)
in the estimate (90) yields the scale y ~ (m;/me)"?. In consequence, we are able to
demonstrate a smooth matching between the collisional and the collisionless limits. We
discuss this matching in section 5.1.4.

In the following sections, we obtain the equations for the response of ions and
electrons in a kypwm; ~ 1 mode with a # ~ 1 outer region, and a 6 ~ (mi/n”Le)l/4
inner region. Although the details of the equations obtained here are different to the
collisionless case, the final result is qualitatively similar: two types of modes exist, large-
tail modes driven by the nonadiabatic electron response at 6 ~ (m;/me)"* scales, and
conventional small-tail modes driven by the ion response at ¢ ~ 1 scales. In order to
motivate the (me/m;)"/* expansion, we first derive the equations in the § > 1 region. As
in the collisionless case, the equations that we obtain in the 6 > 1 region are common to
both classes of mode. In section 5.2, we then discuss the equations for the two different
classes of modes in the # ~ 1 region. Section 5.2.2 provides a detailed description of
the boundary matching between the outer and inner regions for the small-tail mode, in
addition to a plenary summary for how to solve the small-tail mode equations. Finally,
section 5.2.3 provides a description of the boundary matching between the outer and
inner regions for the large-tail mode, and a plenary summary for how to solve the large-
tail mode equations.
5.1. Collisional inner solution — 6 ~ (mi/me)1/4 — Ky Pthe ~ (me/mi)l/4
The collisional inner solution is characterised by fine radial scales associated with
electron physics. To treat these scales, we again introduce an additional coordinate
measuring distance along the magnetic field line, via the substitutions (53) and (54). We
recall that the coordinate 6 will measure 27 periodic variation, whereas x ~ (m;/ me)l/ !
is an extended ballooning angle for the envelope of the mode. Refer to the discussion
in section 4.2 for the details of the substitution in geometric quantities (equations (55)-
(60)); and the modifications to the boundary conditions on the electron distribution
function (equations (61) and (62)).

In the collisional inner region, we expand electrostatic potential ¢, distribution

functions hg, and frequency w in powers of (m,/ mi)l/ ‘e,

3/4
b= ¢(0) + ¢(1/2) + ¢(1) +0 ((:Ze) Qﬁ) , (91)
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with ¢™ ~ (me/m;)"? ¢;
N
hs — hs(O) + hs(1/2) + hs(l) + O ((_e) hs) ’ <92)
my

where h,™ ~ (me/m;)""* (e¢/T.) Fys, and
i\ 34
w=w L, L0 (( e) w) ) (93)

my

As in the collisionless case, we leave the relative size of the fluctuations in the outer and
inner regions to be determined. We will determine the relative sizes of the fluctuations
in section 5.2.

To solve for the electron response we will again use the modified electron
distribution function H,, defined by equation (31). We note that in the ordering for the
Y 1~ 0y > A~ (me/mi)'?

collisional inner region x ~ (m;/m.) , and hence the

phase in (31) becomes

2.2 3/4
exp [iAe(0y — 0)] = (1 —iAeX — )\eQX +1iXebo + O ((Z:;) )) . (94)

In addition, we will need to expand the phase due to the finite Larmor radius

exp [ik, - p.] in the collision operator CS¥ [-]. In the inner region, we find

1 )\
exp[ikl-pe]:1—|—ik(f)-pe—§(k:() p.)? —|—ik:( pe—i-O((m_) >, (95)

where we note that kf) - pe ~ (me/m;)"* and k:(j) - pe ~ (me/m;)2.

5.1.1. ITon response in the collisional inner region. Before considering the electron
response, we first discuss the ion response in the inner region in the collisional limit.
The analysis proceeds almost identically to the analysis presented in section 4.2.1 for
the ion response in the collisionless limit. For v;;/w ~ 1, we find that the leading-order
equation for the ion response is
20 Vu P
102 (”' :

( Zieg®)
Equation (96) has the same form as equation (64), apart from the fact that the radial
1/4

”;i (2 = AB) ) m® =1 (w,; — W) JoFy, (96)

i

magnetic drift is neglected because x ~ (m;/me)
an estimate for A;(©):

h; ©) _5/Qe¢(0) me\ 8 ep® (o)
Fo X T T \mi) T

where we have employed that Jo; ~ O (x"/?) for x > 1. The estimate (97) yields
estimates for the ion nonadiabatic density

(mi(O) (e 34 040 - e¢©®
4 Te Te 7

my

. Equation (96) allows us to obtain

(98)
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and the ion mean velocity

L N
my Te Te ’

(99)

Uth,i

)1/8>. We estimate the size of the ion

where we have used that Jy ~ Ji; ~ O <(me /my
flow velocity du; in order to order the terms in the electron-ion piece of the electron

collision operator, defined in equation (13).

5.1.2.  FElectron response in the collisional inner region. The calculation of the electron
response in the collisional inner region has a structure that is reminiscent of neoclassical
transport theory. The leading-order equation will constrain the leading-order electron
distribution function to be a perturbed Maxwellian with no flows. The first-order
equation takes the form of a Spitzer-Harm problem. Physically, the first-order terms
control the self-consistent parallel flows that result from the leading-order perturbations.
The second-order equation governs the time evolution of the leading-order fluctuations.
Velocity moments of the second-order equation yield transport equations for the electron
density and temperature fluctuations. In this section we calculate the forms of the
transport equations in the (m,/ mi)l/ 4 5 0 limit, with ¢ RoVee /Vtne ~ 1. This calculation
demonstrates that the transport equations contain background drives of instability, and
parallel and perpendicular diffusion due to collisions. To obtain explicit analytical
forms for the parallel flow and perpendicular diffusion terms appearing in the transport
equations, in section 5.1.3, we consider the ¢RoVee/vtne > 1 (Pfirsh-Schliiter) limit of
collisionality. In section 5.1.4, we consider the ¢RoVee/Vihe << 1 (banana-plateau) limit
of collisionality to demonstrate the matching between the collisionless and collisional
limits.

The leading order equation for the electron response in the inner region is
oHY

00

To simplify the collision operators in equation (100), we have used the equations (94)
and (95) for the finite-orbit-width and finite-Larmor-radius phases, respectively, and the
estimate (99) for du;. We have also noted that H is gyrophase independent, and Ceel]
and L[] commute with (-)7.

To solve equation (100), we follow the standard H-theorem procedure [27, 33]: first,
we multiply equation (100) by HY / Foe, with the result

vyb - Vo = Ceo [HO] + L [HD]. (100)

0 2 iy H
b- VO ((H) /2P, ) = Z—Coo [HO] + ==L [HO]. 101
Y| vae(e)/o F. [e}—i_FOe [e} ( )
Second, we integrate over velocity space
0 )| 2
B-Vo— (| = (H") )2F, &
Vo ([ 5 O) 2R o
qeo 7o
= / Cee [HO] dPv + £[HY] dv, (102)
Fge FOe
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where we have used the form of the velocity integral in (¢, \) coordinates,

© /B 9nrBe
CdPv = / / - d\ de 103
/ Z,: o Jo  mily (103)

and taken the 0/060 derivative through the integral. Finally, we apply the poloidal angle

average

() = 7; B. ve// B. ve (104)
0

to equation (102), and impose periodicity of He ) in 0, to obtain

0
HY H
< 7 Cec (1] 3v> < £[H"] d*v > = 0. (105)
Oe

The collision operators Ce [-] and L [-] have the properties [27]

/i Coolg] P*v <0 and / 9 £lg] dv <0, (106)
FO@ FOe

respectively. Collisions always increase the entropy of the system. The equality
J(9/Foe) Ceelg] d*v = 0 is only achieved when g is a perturbed Maxwellian so that
Cee 9] = 0. The equality [(g/Foe) £[g] d*v =0 is only achieved when g is isotropic in
v so that £ [g] = 0. As a consequence of equation (105), we find that H is a perturbed
Maxwellian with no flow, i.e.,

n ¥ (e 3
HO = | = “(=-2) ] Foe 107
e <ne+Te<Te 2) 0o (107)
where 1) and 07" are functions of § and x to be determined. Returning to equation
(100), we now find that HY must satisfy

oHO
00

For equation (108) to hold for all e, we must have that " and o1 are constant in 0,

=0. (108)

ie.,

o =i (y), and IO =T (y). (109)

e e

To obtain evolution equations for dnt” and 875, we will need to go to O ((me Jmi) 2)
in the expansion.

Before proceeding to higher order in the expansion, we consider the collisional inner-
region quasineutrality relation. Using the expansion (94), the ordering (98), and the
solution (107), with Joe = 1 + O <(me/mi)1/2> for x ~ (m;/me)"*, we find that the
leading-order quasineutrality relation is

AN ) Y nl®
(T +1>6Q5 = [ pe= T (110)

Te ne ne
Equation (110) allows us to note that the electrostatic potential in the inner region is not

a function of geometric angle 6, i.e., ¢©) = ¢(®) (). This is a significant simplification
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over the collisionless case (cf. equation (81)), where ¢(® = ¢ (8, x). This simplification
arises in the collisional limit because, first, there is no distinction between trapped and

passing particles, and second, the extent of the mode is shortened to xy ~ (my /me)l/ Ty

that the phase exp [idex] =1+ O <(me/mi)1/4>, and Jpo =140 <(me/mi)1/2>.

O

The O ((me / mi)l/ 4) equation for the electron response in the inner region takes

the form
He(1/2) He(o)
v”b-VGa 0 +v||b-V988X =C [Hél/2)+i)\eXHe(o)] > (111)
where
Cl]=Cel]+ L[] (112)

To expand the collision operator (34) for electrons, we have used the definition (13),
equations (94) and (95), the estimate (99), and the identities

(k- p.Cc [HO]) =0, (113)

([ p. HOT) =0, (114)
and

C[H"] = 0. (115)

Equation (111) bears a resemblance to the neoclassical drift-kinetic equation in the
banana collisionality regime [27, 33]. We note that the term vb- Voo HY /Ox plays the
role of the equilibrium inductive electric field in the corresponding neoclassical equation.
The resemblance can be made explicit by absorbing the v)b- vooH" /Ox term into the
collision operators by solving the Spitzer-Harm problem [26, 27, 34]

HY
?)||b . Veaax

= C[Hsn). (116)

It is useful to note that because the collision operator C[-| is isotropic [27], Hgy must
have the form

Hgn = v Ksul(e, x) Foe, (117)

where Kgy is a function of € and y. We determine Kgy in Appendix B.
Using the Spitzer-Harm solution provided by equation (116), we can rewrite the
equation in the following form

aHélm)
00

In general, equation (118) is not solvable analytically. To maximise the physical insight

vb- Vo =C[HM? + Ny HY — Hey] . (118)

from the calculation we will subsequently solve equation (118) in the subsidiary limits
of large and small collisionality, and comment on the result for the time evolution of

&Le(,o) and J1: e(o)_
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To demonstrate the physics controlling the time evolution of ¥ and 5Te(0), we

HE in equation (118) can

continue to the O ((me/mi)1/2> equation, presuming that
be satisfactorily solved for numerically. After collecting terms of O ((me Jmy)Y 2), we

find that the equation that determines Héo) is

oHM oHM?)
U”b - Vo 20 + UHb - Vo x + i(wM@ — w(o))HéO)
1
—C {HS) + i H VP — (5 (Aﬁ;ﬁ + <(k(f) -pe)2>7) +1Aeeo> HGEO)] (119)

e
T, ’
where, to obtain equation (119), we have used equations (94) and (95), estimate (99),
identities (113)-(115), that Jo. = 1+ O ((me/mi)1/2> for x ~ (m;/me)"*, and that C[]

and (-)7 commute.
We can convert equation (119) into equations for sl (x) and {7 e(o)(x) by

Y

FAXC [H + A HO] = (B - p € [B - pe HO| ) = =ifwn e = ) Ry

multiplying equation (119) by the appropriate velocity space function (1 or £/7T, —3/2),
integrating over velocity space, integrating over €, and finally imposing on g the
condition of 2m-periodicity in 6. After performing these operations, and dividing by 7,
the equation for the density moment is

0 © 5O 0)
2 (<b-V0 w(1/2)> > +idwfh ) (‘5’; + (ﬂ;f ) WOk

ll.e

% Ne
1 0 1 - 6
+ <— /i)\ex C [He(l/Z) + i)\exHéO)] d?"v> — <— / <k(f) -pe C [k(f) - Pe Héo)}> d3'v>
e ne
(0)
im0 €0 120
l(w*,e W ) Te ) ( )
where we have defined the thermal magnetic drift frequency
ko v2 VB
wf\/}[‘,e = 2S;h’e <b X (b - Vb + ?) (Va+6Vqg) +b- VGq’I) , (121)
the n'"-order component of the v moment of ao
1
R P (122)
b ne

and used that the collision operator C [-] satisfies

/C [f] d*v =0, (123)

for f an arbitrary function of v. Similarly, the equation for the electron temperature is
0

(1/2) (0) (0) (0)
o) Q) (1/2) 10 [ On 74T, 3 (00
- . < i - 4 e 2,0 ze
oy <b Vo ( T + ;. +i{wite) e + 5T, igw T
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1 0
n < / <£ _ §> iXox C [HY? +ixxH] d3v> (124)

ne) \T. 2

1 IS 3 (0) |: (0) Y 0 3 e¢(0)
= (=22 P, . €H<o>]> ) = —iow el
<n/<T 2><"’L S A A

where we have defined the n'"-order component of the vy (/T — 5/2) moment of J205

. 51N o
Q|1 = /Un (6 - )Hé ! dv, (125)

and used that the collision operator C [-] satisfies

/ (% — g) Clf] d*v = 0. (126)

With the solution of equation (118) for HY? | equations (110), (120), and (124)
represent a closed system of transport equations for ¢, (5)120), and o717,

Equations (120) and (124) may be written in a form where the terms admit simple
physical interpretations. The simple forms of the density and temperature equations

are
Oduy n® o\ g (T T
(b- V9>9 (9_X” +i <WD>0 < o + ) iw© . ik, Skx ( nec + n?) (127)
(0)
— i, (0) ep
= —i(w}, —w
*,e Te ’
and
o (4  + ond 7o\ 3 o
) 6 Y I . 0 e f0le 2 (0)%e
(b- V) o (neTe —|—5u||> +1i{wp) ( o +3 T ijw T
T 8o T . & 3 . ep®
—ik,Skx ( nc + n&q; + nN + n(sqjN, ) = —iéwf,eneeg; : (128)

respectively. To obtain equations (127) and (128), we use the definitions of the leading-
order nonzero components of the electron parallel velocity,

||7e

1
[ = = [ HE 4 irxHO) . (129)
Te

and electron parallel heat flux

(1/2) o 1 5Te
o) ¢ —n—e/m (5— 5

the definitions of the effective parallel velocity and effective parallel heat flux,

) (HS +idx HY) dv, (130)

_ 1 [4
= 5 (b VO &uf!/) (131)
<b . ve>9 Il,e
and
= 1 (1/2)\°
o) = —<b Vo) <b -V & . > ) (132)
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respectively, the definition of the thermal magnetic precession drift

kaVih e VB
wp = 50, bx(beJr?)(VcerVq), (133)

the definition of Hgy via equation (116), and the definition of the fluctuating
perpendicular fluxes: the classical particle flux

6
T :1</w.pec [k:f) . pe Hgﬂ d3v> , (134)

the classical heat flux

0
o =1 </ (5 — 556) Vr-p.C [sz) * Pe He(o)} d3v> , (135)

the neoclassical particle flux

_ Id ’

T =~ (gap [ €I S AHO — Han] o) 50
and the neoclassical heat flux
_ I dr 5T, . ’
= (g [ (5= 55 ) C (O™ 4+ hxHO ~ ] o) 7

In writing the definitions (129) and (130), we have used that in the inner-region
he® = B, 12 = HIP 4 iAo HE, and that Joe = 14 O ((me/mi)"?). The
physical interpretations of the terms in equations (127) and (128) are the following,
from left to right: parallel diffusion, magnetic (precession) drifts within the flux surface,
time evolution, classical perpendicular diffusion, neoclassical perpendicular diffusion,
and drives by equilibrium gradients.

The classical, finite-Larmor-radius perpendicular diffusion terms in equations (127)
and (128) can be evaluated for arbitrary qRoVee/vtne. We use the results of Appendix
A to write down the classical particle flux {'¢ and classical heat flux dgo. We use result
(A.4) to find that

T Vei_2 o /= 2\ 0 5’%(30) 181—;3(0)
%€ _ ik, shx g“" <BQ|VT|> ( — = , (138)

Ne 32 Ne 2 Te

where we have used that kf) = —ko(dq/dr)xVr = —kyskxVr, with Dy, . = Vihe/Qe,
Q. = —eB/mec, and B = (B)”. Similarly, we use the results (A.5) and (A.19) to find
that

& Veilipe /— 2\ ° 2\ o onl”
e _ i gy P0he (2 IVT T2 _3me ) (139)
neTe 2 B2 4 Zi Te 2 Te

where we have used that ve/vei = 1/Z;.

The mode evolution equations for the density and the temperature, equations (127)
and (128), respectively, have the structure promised at the outset of this calculation.
The envelope of the mode is controlled by the combination of the finite-orbit-width and
finite-Larmor-radius perpendicular diffusion, and parallel diffusion. The perpendicular
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diffusion terms scale as vei(kypine)®x?, whereas equations (118), (131) and (132) show
implicitly that the parallel diffusion terms scale as (vg, ./veig®R3)0/0x*. This result
justifies the initial ordering (90) and the discussion in section 5.1. To obtain explicit
analytical forms for all terms in the transport equations (127) and (128), in the next
section, we consider the ¢RoVee/Vthe > 1 (Pfirsh-Schliiter) regime. The resulting
analytical forms for the transport equations illustrate the physics of the mode evolution.
To demonstrate the matching between the collisionless and collisional regimes, in section
5.1.4, we consider the qRoVee/Vtne < 1 (banana-plateau) regime.

5.1.3. Parallel flows and perpendicular diffusion in the subsidiary limit of qRoVee/Vthe >
1 — the Pfirsh-Schliiter regime. In order to obtain the analytical form of the transport
equations in the subsidiary limit ¢RoVee/Vthe > 1, we must solve equation (118) to
obtain approximate solutions for Hél/ 2 We expand

Rovee\
g2 — g2 4 g Hé}(/j) L0 ((M) iAeXHgm), (140)

e’(fl) e,(O) Uth e
with
Rovee \ "
H(1/2) -~ (q 0 ee) H(1/2) 141
e,(n) Vihe e,(0) (141)
and HY/? i)\e)(He(O) ~ Hgy. The ordering i/\exHe(;()) ~ Hgy is a manifestation of the

e,(0)
ordering (90) for x.

With the expansion (140), the leading-order form of equation (118) is

c[ul)] =0 (142)
ie.,
5,1(1/2) 51'(1/2) 3
1/2 e,(—1 e,(—1 €
H{%) = < n( L+ T(’ : (T - 5) Foe (143)

is a perturbed Maxwellian distribution function with no flow. Note that dn, 1/ 2) oy =

5ﬂel(/ 21)(0 x) and 7, 1/ 2 = (5Te1/ 2) (0, x) are functions of both geometric p0101da1 angle
0 and the balloonlng angle X-

To obtain equations for (5n and oI, 1(/ 1)» we must go to the second-order equation
in the subsidiary expansion. We proceed to the first-order equation in the subsidiary

expansion, which is

0
ub- Vo5 (18/2)) = ¢ [HL +irexH® — Hen| . (144)
Equation (144) can be solved by inverting an additional Spitzer-Hérm problem
0
ub- Vo= (u02) =c [Hé}f)} . (145)

With the Spitzer-Harm distribution HSH defined by equation (145), we may write
equation (144) in the form

C [Hél(g) +idexH”) — Hgp — H&{/Q)] =0. (146)
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Hence, we find that

(571(1/2 81{1/2) - 3
H(l({f;):( e M (___) Foo — iNxHO + He + HOJ?, (147)

Ne T, . 2

1/2 1/2 1/2
where 5n£7{0)) = 5”((3,(/0))(97X) and (ﬂ:e(,(é))

the subsidiary expansion of equation (118) is

(S’T(léf)(ﬁ, X). The second-order equation in

e(

vjb- V0 aa 0 (u8)) =c B3], (148)

The equations for 5’%,( )y and JT va 1)) are obtained from the solvability conditions of
equation (148). These are

9 Ul 1r(1/2)
B-V0 (/ 2 H Y & ):0 (149)
and
6 UH g 5 (1/2) 3 .
B - Vﬁae (/ (Te 2) H, o dv ] =0. (150)

The conditions (149) and (150) are obtained by multiplying equation (148) by 1 and
e/T. —5/2, respectively, and integrating over velocity space. Equations (149) and (150)
indicate that

v
/ E”He(}({j) v = Ko (y) (151)
and
v (e D\ a2 s

respectively, where IC,(x) and KCr(y) are functions of the ballooning angle x only. In
Appendix C, we use these solvability conditions to obtain equations for (5118(/_2)1) and

or e(l(/_ 21)), and to obtain the parallel flows and neoclassical perpendicular diffusion terms
apf)earing in the transport equations (127) and (128).

Using the results of Appendix C, we can write down the effective parallel velocity,
parallel heat flux, and perpendicular diffusion terms that appear in the transport
equations (127) and (128) in the ¢RyVee/Vthe > 1 limit. We find that

5 ) 052 (0) e(U)
_|| _ _Uth,e (<B v9> ) 97— d 5)1 + 3. 37& dr
8){ aX T,
+1 k:ypthe/isxgj_ dr <B : v9>9 (B vgﬁ nl . ort” |
2 (b-ve)! — dy B2 (B2) Ne 1.

Vth e 2V (b-V0)’ (B2)’
where we have used equation (C.11), with the numerical results (B.16) and (B.17) for the
transport coefficients, assuming Z; = 1. Similarly, using (C.12), we obtain the effective

electron parallel heat flux
o 5”(0) o CST(O)
H6— +2.23—
dx < ox \ T

(153)

& Svae (B-V6)")

neTevth,e 4Vei <b . Vﬁ)e < >

(154)
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5i k’ypthe/{sxgl dr <B : ve>9 (B-vo)’\ 1"
4 (b-ve)’ T dv B2 (B2)? T,

We note that the terms linear in x in equations (153) and (154) arise from the radial

magnetic drift, whereas the terms in 9/0x arise from the effective electric field generated
by the leading-order electron response (cf. equation (111)).

The neoclassical particle flux Ay appearing in the nonadiabatic density transport
equation, equation (127), can be evaluated using the result (C.15). We find that

TN _ _vth’eﬁth»e]ﬁg (B - v9>9 B B -V 0 i 571530) . ﬁ &ﬂe(O)
Ne 2 dap (B2)? B2 ox \ ne ox \ T,

. 0 .
VeiP3 ar\2 [ /| B B a0 570
ik, sy p2th,e (Ié) ) "y 0.67= " + 0.1

Similarly, the neoclassical heat flux dgy appearing in the temperature transport equation,
equation (128), can be evaluated using the result (C.16). We find that

< 5 e_ o . 0 . 0 e(U)
oy _ v, pthﬁIﬂB (B-V6)" /B-V0 0 [T (156)
neTs 4 di) <B2>‘9 B2 ox \ T

[4
VDo (,dr\* [ | B’ B o7 ons”
Lk, sy Zth,e ([ﬁ) 7)) M |

Physically, equations (155) and (156) indicate that diffusive transport arises from the

(155)

radial magnetic drift (note the terms linear in y).

We conclude this section on the qRyVee/Vtne > 1 limit by noting that the scale
of the extended tail, x, decreases with increasing qRoVee/Vtne. This is explicit in the
estimate (90). Using (90), we can see that for extreme collision frequencies where
qRoVee/Vithe ~ (Mi/ me)l/ ? there is no separation between the scale of the electron tail
and the scale of the geometric quantities: for such an extreme collisionality, x ~ 1. The
fluid equations for this extreme regime are not examined in this paper.

5.1.4. The subsidiary limit of qRoVee/Vthe < 1 — the banana-plateau regime. We now
examine equation (118) in the subsidiary limit ¢RVee/vine < 1. This discussion will
enable us to demonstrate the matching between the collisionless and collisional regimes.
We will need to go to first-order in the subsidiary expansion of ¢RyVee/vtne < 1, and so
we expand

2
(1/2) _ 77(1/2) (1/2) qRoVee (1/2)
He'W =H, o +H, 4y +0 (( e H, (o) (157)

where H ( ) 1/\exH ~ Hgy and Hé}é 2)) ~ (qRoVee/Vine)" H, 1({3 The leading-order

form of equation (118) is

vb- w;@ (#5) =0, (158)
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i.e., we learn that He(l({g) = Hél(g) (x,&, A, 0). Going to first-order terms in the expansion
of the drift-kinetic equation (118), we find that

9
vb - V0 ae< (D) = [HUE +irx B — Heu) (159)

We now impose the solvability condition that H, (/ ? (0, x,e, A, 0) should be 2m-periodic

in . We must treat the passing and trapped part of the velocity space independently.
For passing particles we apply the transit average (-)", defined in equation (74), to obtain

<c [H“/” iy HO HSH} >t —0. (160)

We note that equation (160) is a partial differential equation in (¢, \) at fixed x. For
trapped particles we apply the bounce average (-)b, defined in equation (46), to obtain

(c|rl)] >b —0, (161)

where we have used that iAeyH'" and Hgy are odd in o = vy/|vy|, and therefore vanish
under (-)b. The trapped particle bounce condition requires that

Y60 = 1) = B (6.0 = 1),

and hence H' (/ )) is even in o, by virtue of being constant in 6. In contrast, we can see
from equation (160) that the passing particle response must be odd in 0. A Maxwellian
solution to equation (161) is not valid, because of the change in the o symmetry of
HS({)Q)) at the trapped-passing boundary, and hence we must have that H 1(/ 2 — 0 for
trapped particles. To obtain H (( for passing particles, we must solve equation (160)
subject to continuity in H (1(/ i) at the trapped-passing boundary.

In order to make progress analytically, it is necessary to expand in inverse aspect
ratio e = r/ Ry < 1, where r is the minor radial coordinate of the flux surface of interest.

We assume that the normalised collisionality

qROVee
= 1, 162
v 63/2Uth,e < ( )

and assume that the equilibrium can be approximated by the solution with circular
flux surfaces [25, 35]. Then, we can use the techniques of neoclassical theory [27, 33| to
obtain Héyl({g) to leading-order in €, and the velocity EH and flux @”, and the neoclassical
perpendicular diffusion terms to order e/2. These calculations are performed in
Appendix D. We conclude that for v, < 1 the electron parallel velocity and electron
parallel heat flux has a diffusive character.

Finally, we comment on the matching between the equations for the electron
response in the collisionless and the collisional regimes, discussed in sections 4.2.2 and
5.1.2, respectively. We have demonstrated that for (me/mi)l/ 2 <« qRoVee /Vthe < 1,
the leading-order electron response is a perturbed Maxwellian, given by equation (107).
Small, diffusive parallel flows are obtained by simultaneously solving equations (160)
and (161). The evolution of the leading-order density and temperature is controlled by
perpendicular diffusion, diffusive parallel flows, and drives of instability via the mode
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transport equations (127) and (128), respectively. To obtain the same physics from
the equations in the collisionless limit for the passing electron response, equation (75),
and the trapped electron response, equation (76), we take the following steps: First, in
equations (75) and (76), we take the electron collision frequency to be large compared to
the ion transit frequency, i.e., ¢RoVee/Vsn; => 1, and we take the extent of the ballooning
mode to be small, with

Roves ~1/2 m 1/2 m 1/2
1<y~ (qL) (—) < (—) . (163)
Uth,i MmMe MmMe
Then, the leading-order equation for the electron response is
c[HO] =0, (164)

ie., HY is a perturbed Maxwellian with no flow, and with no dependence on 6.
Second, we collect terms of O ((qROVee Jvins) Y 2) in the subsidiary expansion, and obtain
equations for the passing and trapped electron response of the form (160) and (161),
respectively. Finally, we collect terms of O ((¢RoVee/vin;) ") in the subsidiary expansion
and obtain the transport equations for the nonadiabatic density and temperature,
equations (127) and (128), respectively. Hence, we have demonstrated that the equations
for the electron response in the x > 1 region match at the boundary of the collisionless
and collisional limits. The fact that the extent of the mode shortens when going from
the collisionless to the collisional limits, according to the ordering (163), along with the
Maxwellianisation of the distribution function by increasing interparticle collisions, cf.
equation (164), ensures that the collisionless inner-region quasineutrality relation (81)
takes the form of the collisional inner-region quasineutrality relation (110).

5.2. Collisional outer solution — 0 ~ 1 — kypy.e ~ (me/m;)"?

As we saw in the previous section, the collisional 6 > 1 region requires the asymptotic

expansion to be carried out in powers of (me/m;)"*.

)1/4

For consistency, we must also
expand in powers of (me/m; in the # ~ 1 region. The potential, distribution
functions, and frequency are expanded as in equations (91), (92), and (93), respectively.

In the following sections we consider the response of electrons in the outer region for
both the small-tail and large-tail orderings, and we describe the small-tail and large-tail

modes in the asymptotic limit. First, we describe the ion response in the outer region.

5.2.1. lon response in the outer region. In the collisional ordering, we take 1y ~
veni/qR. As the electron mass does not appear in the ion gyrokinetic equation, no
approximations are possible in this ordering and the gyrokinetic equation for the ions
is simply equation (3) with s = i. The main observation that we make in this section is
that the nonadiabatic response of ions h; contributes at leading-order to the potential
¢ in the outer region. As in the collisionless case (see equation (41)), the estimate for
the size of the ion nonadiabatic density is on;/n; ~ e¢/T,.
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5.2.2. FElectron response in the outer region for small-tail modes. In a collisional small-
tail mode, the fluctuations must satisfy the ordering

H e,inner 6¢inner H e,outer estouter
: ~ ~ — 165
FOe Te FOe < Te 7 ( )

so that the nonadiabatic electron response is subdominant to the nonadiabatic ion

response in the outer region. This ordering will recover the ITG mode. We now
determine the relative size of He outer/Foe t0 €Pouter/Te. In the inner region, the electron
flows are (me/mi)l/ * smaller than the density and temperature components of the
electron response. This must be true in the outer solution for the solutions to be
matched.

To satisfy the ordering (165), in the outer region we take H = 0. Expanding in

(me/m;)"*, the next order equation is
oI
00

Superficially, equation (166) has an identical form to equation (100). However, in the

uyb - VO = Cee [HM?] + £ [HIM] . (166)

outer region, Hél/ ? cannot be assumed to be periodic in 6. To solve for Hél/ 2), we
multiply equation (166) by g / Foe, and integrate over velocity and 6. We obtain

=00

( H(l/m)?
/ﬂ—e v
B 2R,

O0=—o0

/2
FOe

do

1727 43
L [HM) d*v B.vo

HO/2)
(167)
Oe

/. ;

In the inner region the leading-order distribution function is Maxwellian, with no flow.

Ceo [HM?] dPv + /

Assuming continuity of the leading-order piece of H, in the matching region, we have
that the term on the left-hand side of equation (167) is identically zero, i.e.,

00 Hé1/2) Hél/z) do
/ [/ 7 Cee [HM?] d3v~|—/ 7 L[HIMD] dPv 5w~ " (168)

With the entropy production properties (106), equation (168) shows that

52072 /) 5
H? = ( + (3 —~ —) Fe, (169)

Ne T T. 2

where (5)1&1/ 2 and (STe(l/ 2 are a constant density and temperature, respectively,
determined by matching to the inner region. To calculate the electron flows needed
to match to the inner region, we proceed to the next order equation

oHM mev)u’;
00

(0)
FOe] =-1 (W*,e - w(O)) FOe%a(l’?O)

U”b . V@

[¢]

—C., [H(l)} .y [Hél) _

e

where

1
&lﬁ?l) = ; /U”Jgihi(o) dg’U. (171)
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We cannot solve equation (170) for He(l), but it transpires that we do not need to.

Instead, we extract equations for the leading-order (nonzero) electron mean velocity

sull ), and electron heat flux &'V, Noting that ho!) = H for H? =0, Ao ~ (me/m;)*?
lle ll.e

and 6 ~ 1, by virtue of expanding the definition (31), we obtain that &’LH,e = UY and

e
5q|(|le) = 5@@, where cYJH(le) and (5Q|(|12 are the moments of H" defined by equations (122)
and (125), respectively. Taking density and temperature velocity moments, we find that

dull) (0)
B- ve% (—) — —iwr, —w<0>)efp , (172)
and
%.c 5“|(|1e) 3 ep”)
5o (Bne TR B R o (173)

Equations (172) and (173) can be integrated to obtain the leading-order jump in
duj . and &g across the outer region. We find that

)] © 00 (0) db
Mo _im O e¢™ (6) 174
B (Wi —w )/_OO . B.VO (174)
and
[ (bﬁle) " (3 n o) [~ esV(9) db 1
g (e ) [TEROEG

Equations (174) and (175) give the estimates for the jump in the electron flows across
the outer region. These are

=00 =00 1/2
&IJH:e ~ @H,e ~ Me / 6¢outer (176)
Uth,e Uth,eneTe mi Te .

f=—o0 f=—o0

Note that the size of the jump is set entirely by size of the potential fluctuation in the
outer region. There is an implicit assumption that the potential due to the nonadiabatic
ion response decays for large 0 in the outer region, such that the integrals in equations
(174) and (175) exist. In fact, it is possible to show that there is a logarithmic matching
region between the outer and inner regions where the nonadiabatic ion response decays
exponentially with 6, and both the nonadiabatic ion and electron responses contribute
to a (me/ mi)l/ * small potential. Formally, we can neglect this matching region in our
analysis because the electron density, temperature, and flows remain constant over the
matching region, and because no information about the ions in this region is propagated
into either the outer or inner regions. See Appendix E for further details regarding the
local (in ballooning space) response of ions at large 6.

The matching of the leading-order electrons flows at the boundary between the
outer and inner regions requires that

) sl and  ogl) o~ 02 (177)

e,outer e,inner’ e,inner
||’ k) ”1 bl "y
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In the collisional inner region, there is always a fixed relationship between the size of
the electron flows and the density and temperature fluctuations. We can see this in
equations (153) and (154). In terms of estimates, we find that

(1/2) (1/2) 1/4 5 (0) 1/4 gp(0)
MH,e,inner &IH e,inner -~ <ﬁ> / &Le inner ~ (_) / ﬁe inner
T.

Combining estimates (176), (177), and (178), we find an estimate for the size of the
fluctuations in the inner region:

(178)

Uth,e Uth,eneTe m; Ne m;

cOmer  Meimer _ Teimner Y o6 her
Finally, we can describe the procedure for solving for the small-tail mode in the
(me /mi)l/ > — 0 limit. To determine the frequency w©® and the potential gbouter, we

solve the ion gyrokinetic equation (3) with s = i, closed by the quasineutrality relation
(neglecting the electron nonadiabatic response)

ZT, oo Louter
( T + 1) 6qbouter /J(]l t ) (180)

With w©® and qﬁ
(127) and (128), with the inner-region quasineutrality equation (110). The causal

outer determined, we can solve for the electron response using equations
link between the solution in the outer region and the inner region is provided by
boundary matching. The matching conditions are continuity of the electron density
and temperature

o2 = (= 0), (181)
and
SR, = o) (x = 0), (182)

respectively, with jump conditions on the electron mean velocity and heat flux.
The jump conditions can be obtained by taking the following steps. First, we note
that taking the |#| — oo limit in equations (172) and (173) leads to the results

a &u(\lgouter
BN\ =5 | = (183)
and
&] ,€ @(le)ou er
ve% (Bn” + ”’é ter ) =, (184)

/T, becomes exponentially small for large |6, due to the

II,e outer/B
and <5q” e.outer /B are independent of @ at large |f|. Second, we note that, in the inner

region, we can show that 5u(1/2 /B and &' /B are independent of 6 by taking the

||,e,inner ||,e,inner

density and temperature moments of equation (118). Third, we demand that du./B

where we have used that egbouter

decaymg nonadiabatic ion response. Equations (183) and (184) state that aul!
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and dg./B should be continuous over the boundaries between the outer and inner
regions, i.e., du. and dgj . should satisfy

(1) (1/2)
|l e,outer _ IIgHHer ’ (185)
0—+o0 x—0F
and
&](12 outer &] 1e/?nner
[l,e;0ut _*ll.einner = 7 (186)
0—=+o0 x—0%F

Finally, we combine equations (174), (175), (185), and (186) to find the appropriate
boundary conditions on E” and E”. These are

=0t (B-V60) [ ep () db
— n _ ,(0ON\TZ " VYY/ outer
|:(5LLHi| x=0- I(W*,e w ) <b ' v0>9 / Te B. ve, (187)
and

_ +
& 3 (B-Vv0) [ o () db
A — sl <2 n _.n o) \\ = VY/ outer
T, 1(2%,6% wyetw ) b VG}Q /_Oo T, B v (188)

The fact that there are changes in 5u‘(‘12 outer a0d 5q|(|16) outer aCTOSS the outer region leads
07 and &2

||,e,inner ,e,inner”

the appearance of apparent discontinuities in du An illustration

demonstrating the matching in the collisional small-tail mode is given in figure 3.

5.2.83.  Electron response in the outer region for large-tail modes. In the large-tail
ordering, we have that

He,inner 6Qbinner He,outer eqbouter
~ ~ ~ .
F Oe Te F Oe Te
(0)

In consequence, the equation for the leading-order electron response He

(189)

in the outer
region takes the form of equation (100), where we note that g is not periodic in
6 in the outer region. Following the same arguments as used to solve equation (166)
in section 5.2.2, we can demonstrate that the solution to equation (100) is that the
electron distribution is a perturbed Maxwellian with no flow, and no dependence on 6
at fixed (¢, ). Thus, we learn that, in the outer region, He 0 g given by equation (107)
where the fluctuating nonadiabatic density ' and the fluctuating temperature s

are constants. This solution for He( O)uter

trivially matches to the solution for a® We

e, 1nner

simply require that the constant nonadiabatic density and temperature that define the
electron distribution function take the values

(Snfe outer — 5n<(301)nner( - O)’ (190)
and
(Y-Zje(outer - dre 1nner( - 0) (191)

For this class of modes, the frequency is determined by the eigenmode equations
(127) and (128), with the inner-region quasineutrality equation (110) and the matching
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Figure 3. An illustration showing the nonadiabatic electron density dn. and electron
mean velocity duj. in the collisional, small-tail limit. The leading-order mode
frequency is determined by ions in the § ~ 1 (outer) region, by solving equation
(3) (with s = i) subject to quasineutrality, equation (180). The electron tails at
0~ (mi/rne)l/4 are obtained by solving the transport equations (127) and (128), with

inner-region quasineutrality (110) and the boundary conditions (181), (182), (187),

/4

and (188). From the perspective of the 6 ~ (m;/me)"/* region, the electron density is

a cusp, set up by the discontinuity in du o, Adujc.

conditions (190) and (191). Because the eigenmode equations are second order

differential equations in Yy, two further matching conditions are required. These

conditions are that the electron flows EH and @” are continuous across y = 0, i.e.,
duy(x = 0%) = duy (x = 07), (192)

and

&y (x = 0%) =& (x =07). (193)
Equations (192) and (193) can be derived by noting that the jump in the electron parallel

flows across the outer region have a fixed size, given by the estimate (176). In a large
tail mode, we have that

(SUH,G N &]H,e - <%> 14 6¢inner N (%) 14 egbouter > (%) 12 €¢outer (194)
Uth,e Uth,eneTe my Te my Te my Te '

and hence the flows are continuous across the outer region to leading order. This result

can be obtained explicitly by inspecting equations (187) and (188), with the ordering
(194). An illustration of the structure of the collisional, large-tail mode is presented in
figure 4.

Finally, we note that the nonadiabatic ion response has no role in determining
the leading-order frequency w(®. Instead, the ions effectively respond passively,
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o __ g

Figure 4. An illustration showing the nonadiabatic electron density dn. and electron
mean velocity duj . in the collisional, large-tail limit. At leading-order, the mode
frequency is determined by the nonadiabatic electron response in the 6 ~ (m;/ me)l/ :
(inner) region, by solving the transport equations (127) and (128), with inner-region
quasineutrality (110), and the boundary conditions (190)-(193). The ion response
to the leading-order frequency can be obtained by solving equation (3) (with s = i)
subject to quasineutrality, equation (78). In contrast to the small-tail moc/lg, in the

and there is no leading-order electron density cusp near the boundary of the 6 ~ 1

large-tail mode the leading-order flows are developed in the 6 ~ (m;/me)"/* region,

region.

serving only to self-consistently determine the electrostatic potential ¢E)?1)ter through the
quasineutrality equation (78) (noting that here the velocity space dependence of i
is given by equation (107)). Note that ¢(0) has not entered into the equations that

outer

determine the electron response in the large-tail mode.

6. Numerical results

In this section we present numerical results that support the analytical theory presented
in the previous sections. We use the gyrokinetic code GS2 [23] to calculate the fastest-
growing linear modes for parameters where we observe extended electron-driven tails in
the ballooning eigenfunction. As discussed in the introduction, extended tails have been
observed in both electrostatic modes [12, 13, 15] and (electromagnetic) micro-tearing
modes [16-18] for a variety of magnetic geometries. In the analytical theory that we
have developed, the geometrical factors enter into the equations for the inner region
only through the poloidal angle average (-)9. Hence, modes that are driven by the
electron response in the inner region are unlikely to be sensitive to the details of any
given magnetic geometry. We therefore choose the simple Cyclone Base Case (CBC) [36]
magnetic geometry to illustrate our theory: we study modes on a circular flux surface
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centred on the magnetic axis.

To specify the magnetic geometry, we use the Miller equilibrium parameterisation
[37]. We take the major radius at the magnetic axis Ry = 3.0a, with the normalising
length a the half-diameter of the last-closed flux surface. We examine micro-stability on
the flux surface with minor radius » = 0.54a. We take the safety factor to be ¢ = 1.4, the
magnetic shear to be § = (¢/r)dq/dr = 0.8, the plasma beta 8 = 0, the Shafranov shift
derivative dA/dr = 0, the elongation x = 1.0, the elongation derivative dx/dr = 0.0,
the triangularity 6 = 0.0, and the triangularity derivative dé/dr = 0.0. The reference
magnetic field is given by Bier = I(¢))/Rgeo, i.€., toroidal magnetic field at the reference
major radial position Ree,. We take Rye, = Rp. In section 2.2, we define local radial and
binormal coordinates with units of length x and y, respectively, and associated radial
and binormal wavenumbers k, and k,, respectively. We parameterise the radial wave
number k, with 6y = k,/5k,.

For the simulations presented here, we use the following numerical resolutions:
ng = 33 points per 27 element in the ballooning angle grid; n, = 27 points in the pitch
angle grid; and n. = 24 points in the energy grid. The energy grid is constructed from
a spectral speed grid [38], and the pitch angle grid is constructed from a Radau-Gauss
grid for passing particles and an unevenly spaced grid for trapped particles. The number
of 27 elements in the ballooning grid was chosen to be ny, = 65 for the approximate
deuterium mass ratio (mp/me)"/? = 61. For different ion masses m;, the number of 27
elements was taken to be ny, = 651/m;/mp. Unless otherwise stated, the timestep size
was taken to be At = 0.025a/vy,;. The convergence of these resolutions was tested by
doubling each parameter.

We consider a two-species plasma of ions and electrons, with Z; = 1, equal
temperatures 7} = T,, and an equilibrium density gradient a/L, = 0.733, where the
length scale L,, = —dr/dInn,. In order to examine different instabilities, we vary 6, the
equilibrium temperature gradient length scales Ly, = —dr/dInTs, and the normalised
electron collisionality v, = qRoVeo/Vin €%, where € = r/Ry = 0.18. We vary the ion
collision frequency v consistently with v,, i.e., v = 3/ QV*UthVi / \/§qR0. In section 6.1, we
take 6y = 1.57 and a/Ly, = 3a/Ly, = 6.9, and consider example modes that conform to
the large-tail mode ordering. In section 6.2, we take 6y = 0.1 and a/Ly, = a/Lp = 2.3,
and consider example modes that conform to the small-tail mode ordering. Finally, in
section 6.3, we briefly discuss the transition between large-tail and small-tail modes as
a function of 6.

6.1. Large tail modes

In this section we present numerical results that are consistent with the asymptotic
theory of linear modes with large electron tails, summarised in sections 4.4 (the
collisionless case) and 5.2.3 (the collisional case). In order to make the passing-electron-
response-driven modes the fastest growing instability in the system, it is necessary to
increase the electron drive with respect to the ion drive. We present results where the
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0.0 > v/ (v,i/a)

- w,/(vmi/a)

1073 1072 107! 10Y

Figure 5. The growth rate v and frequency w, for the large-tail mode with
(mi/me)l/2 = 61 kypetn; = 0.5 and 6y = 1.57, as a function of v,. For v, < 1073
the large-tail mode is no longer the fastest-growing mode at this (k,, 6p). The vertical
dashed lines A and B indicate the v, of the collisionless and collisional examples of
large-tail modes that are discussed in sections 4.4 and 5.2.3, respectively.

normalised electron temperature gradient scale a/Ly, = 3a/Ly, = 6.9, and we focus on
modes at kypp,; = 0.5 with 6y = 7/2. We vary v, in order to see the effect of electron
collisionality on the mode — although we present results where v is varied consistently
with v,, qualitatively and quantitatively similar results may be obtained by artificially
setting v; = 0. The geometry and physical parameters of the simulations are otherwise
as described at the start this section. We use the full GS2 model collision operator
[31, 32], including pitch angle scattering, energy diffusion, and momentum and energy
conserving terms. We find that the inclusion of pitch-angle scattering collisions is crucial
for making the large-tail mode the fastest-growing instability.

We now briefly describe the method by which we identify large-tail modes
numerically, before going on to discuss the identification of a collisionless large-tail
mode and a collisional large-tail mode in detail. We recall the cartoon given in figure
2. In a collisionless large-tail mode, the relative amplitude of the electron distribution
function H, in the outer and inner regions remains fixed as (me/m;)"* — 0. To test

1/2

this numerically, we scan in (mq/m;)’" and determine whether or not we can rescale

H.(0) — Ho(6 (me/ mi)l/ 2) and so overlay a measure of H, for the modes with different
)1/ ®. We also must find that ¢ has the same size in the outer and inner
1/2

values of (me/m;

— 0, although we expect to see O (1) oscillatory features in ¢.
)"

regions as (me/m;)
For a collisional large-tail mode the procedure is the same, with (m./m; 2 replaced by
(me/ms)"*.

In figure 5 we show the result of calculating the linear growth rate v and frequency

w, for the deuterium mass ratio (me/m;)"/* &~ 1/61. For the range of v, shown in figure
5, we identify that the modes are large-tail modes. For v, < 1 we are able to identify

the modes with the collisionless ordering described in section 4.4, and for v, 2 1 we are

~Y
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able to identify the modes with the collisional ordering described in section 5.2.3. For
intermediate v, neither ordering for the scaling of x perfectly describes the structure of
the eigenmode, but the basic orderings He quter ~ He inner a0d Pouter ~ Pinner continue to
hold. We now focus on the clean example of a collisionless large-tail mode, indicated
by “A” on figure 5, before moving on to the example of a collisional large-tail mode,
indicated by “B” on figure 5.

6.1.1. Case A — a collisionless large-tail mode. To identify a mode as a collisionless

large-tail mode, we must demonstrate first that He quter ~ He inner a0d Pouter ~ Pinner as
)1/2 )1/2
1/2

(me/m;) " — 0, and second, that the scale of the ballooning envelope x ~ (m;/me.
We will also study the dependence of growth rate v and real frequency w, on (m./m;)
We use the geometric parameters described at the start of section 6, with the density
and temperature gradient scale lengths a/L, = 0.733, a/Ly, = 2.3, and a/L7, = 6.9.
We scan in the electron mass ratio from me/m; = 5.4 x 107* to 1.08 x 1073, whilst
holding fixed v, = 3.32 x 1073.
We define a useful measure of the electron distribution function

g =i =y (195)

with

o0 1/Bmax 27 B
]ﬁ: = —ene/ / %HE(O' = :|:1) noe dM de. (196)
0 0

mé|vy|
The field jj has dimensions of current over magnetic field strength, and the quantities
jﬁr and jH_ are the contributions from the forward going (¢ = 1) and backward going
(0 = —1) particles, respectively. The prime usefulness of jﬁE stems from the fact that

He(o) is independent of the 2m-periodic poloidal angle 6 in the asymptotic theory, and
hence, we expect that jﬁE are smoothly varying functions of ballooning angle, with
minimal geometric 2m-periodic oscillation. We can use jﬁ“ as a proxy to visualise the
distribution of forward-going particles. In figure 6, we plot | jﬂ, normalised to its

maximum value, for three values of (m;/m)"?: the maximum, and minimum values in
the scan, and the approximate value of the deuterium-ion-to-electron-mass ratio. Figure
6 shows that jﬁr is self-similar for modes with different (me/m;)"/?, provided that the

ballooning angle € is rescaled to 6/ (m; /me)l/ 2 This confirms that He outer ~ He inner
and that y ~ (m;/me)">.

Having inspected a measure of H,, we comment on the use of the modified
distribution function H, in place of the usual nonadiabatic response h.. In figure 7,
we plot the distribution functions h, and H,, as a function of 6, for the velocity space
element ¢/T, = 0.79, AB,sf = 0.22 and ¢ = 1. We show the distribution functions
for the (m;/me)"?

function h, shows large 2m-scale oscillations in phase, whereas H, is a smoothly varying

= 61 mode featured in figure 6. We observe that the distribution

function. In general, H, appears to be a smoother variable than h, for the parts of the
electron distribution function where v ~ vy, > vy These observations justify the
choice to use the modified distribution function H, in the asymptotic theory.
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Figure 6. The field jﬁ', calculated for v, = 3.32 x 1072 (case A of figure 5) for
)1/2

three different mass ratios. The fact that the curves overlay on the 6/ (m;/me axis

confirms that the mode is a collisionless large-tail mode.

We visualise the electrostatic potential in figure 8. We normalise the potential to

the maximum value of | jH+ |, and give the result |¢|/| j”+ | in the units of ¢ref/ jﬁef, where

¢ = T,/e and jﬁEf = eNeUtne/Bret. We note that in contrast to the leading order
component of jﬁt, ¢ has oscillatory structures in geometric poloidal angle 6. These
oscillations appear because of geometric poloidal angle dependence in the Jacobian
Be/|v| of the velocity integral, equation (103); because of the inclusion of trapped
particles in the velocity integral; and because of the appearance of the Bessel function
Jég) and phase exp [iAcx] in the quasineutrality relation in the large-6 region, equation
(81). Inspecting figure 8 (left), we can see that the ¢ curves for different (me/m;)"/?
modes do not exactly overlay. This is a result of the irreducible 27 geometric scale in

0. From figure 8 (right), we can see that the general envelope of the mode amplitude

H, /max|H|

-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
0/(mi/me)"/? 0/(mi/me)"/?

Figure 7. The distribution function for forward going particles, for the mode with
(mi/me)l/2 = 61 in figure 6, for ¢/T, = 0.79 and AB,s = 0.22. Left, we plot h. for
forward going particles. Note the rapid oscillation in € for § > 1. Right, we plot H,
for forward going particles. Note the smoothness of H, compared to h. for 6 > 1.
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is independent of (m,/ mi)l/ % consistent with douter ~ Pimmer. We note that the central
peak in ¢ does change with (m./m;)"/* — this might be a result of the change in the ion

(and 6 ~ 1 trapped electron) nonadiabatic density with (me/m;)">.

6l /max|jit| / (/i) 9l /max|jit| / (&/jt)

m;i/me N
— 43.0
- 61.0

-=96.0
3 2 -1 0 1 2 3
0/ (mi/m.)'”

Figure 8. Two views of the electrostatic potential ¢, calculated for v, = 3.32 x 1073
(case A of figure 5) for three different mass ratios. The potential is plotted against the
scaled ballooning angle 6/ (m;/ me)l/ ?_ and normalised to the maximum value of jir
(see equation (196) and figure 6). Note the geometric 2m-periodic oscillation in ¢ due
to geometric factors in the velocity integral over the electron distribution function (cf.

equation (81)). The dimensions are ¢**! = T, /e and jﬁef = eNeVth,e/ Bret-
Y0 20187, Y1 =1.22 Wy :—0211, w1 =1.01
0215, oan -~ %
7 —0.100] * 682 .
— -~ — 7 X
S gatg] = 0 un/m) S - a2
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Figure 9. Plots of the growth rate + (left) and real frequency w; (right) as a function
of (me/mi)l/z, for v, = 3.32 x 1073 (case A of figure 5). We give a linear fit to
demonstrate that the dependence of v and w, on (me /mi)l/ % is consistent with a
(me/mi)l/2 expansion.

Finally, we discuss the change in v and w, with (m,/ mi)l/ >, In figure 9 we plot

v and w, as functions of (m./ mi)l/ 2 with a linear fit. From the asymptotic theory in
section 4, we would expect to see that the growth rate had a leading order piece (),

and an O ((me Jm;)Y 2) small correction 4!, This is borne out by figure 9 (left), which

shows a linear trend in (me/ mi)l/ ?. We would have a similar expectation for the real
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frequency wy. In fact, figure 9 (right) does not show a linear trend for all (m,/ mi)l/ 2,
In general, we observed linear trends in both ~ and w, for the relatively small range of
(me/m;)"/? shown in figure 9. The breakdown of the asymptotic behaviour for very small
(me/m;)"* may be a numerical artefact, although we cannot rule out the possibility of
a more complicated asymptotic theory. Non-asymptotic behaviour is to be expected for

(me/mi)"* too large.

6.1.2. Case B — a collisional large-tail mode. We now move on to examine an example
of a collisional large-tail mode. We must demonstrate that Heouter ~ Hejinner and
Pouter ~ Dinner a5 (me/m;) "
like y ~ (m;/me)*. The physics parameters are identical to those described for the
collisionless large-tail mode in section 6.1.1, except that the electron collisionality is
increased to v, = 0.86. We scan in the electron mass ratio from m,/m; = 5.4 x 10~ to
1.08 x 10~ while holding v, fixed.

— 0, and show that the envelope of the eigenmode scales

[éne| /macx|dn| o 8Ll /maxténe / (T"/n™)

1.0
mi/mo
— 43.0

0.0

—10 0 10 —10 0 10
0/(m;/me)"/! 0/(mi/me)'/!

Figure 10. (left) The electron nonadiabatic density dne, calculated for v, = 0.86

(case B of figure 5) for three different mass ratios. The density is normalised to

its maximum value, and plotted against the scaled ballooning angle 6/ (m; /me)l/ ‘)

(right) The electron temperature, normalised to the maximum value of the electron
nonadiabatic density. Here nref = Ne, Tref = 7.,

We first consider the eigenmodes. In the collisional ordering, the asymptotic theory
of large-tail modes in sections 5 and 5.1.2 indicate that there are three leading-order
quantities that are free from geometric 27 poloidal angle oscillations, the electron
nonadiabatic density ne, the electron temperature JdI;,, and the electrostatic potential
¢. The electron nonadiabatic density and temperature are plotted in figure 10, with

the ballooning angle 6 rescaled by (m;/me)""

(mi/me)'"?

in figure 11, again, with good agreement for different (m;/m.

. We observe good agreement for different
in the mass ratio scan. The rescaled electrostatic potential ¢ is plotted
)1/ 2. In the asymptotic
theory of the collisional large-tail mode, the parallel-to-the-field flows play an important
diffusive role, despite being small by (m,/ mi)l/ . In figure 12, we plot the current-like

field j), defined in equation (195), with the ballooning angle 6 rescaled by (m;/ me)*

Y
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Figure 11. The electrostatic ¢, calculated for v, = 0.86 (case B of figure 5) for
three different mass ratios. The potential is normalised to the maximum value of
dne, max|dne|. The good agreement for the rescaled potential normalised to max|on|

suggests that this mode can be regarded as a collisional large-tail mode. Here
¢t =T, /e and n*! = n,.

gy /max|nel/ ((me/mi) /5 /)

Figure 12. The current-like field jj, defined in equation (195), normalised to the
maximum value of dn.. Note that jj is a (1me /mi)l/ * small quantity. If the numerics
perfectly reproduced the asymptotic theory of section 5 the plotted curves would
overlay. The (m; /me)l/ * rescaling at produces better agreement than a (m; /me)l/ 2

rescaling. Here, jﬁef = eneVih,e/Bret and n*f = n,.

and the amplitude rescaled by (m./ mi)l/ % Although the curves do not overlay perfectly
in the (m;/me)"* ballooning angle rescaling, we note that the (m;/me)"* ballooning
angle rescaling shown in figure 12 gives better agreement than a (m;/ me)l/ 2 ballooning
angle rescaling.

Finally, we discuss the dependence of the growth rate v and the real frequency

wy on (me/m;)"* for the collisional large-tail mode. The asymptotic expansion for

1/4

the collisional large-tail mode is carried out in powers of (m./m;)’". In consequence,

)

Y

we would expect that v and w, would have leading order component 7 and w?
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Figure 13. Plots of the growth rate v (left) and real frequency w; (right) as a function

of (me/m;)"'*, for v, = 0.86 (case B of figure 5). We give a linear fit to illustrate the
1/4

dependence of v and w;, on (me/m;)™"".

respectively, that are independent of mass ratio, and sub-leading components (/2 and

w 2), respectively, that scale linearly with (me/mi)l/ . In figure 13 we plot v and w,

with (me/m;)"*:
we again note the non-asymptotic behaviour for the smallest (me/m;)"/?. Although we
1/4

of the

leading-order eigenmodes of ¢, dn., and JI;, strongly suggests that the mode considered

the linear fit in figure 13 is good for a range of (me/mi)l/Q7 although
cannot rule out a more complicated asymptotic theory, the scaling with (m./m;)
here is a collisional large-tail mode.

6.2. Small tail modes

In this section we verify the mass ratio scalings for collisionless small-tail modes,
described in section 4.3, and collisional small-tail modes, described in section 5.2.2.
We focus on the example of the ITG mode. We perform simulations using the magnetic
geometry described at the start of section 6, we take the temperature and density scale
lengths to be a/Ly, = a/Ly, = 2.3 and a/L,, = 0.733, respectively. We examine the
mode with kypg; = 0.5 and 6y = 0.1. We calculate the fastest-growing mode for a range

)1/2 to

of normalised electron collision frequencies v,. For each v,, we scan in (m./m;
test the (m./ mi)l/ % dependence of the solution. We vary vy consistently with v,. As
in the large-tail mode case, we note that qualitatively and quantitatively similar results
are obtained by artificially setting v4; = 0 in the scan. In figure 14, we plot the growth
rate v and real frequency w; as a function of v,, for (m;/me)"* = 61. We identify
that the modes in figure 14 are small-tail modes by verifying that the 6 > 1 part of the
eigenmode e@inner/ Tt is bounded by the estimates (m./ mi)l/ 2 edouter /T, (the collisionless
case) and (me/m;)""* edouter/To (the collisional case). The vertical dashed lines indicate
the v, of the clean examples of the collisionless and collisional small-tail modes that we
describe in detail in the following sections. Figure 14 shows that v and w, depend on
v, for v, 2 1072, in contrast to the theoretical expectations for small-tail modes. Since
similar behaviour is observed for v;; = 0, this dependence on v, in figure 14 results from
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Figure 14. The growth rate v and real frequency w; of the (small-tail), ITG mode

with kypemi = 0.5, §p = 0.1, and (mi/me)l/2 = 61, as a function of normalised
electron collisionality v,. We vary the ion collision frequency vy consistently with
Vs, but quantitatively similar results may be obtained for v;; = 0. Note that ~

and w, experience O (1) changes for v, > 1072. This indicates that the (me/mi)l/4

small nonadiabatic response of electrons in collisional modes can, in practice, matter
numerically for the physical value of (m;/ me)l/ * ~ 8. The vertical dashed lines C and
D indicate the v, of the collisionless and collisional examples of the small-tail mode

that are discussed in sections 4.3 and 5.2.2 respectively.

the nonadiabatic electron response. For collisionless small-tail modes, the nonadiabatic

)1/2

electron response is small by (m./m; ~ 1/60, but for collisional small-tail modes,

the nonadiabatic electron response is only small by (me/m;)"/* ~ 1/8. Hence, we take

figure 14 to indicate that, in collisional modes, in practice, for realistic (m./ mi)l/ ? the

(me/m;)"* small nonadiabatic electron response matters numerically.
6.2.1. Case C — a collisionless small-tail mode. We consider the ITG mode from figure
14 with v, = 3.82 x 107°. To identify a mode as a collisionless small-tail mode, we
must demonstrate several properties. First, that there is a 6 ~ 1 region where e¢/T,
is independent of (m./ mi)l/ ? at leading order. Second, that the potential in the 6 > 1
region has an amplitude given by estimate (82), and an envelope 6 ~ (mi/me)l/ 2,
Third, that the electron distribution function has a size given by estimate (80), and
an envelope with scale 6 ~ (m;/m.)"/?. In figure 15, we demonstrate that the first and
second properties are satisfied. In figure 16, we use jm as a measure of H, to demonstrate
that the third property is satisfied.
Finally, we discuss the (m/m;)

frequency w, in the v, = 3.82 x 107° example of a small-tail mode. The growth rate

1/2 dependence of the growth rate 7 and real

and frequency are plotted in figure 17. As the asymptotic expansion is carried out in
(me/mi)"?, we expect to see a linear dependence in (me/m;)"/2. This is observed for a
wide range of (me/m;)"? in 7, but for a smaller range of (m./m;)"? for w,. We note
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Figure 15. Two views of the electrostatic potential ¢, calculated for v, = 3.82 x 107°
(case C of figure 14) for three different mass ratios. (left) The potential ¢ is plotted
against the unscaled ballooning angle 8, and normalised to its maximum value. The fact
that the curves overlay for # ~ 1 indicates that the potential eigenmode is independent
of (me /mi)l/ % to leading order. (right) The potential is plotted against the scaled
ballooning angle 6/ (mi/me)l/Z, and normalised by a factor of (mc/mi)l/2 max|¢|. The
fact that the curves overlap in the region 6 ~ (mi/mc)l/2 indicates that the mode is a
small-tail mode, satisfying the ordering (82).

g 1/max|g| /(me/ma)' 5 [t

Figure 16. The field jﬁr, calculated for v, = 3.82 x 107° (case C of figure 14) for

three different mass ratios. The fact that the curves overlay on the 6/ (m;/ mc)l/ % axis
confirms that the mode is a collisionless small-tail mode, satisfying the ordering (80).

that an I'TG mode with v, = 0 shows notably better linear fits for both + and w;.

6.2.2. Case D — a collisional small-tail mode. In the collisional limit, the electron
response of a small-tail mode is characterised by a jump in the electron flows across the
0 ~ 1 region. This results in the scalings (179) for the electrostatic potential, electron
density, and electron temperature in the # > 1 region. As in the large-tail collisional
mode, the size of the envelope of the mode is expected to be of scale 6 ~ (mi/me)1/4.
To test these scalings, we examine an ITG mode with normalised electron collision
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Figure 17. Plots of the growth rate v (left) and real frequency w; (right) as a function
of (me/mi)1/2, for v, = 3.82 x 1075 (case A of figure 14). We give a linear fit to
demonstrate that the dependence of v and w, on (me /mi)l/ ' is consistent with a
(me/mi)l/2 expansion.

6]/ max|g) (19l /maxll)/ (me /)
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Figure 18. Two views of the electrostatic potential ¢, calculated for v, = 0.86

(case D of figure 14) for three different mass ratios. (left) The potential ¢ is plotted
against the unscaled ballooning angle, and normalised to its maximum value. That
the curves overlay in the 8 ~ 1 region indicates that the mode is a small-tail mode.
(right) The potential ¢ is plotted against the scaled ballooning angle 6/ (m; /me)l/ 4
and normalised to its maximum value, divided by (m./ mi)l/ % That the curves overlay
for 6 ~ (m;/me)"’* indicates that we have correctly identified the scaling (179) for the
size of the electron response, and the size of the mode envelope.

)

frequency v, = 0.86 (case D of figure 14). We plot the electrostatic potential ¢ in
figure 18. We note that ¢ has no mass dependence for 8 ~ 1, and that ¢ has the mass
scaling given by the estimate (179) for 6 ~ (m;/me)"/*. This confirms that the mode is
a collisional, small-tail mode.

To illustrate the electron response further, we plot the nonadiabatic electron density
dne and electron temperature d7 in figure 19. The scaling (179) is confirmed by the fact
/" in the amplitude, and the
in the ballooning angle. In figure 20, we plot the field j,

that the curves overlay with the mass scaling (me/m;)"
mass scaling (m;/me)"*

normalised to the maximum value of |¢|. Consistent with the identification of the mode
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Figure 19. (left) The electron nonadiabatic density dne, and (right) the electron
temperature I, calculated for v, = 0.86 (case D of figure 14) for three different mass
ratios.

(gl /max|@l) / ((me/mi)' 25 /o)

Figure 20. The field jj, calculated for v, = 0.86 (case D of figure 14) for three
different mass ratios.

as a collisional small-tail mode, the envelope of j; appears to scale like 6 ~ (m;/ mc)l/ 4

)1/2

Y

. Although the envelope rescaling is not perfect
)Y

and the amplitude is small by (m./m;
in figure 20, the (m;/me)"/* rescaling is better than a (m;/me)"/* rescaling. This figure
completes the demonstration of the physical picture for the collisional small-tail mode:
the ions generate an electrostatic potential at # ~ 1, the electrons respond with a
(me/m;)"? small flow, and a small electron flow self-consistently sets up a (me/m;)"*
nonadiabatic electron density and temperature response.

Finally, in figure 21 we plot the growth rate v and the real frequency w, as a function
of (me/ mi)l/ % The asymptotic expansion for the collisional small-tail mode is carried
out in powers of (m./ mi)l/ *. Hence, we would expect small corrections to the frequency
to scale as w2 /w© ~ (me/m;)""*. Consistent with this, in figure 21 we see that the

linear fit is plausible for a range of (me/m;)"*.
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Figure 21. Plots of the growth rate v (left) and real frequency w, (right) as a
function of (me/m;)'/*, for v, = 0.86 (case D of figure 14). We give a linear fit
to demonstrate that the dependence of v and w, on (m,/ mi)l/ 4
(me/mi) "

is consistent with a

expansion.

6.3. The transition between the large-tail and small-tail modes

In the results that we have presented in the previous sections, we have focused on
examples where either a large-tail or the small-tail mode is clearly dominant. However,
in practice it is possible to find cases where these different asymptotic branches have
similar growth rates, and so a transition can be observed with the variation of some
parameter. To illustrate this, we consider modes in a range of 0y, for kypm; = 0.5,
a/Ly, = 3a/Ly, = 6.9 (the temperature gradients used in section 6.1), and a normalised
electron collisionality of v, = 3.82 x 107°. Figure 22 shows the real frequency w, and
growth rate v of these modes as a function of 6y, for different values of (m;/me)"/*. For
the smallest value of (m;/me)"?, (mi/me)"? = 43, w, and ~ are continuous functions
of 6y. However, for increasing (m;/ me)l/ ? a discontinuity in w, appears. This indicates
a transition between different mode branches. By examining the eigenmodes using the
techniques of sections 6.1 and 6.2, we verify that the modes to the right of the dashed
line are collisionless large-tail modes. In accordance with the predictions of section 4.4,
the growth rate and frequency of the large tail mode are approximately independent of
0y. In contrast, we identify that the modes to the left of the dashed line are collisionless
small-tail modes. The small-tail mode observed here is likely to be a TEM, since it is
stabilised by sufficiently large v,.

We note that initial-value simulations of eigenmodes are challenging to converge
when distinct instabilities exist at the same (k,, 6y) with the same . The data plotted
in figure 22 are for modes where the w, and 7 are converged to 1% (compared to values
averaged over a 5a/vy,; window) after 500a/vy, ;. A time step size of At = 0.1a/vin;
was found to be adequate to resolve the collisionless modes featured in this section.
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Figure 22. The real frequency w;, (left) and growth rate ~ (right) as a function of 6y
and (mi/me)1/27 for v, = 3.82 x 107° and a/Lrt, = 3a/Ly, = 6.9. A discontinuity in
the frequency opens up for increasing (m; /me)l/ z_ indicating a transition between
different instability branches. Modes to the left of the dashed line are small-tail
modes (driven by trapped electrons and ions), whereas modes to the right of the
dashed line are large-tail modes (driven by passing electrons). Note that w, and ~ are
approximately independent of 6y for the large-tail modes.

7. Discussion

In the traditional treatment of the nonadiabatic electron response in modes with
binormal wavenumbers on the scale of the ion thermal gyroradius, i.e., in modes with
kypeni ~ 1, rapid electron parallel streaming is assumed to imply that the nonadiabatic
response of passing electrons should be small. This assumption leads to the usual
ITG-driven modes and TEMs where the nonadiabatic passing electron response is
subdominant. However, several numerical investigations have revealed the existence of
long-wavelength modes with extended ballooning tails where the nonadiabatic passing
electron response appears to play a significant role, see, e.g., [12, 13, 15-18, 39, 40]. In
terms of a wavenumber-space description, these electron-driven modes are fluctuations
with large radial wave numbers, i.e., k.pgn; > 1. In the real-space description, these
modes are fine-scale fluctuations with significant amplitudes near mode-rational flux
surfaces. Examples of these modes may be found in the core of tokamaks [12, 13],
and in the pedestal [15]. Qualitatively, micro-tearing modes in tokamaks share the
same features as the extended electrostatic modes in [12, 13, 15|, with both extended
ballooning tails and an ETG drive [16-18].

In this paper, we show that it is possible to obtain an asymptotic theory for novel
electron-response-driven k,pn; ~ 1 modes by assuming that the nonadiabatic response
of passing electrons cannot be neglected, and by carefully considering the regions in the
mode with large k,. The physics of these novel modes turn out to be dominated by the
physics at k,pwn; > 1, and surprisingly, the nonadiabatic ion response is unimportant
(but not small). When the nonadiabatic-electron-response-driven modes are unstable,
their growth rate is expected to be insensitive to the exact details of the magnetic
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geometry, because the leading-order equations for the mode contain only poloidal-angle-
averaged geometric quantities. As a corollary, the growth rate of the mode is expected
to be independent of #y. Hence, this type of mode may be insensitive to equilibrium
flow shear.

We identify two limits where there are simple orderings. First, we examine the

12 « 1, the radial wave number

collisionless limit, where ¢RoVee/Vthe ~ (Me/M4)
satisfies kypme ~ 1, and the fundamental expansion parameter is (me/m;)"? < 1.
In the collisionless ordering, the extent of the mode is set by the physics of electron free
streaming, and electron finite Larmor radius and electron finite orbit width effects.
Second, we examine the collisional limit where ¢RoVee/Utne ~ 1, the radial wave

)1/4

number satisfies k.pme ~ (me/m;)’", and the fundamental expansion parameter is

(me/mi)'"*

and perpendicular classical and neoclassical diffusion.

< 1. In the collisional ordering, the extent of the mode is set by parallel

We derive scaling laws for the relative sizes of the electron and ion responses in the
krpeni ~ 1 and k,pgi > 1 regions of the ballooning mode. To confirm our analytically
derived scalings, we use the gyrokinetic stability code GS2 to perform a series of linear
simulations for a range of normalised electron collisionality v, = qRVee/ 3/ 2Uth7e, and
a range of me/m;. We identify parameters where a novel passing-electron-driven mode
is the fastest unstable mode. We present two relatively clean examples of the passing-
electron-driven mode: a collisionless case and a collisional case. We perform the same
analysis for an I'TG mode, and verify the scalings for the subdominant nonadiabatic
electron response.

Although the theory presented here neglects electromagnetic fluctuations, many
features of these novel electrostatic modes are common to micro-tearing modes. We
speculate that some classes of micro-tearing modes may be well described by an
collisionless (me/m;)"/* — 0 theory or collisional (me/m;)"* — 0 theory similar to the
theories presented in this paper. Development of these asymptotic theories provides not
just physical insight, but also the possibility of performing reduced linear simulations
of nonadiabatic-electron-response-driven modes. Simulations of extended ballooning
modes can be expensive in comparison to simulations of familiar I'TG-driven modes:
a reduction of the size of the problem by removing the geometric 27 poloidal-angle
scale from the gyrokinetic equations may be an advantage. We anticipate that the
need for computational efficiency in simulating extended ballooning modes will become
more urgent in light of recent work [41] that suggests high-3 spherical tokamak reactor
equilibria may be unstable to extended micro-tearing modes for a wide range of k,,.

The nonadiabatic response of passing electrons has recently been shown to be
a significant factor in determining the isotope effect [42, 43]. In fact, [43] argues
that changes in a (me/mi)l/ ®_small passing electron nonadiabatic response can lead
to O (1) changes in the heat fluxes as a result of the divergent asymptotic expansion

1/2

in (me/m;) In this paper we have seen that, in linear modes, the nonadiabatic

response of passing electrons does not need to be small in (m, /mi)l/ ®. Indeed, it is

not even obvious that an expansion should be carried out in (me/m;)"/?. Instead,
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(me/ mi)l/ % could be the relevant expansion parameter for sufficiently large collisionality.
This is an important observation, because, in practice, (me/mi)l/ VAN | /8 is likely

)1/2 ~

to a be worse expansion parameter than (m./m; ~ 1/60. For sufficiently large

collisionality, nonasymptotic behaviour may perhaps be observed because the physical

)1/ * is not small enough. Whilst we do not develop a nonlinear theory in

value of (m./m;
this paper, we speculate that the isotope effect may well be the result of the nonadiabatic
response of passing electrons in k,pyp, ; > 1 narrow layers regulating turbulent transport.

The impact of electron-driven narrow radial layers in mnonlinearly saturated
turbulence is the subject of active research. Studies of turbulence using DNS have
demonstrated that the nonadiabatic response of passing electrons in narrow layers near
the mode-rational flux surfaces can have a significant impact on turbulence saturation
levels and fluxes, see, e.g., [13, 39, 40, 44, 45]. The regulation of turbulent fluxes
by narrow radial layers formed by toroidal ETG modes near the top and bottom of
the tokamak has recently been observed in nonlinear DNS of ETG-driven pedestal
turbulence [46]. Further evidence for the importance of the nonadiabatic response of
passing electrons in narrow layers may be found in DNS that bridge k,pm; ~ 1 to
kypine ~ 1 scales: entropy transfer analysis suggests that the nonadiabatic response
of passing electrons mediates the backreaction of kypine ~ 1 eddies on kypm; ~ 1
turbulence, via k,py,; > 1 narrow layers [6]. These observations suggest that theories

2 5 0 limit may need to be modified

of turbulence that attempt to capture the (m./m;)
to include the effects of electrons in narrow radial layers on saturation: this includes
theories of turbulence on kypun; ~ 1 scales in isolation (cf. [29]) and theories of cross-
scale interactions between ky,pun; ~ 1 and kypme ~ 1 scales (cf. [28, 47]).

Finally, we note that whilst results presented here would appear to be specialised to
an axisymmetric tokamak by virtue of using the identity (28), a similar theory to the one
we present may be obtained for an omnigenous stellarator [48-53], providing that the
departure from omnigeneity is small in the mass ratio expansion. Extended ETG-driven
microinstabilities may well exist in linear simulations of current stellarators.
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Appendix A. Classical perpendicular diffusion collisional terms

The collision integrals appearing in the definitions of the classical fluxes ¢ and g,
equations (134) and (135), respectively, have the structural form

/g(v)v -1 C [Héo)(v)v o] d’v, (A.1)

with the isotropic function of v, g, satisfying either g = 1 or g = v*/v, . — 5/2, and
o= kf) X b/Q. and 7 = iVr x b/), velocity independent vectors. We now proceed
to evaluate the integral defined by equation (A.1). We first evaluate contributions from
the electron Lorentz collision operator L][-].

Appendix A.1. Lorentz collision operator contributions.

The Landau form of the Lorentz collision operator is given by equation (14). Inserting
the definition (14) into equation (A.1l), using the form of H equation (107), and
integrating by parts, we find that

[t 7 £ (1O 0] =

3T, oo (2 3\ T — v 5
] €ilth,eTO * / {9(”) ( e + T Ut2h,e D) TFOe d’v. (A2)

To evaluate equation (A.2) for the appropriate functions g, we use the normalised

velocity w = v /vy, e, and the identities

1 — 4
[ Gty exp [t L @t = S (1,12), (A3)
w
with w = |w|. For the case of g = 1, we find that
o (ol 1er
/'v T L [He(o)(v)’u o] dPv= —neyeivfh,eTZU ( 3T ) (A.4)

For the case of g = v*/vf, , — 5/2, we find that

v? )
/ <v2_ — 5) v-17L [He(o)(v)'v . 0'] v =
th,e

o (767 3mnd
—NeVeiVh o 5 (Z — 5. | (A.5)
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Appendixz A.2. Electron self-collision operator contributions.

In this section we evaluate the perpendicular-diffusion contributions from the electron
self-collision operator Cq [-], following [54]. The electron self-collision operator is defined
by equation (9) with s = e. To perform the calculation, first, we substitute the
definition (9) into the form (A.1) of the perpendicular-diffusion integral, noting that
2met In A/mg = 3/TecVy, o/ 8Ne, With v, defined by equation (12). Second, we integrate
by parts, and symmetrise the resulting integral by relabelling the dummy variables v
and v'. Writing f(v) = He(o)(v)/FOe, we obtain the result

/9<U)U 7 Coe [f(0)v - 0 Fy] dPv =

3
_Bﬁ Veevth,e //FOGF(;e‘y U - d3’Ul d?”U, (AG)
16 ne
where the vectors
. - ag _ , 8g/
and
A af 8f/ ! —f
(v,v) = 5 (v 0) = 5o o) +al(f = f), (A5)

respectively, with ¢’ = ¢(v'), and f* = f(v'). The form of the vector ¥, defined
in equation (A.7), shows that there is no self-collision operator contribution to the
perpendicular-diffusion terms in the density equation, for which ¢ = 1. To evaluate
the self-collision operator contribution to the temperature equation, we take g(v) =
v? [V}, . — 3/2 and use that

HY _anor” ( v? 3)

flv) = = (A.9)

E Oe Ne Ne

Ut2h,e 2
After substituting for g and f in equations (A.7) and (A.8), respectively, we find that

v — N 2w(v-1)—v' (v - T))

Y(v,v')=7 : (A.10)
Ut2h,e UtQh,e
and
2 2 1 (ay! (0)
— 2 o) — : A
B(v,v') ol : vt (v(v- o) : v'(v o))\ I ' (A11)
vth,e Uth,e Te

To compute the velocity integrals in equation (A.6), we convert to the center-of-mass

variables
v+ v—v
§=——, and w= , (A.12)
\/§Uth,e \/Evth,e
with the result
4n?  fT. 8(0)
//FOeF(’)e‘l’ U -® Pov dPo = e X (A.13)
\/ﬁﬂgvth,e T
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//exp [—w? = ] (T(s-w) + (w-T)s) - U-(o(s-w)+s(w-o)) ds dw,

where we have used that the Jacobian d*v'd*v = v (d°sd*w, the functions v — v'? =
208w - s, vv — V'V = v} (ws + sw), v? + v = v} (w? + 5%), and U(v —v') =
U(w)/(V/2vi,0), with

N w?l — ww

U(w) = (A.14)

w3

Note as well that w - U (w) = 0. We first evaluate the integral in s using the identity

3/2
/exp [—5°]ss d’s = TI. (A.15)
The result is
//FOeFée‘l’ U -® & dPv = (A.16)
2n2 o1 . .
#TTU : /exp [—w?] <w2U +ww Tr [UD d*w, (A.17)
m th,e e

where Tr [ﬁ] = 2/w is the trace of the tensor U(w). Finally, using equations (A.6)
and (A.16), with the identities (A.3) and

~ 4
/'war [U} exp [—w?] dPw = %I, (A.18)
we can write down the result of the perpendicular-diffusion collision integral
v 3 1 s
— = |v-7TC.[HY co| Pv=———=veenot? T 0——!. A.19
/ (Ugh,e 5| v T [ (v)v cr] v \/§V NV o T * O T ( )

Appendix B. Spitzer-Harm component of the parallel diffusion collisional
terms

In order to evaluate the parallel flow and neoclassical perpendicular diffusion terms in
equations (127) and (128), we need to solve equation (116) for Hsy. To solve for Hgpy,
we first note that the collision operators Ce.[-] and L[], defined in equations, (9) and
(14), respectively, are isotropic operators [27], and hence Hsy may be assumed to have
the form given in equation (117). Second, we note that equation (116) is linear in on "
and &16(0)' Third, we may express the € dependence of Kgy in a convenient basis of
polynomials. Hence, Kgy is given by

o (Y ) o (el R

where

fou(®) =) a, L2 (2), (B.2)
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and
gsu(@) = Y ¢ Ly(2), (B.3)
p=0
with 2 = ¢/T, = v*/v,., L¥?(%) the p™ generalised Laguerre polynomial Li(z) of
index j = 3/2, and a, and ¢, coefficients to be determined. The generalised Laguerre

polynomials of index j = 3/2 are particularly convenient for this problem because we
will be able to exploit the orthogonality relation [27]

> , r 41
| m@n@ el - 1D (5.4)
0 p!
where I'(j) = fooo #9~exp [~%]d# is the Gamma function, and d,, is the Kronecker

delta. The polynomial Lg(:ﬁ) may be obtained from the generating function [27]

. exp [—2z/(1 — z)] )
G(z,2) = El — g ] Zz”[ﬂ T (B.5)

With the form of Kgy given by equation (B.l), the problem (116) may be cast into
two seperate Spitzer problems for fsy and gsy,

U||Lg/2Foe = C [y fsuFoe] (B.6)
and
UIIU/S/2 - L?/Q)Foea =C [UHQSHFOJ ) (B.7)

where we have used the first two generalised Laguerre polynomials, Lg/ () = 1 and
L3/2( ) =5/2 — 2. We solve equations (B.6) and (B.7) by converting them into matrix
equations for the coefficients a, and c,, respectively. To do this, we define an inner
product (-|-) acting on velocity space functions f = f(v) and g = g(v) by

) = / fwls) (”;i ©) o, (B.8)

and we take the inner product of equations (B.6) and (B.7) with the function v”Lg/ ?Foe.
To perform the velocity integrals, we use the velocity coordinates (z,&,v), where
£ = v)/v, and we recall that 7 is the gyrophase. The velocity integral in these coordinates

/d%—/ /_1/ the\/_da:dfdfy (B.9)

Using the orthogonality relation (B.4), we find that the matrix form of equation (B.6)

becomes

is

Z (VeeClpg + Veilpg) Qg = —O0.p, (B.10)

q

where the matrix elements Cp g and L, , are defined by

Cpg = <$1/25F0 L3/2|C [ 1/2§F0eL2/2}> (B.11)

ne ee
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and
2

Nelei

Lpg=——— (#"PER LY |L [#' ¢ LY]) (B.12)

respectively. Similarly, we find that the matrix form of equation (B.7) is

5
Z (VeeCp,q + Veiﬁp,q) Cq = 551@ - 5071). (B13)

q

To solve the problem, we invert the matrix equations (B.10) and (B.13). In practice,
we must include a finite number of polynomials, with the series truncated at a finite
p = N. Velocity moments of Hgyy will depend only on low-order coefficients a, and c,,
and so only a few polynomials are required before convergence is reached. This same
solution may be obtained using a variational method [27].

Although the calculation is tedious, it is relatively straightforward to calculate the
matrix elements C,, and £, , using the generating function G(Z,z). Truncating the
polynomial series at N = 4, we find the coefficient matrices (cf. [26, 27])

0 0 0 0 0
0 1 3/4 15/32 35/128

C=v2| 0 3/4 45/16  309/128 885/512 : (B.14)
0 15/32 309/128 5657/1024  20349/4096
0 35/128 885/512 20349/4096 149749/16384

and
1 3/2 15/8 35/16 315/128
3/2 13/4 69/16 165,32 1505,/256

L= 15/8 69/16 433/64 1077/128  10005/1024 |.  (B.15)

35/16 165/32 1077/128 2957/256 28257/2048
315/128 1505/256 10005/1024 28257/2048 288473/16384

To illustrate the final result of the calculation for a simple case, we solve equations
(B.10) and (B.13) for a hydrogenic plasma with Z; = 1, i.e., Vej = Vee. To three decimal
places, we find that the coefficients {a,} and {c,} are

ag -1.969
ay 0.559
1
as “ 0.016
ay 0.027

and
Co -3.366
e 2.226
1
Co - l/_ -0635 5 (B]_?)
c3 “ 0.095
C4 0.003

respectively.
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To calculate the parallel flow and the neoclassical perpendicular diffusion terms, we
need to evaluate velocity integrals of the form

2 (0) (0)
sy ey o (o 0 (@), 0 (O
/’U”HSH d’v = B b-Vo (aoax ( e ) + COaX Te , <B18)

and

2 5
/U” <UZ_ — 5) HSH d3v (Blg)
th,e
BNV o 0 (& o (ol
= — 1 b-Vo <(lla < e +018_X Te .

Appendix C. Pfirsh-Schliiter parallel and perpendicular fluxes

In this section we compute the parallel flows and the perpendicular diffusion terms in
the subsidiary limit of ¢RoVee/Vtne > 1. Following on from the results (151) and (152)
in section 5.1.3, we explicitly evaluate IC,, and ICr using the results (B.18) and (B.19)

of Appendix B. We find that
(1/2)
/ﬂHu/z) Po — neUtQh,e B -V " 2 5n£0) n 2 5’%,(4)
B e 2 B2 0 ox \ 7ne 00 Ne
(1/2) . 0 0
o (s o (oL, nevd o ikag'xI (0l O
+oo | A= + D — < the Faf X + ; (C.1)
o \ T, 90\ T, 2 QB \ n. T,
where ag = —1.969/vei, co = —3.366/1e, and we have assumed Z; = 1; and

1/2
v (€ 5 12 3. 5nevt2h,e B -V 0 5n£>0) 0 5”27(/_1)
- =—-=-1H d’v = — ay | — + = —
ox \ 7ne 00 Ne

B\T, 2) 0 4 B2
o (2 (O, 0 (TUEN\Y] _ et ikag T a1 )
"\ox \ 7. o0 T, 4 OB T, '

where a; = 0.559 /v and ¢; = 2.226 /1. We obtain explicit expressions for ,, and Kr
by multiplying equations (C.1) and (C.2) by B?, and applying poloidal angle average
(-}?. The results are

2 0 (0) (0)
NV (B - V0O) 0 [ one 0 [ dTe
ICn(X) - 2 <BQ>9 ao 3)( Ne + ¢o aX Te

nevfh?e ko' xIB 1 (5n,(30) _I_(STE(O)
2 Qe (B’ \ ne T. )’

(C.3)

Bnevd e (B-VO! | 0 [0l o (st
Kr(x) = — 1 <B2>9 a1& e + c1& T,
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eVl ikadxIB 1 6T
4 Q. (B2 T,

(C.4)

respectively. Finally, to obtain equations for 57121{3)1) and &I e(l(/f 1)), we subtract equation

(C.3) from equation (C.1), and equation (C.4) from equation (C.2). The result is that
(1/2) (1/2)
B V6 aoﬁ one, ) n Cog 0.~y
B2 00 Ne 00 T,

B-ve) B-vo\[ o (&l L ot (©5)
(B2)? B2 o ox \ e 0 ox \ T. '
1 1\ ikogXIB (0 19
Tl 3T g e} + )
B> (B?) Q. ne T
and
(1/2) (1/2)
B-Vo| 0 (0in) 0 (h)f
B |7oe\ ne ‘oo \ T,
_ 0 (0) (0)
(B-vo)' B-vo\| 0 (o) 9 (4 (©6)
(B2’ B2 ox \ ne ox \ Te

Inverting equations (C.5) and (C.6) for 0 (5)1,(31(/_2)1)) /06 and 0 (5’17(3(1(/_21))) /00, we find that

B.voo (0% _(B-vo)' B-v\ o (& (©7)
B2 00 Ne o <B2>9 B2 aX Ne .
.\ L - 1 lkaq/X]E 1 (5n£30) N C1 + Co ﬁéo)
B> (B2)° Qe apcy — aicg ne  agcr —aico Te )
and
B-voo (T _(B-ve B.ve\o (a (©8)
B2 ae Te - <B2>6 B2 aX Te .

- 1 _ 1 ik’aq,XIE ag + aq 81—1;(0) i ay 5)1.(30)
B> (B2’ Qe apcr —arco To  apcr —aicop ne |
To evaluate the effective electron parallel velocity EH, defined in equation (131),
we compute the integral

1 b-Vo a2 | /2 ’
o (b-V9>9< /U (He,(—1)+He7(0) +iAext; ) d U> ) (C.9)

Ne
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where we have used the definition (129) and the expansion (140). With the solutions
(143) and (147), and the integral (B.18), we find that

— 03./2 /(B-voR\’| o (&Y o (¥
oy =~ <( 2 : > o5~ T lom-
(b-V0) B Ox \ Me ox \ Te
0

b2 (BT o (B o (Y
(b-V6)° B? 90\ n. ‘90 \ T, '

Finally, using equations (C.7) and (C.8) to substitute for 8( /2 > /06 and
a( o/ ) /86, we find that

— v3 /2 ((B-V0)")? o [l o (619
5U|| = / 7 « 9> ) ag=— + co—
(b-V0)Y  (B2?) Ox \ Me ox \ Te

e ket DPuo B (/B-VON" (B-VO)"\ (o oI
2 (b-Vve)’ B2 (B2)° Ne T. |

Using the same techniques, and the integral (B.19), we obtain the effective electron

(C.10)

(C.11)

parallel heat flux

_ 5n.Tw3, . (B -V0)?)? o [l o (el
7, = -2 1T (B V0)) [al_ (n_ cod

(C.12)

4(b-ve) (B2 Ix ox \ T

. kot P B [ /B-VO\" (B-v6)’\ o1
+1_neTeUth,e ’9 2 - ] .
4 (b-V0) B (B?) T

We now turn to the calculation of the neoclassical perpendicular diffusion terms

appearing in equations (127) and (128). To evaluate the particle flux My, defined in
equation (136), we use equations (142) and (144) to show that

e — (19 [ 2. w92 (H ””) P (C.13)
N Qedyp ) | 96 D ‘ ‘
Substituting the solution (143) into equation (C.13), we find that
— 0
o neh IBdr [B-vo (0 onl(?) Lo (T ) c14)
N aoaw \ B2 \ao\ ne 00 \ T, ‘ ‘

Finally, we substitute the results (C.7) and (C.8) into equation (C.14), to find the
neoclassical particle flux

Ty _ e IBdr ((B-V0) /B-VO\"\ (0 (&) o (6" (€.15)
ne 2 Q.dy (B2)° B2 ox \ me ox \ T. ‘

ik dq 111;2117e IB dr 2 1\° 1 a; — ¢y (51120) L a1 +ag—cp — ¢ 5]16(0)
1Rq— —_ —_— —
dr X2 Q, dy B2 (B2)? ] |ager — arco e apC1 — a1C T,
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Following identical steps, we find that the neoclassical heat flux &y, defined in equation
(137), is

e IBdr ((B-Ve) /B-vo\"\ & (s (C.16)

nd. 4 Q. dv (B2)’ B2 ox \ T. '

i e Vhe (IBdr\*(/ 1\" 1 (5/2)(a1+a0)c5Te(0)+ 5a;/2 ol
X9 Q. di B2 <B2>9 apc; — arcg T apCy — a1Cy Me

Appendix D. The parallel flows and neoclassical perpendicular diffusion
terms in the v, < 1, ¢ < 1 (banana) limit

In this section we calculate the electron distribution function H by solving equation
(160) to leading-order in the expansion in inverse aspect ratio e = r / Ry < 1, where we
recall that r is the minor radial coordinate and R, is the major radius at the magnetic
axis. We take the normalised electron collisionality v, = qRoVee/ 3/ 2vth,e < 1. We
assume that the equilibrium can be approximated by circular flux surfaces [25, 35].
Then we can use the fact that the 27-periodic 6 variation in geometric quantities is
small by O (¢). For example, the magnetic field strength

B~ By(1 —e€ecosf) =By+ O (eB), (D.1)

where By = I /Ry is a constant. As a consequence, the fraction of velocity space occupied
by trapped particles become small. This can be seen from the definition of

o =0 (jj) B (D.2)

passing particles occupy 0 < ABy < By/Buax =~ 1 — €; and trapped particles occupy
Boy/Buax < ABy < By/B(0) ~ 1+ ecosf. We can identify two regions in the problem:
there is a “deeply passing” region where ABy ~ 1 ~ 1 —ABjy > ¢, and also the trapped-
passing boundary layer where ABy = 1—0O (¢€). In the deeply passing region, we can find
the leading-order solution by taking ABy ~ 1 ~ 1— B, and using ¢ < 1 to approximate
the geometric quantities. We find that

HY? = Hyo — NXHO + 0O ( 12p 1(/?) (D.3)

where

A= o\ /%\/1 ~ B, (D.4)

with A}, o = kaq' Tven,e/Q2, Q) = —eBy/mec, and
B
Hsnpo =04 TV 1 — ABovth,e Ksu Foe- (D.5)

The O ( 12! (é))) correction in equation (D.3) arises from the presence of the trapped-
passing boundary layer. To solve for the ABy = 1 — O (¢) boundary layer, we note that
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the pitch-angle scattering components of of the collision operator, Cy,[-| are larger than
the other test-particle and field-particle terms by O (¢7!). In other words, we need only
the pitch-angle scattering collision operator (cf. [25, 27))

Canl] = Ve(g)—”;}w% ()\\/1 = AB(% [.]) | (D.6)

where

)= 3 (£)" (e ot (VETR) -9 (VETT))) . 07

with the error function erf(z) defined by equation (67), and the function W(z) defined
by equation (68). We note the similarity of the forms of the collision frequencies v,
and v ;, defined in equation (66). This similarity arises because the terms involving
these collision frequencies are due to the pitch-angle scattering pieces of the electron
and ion collision operators, respectively. With these considerations, to leading-order in
€, equation (160) becomes

25 (v 8 1)

8 .
+04/ T (vene Ksu Foe — lx\ghﬁxHéO)) =0, (D.8)

where we have divided by the e-dependent collision frequency pre-factors, we have used
the identity

Culig(@)] = - uyg) 0.9)

to simplify the terms proportional to v, and we have employed the definitions of

the transit average (-)', and poloidal angle average (-}, equations (74) and (104),
respectively, and finally we have expanded the geometrical factors to leading-order
in e < 1. We note that /1 — AB(f) may not be usefully expanded in e because
ABy =1+ O (¢), and the 6 dependence of B(f) comes in at O (¢). We also note that

1/4
Hé,l({)? ~0 (61/2 <:Ze> H§0)> (D.10)

in the boundary layer. We can integrate equation (D.8) directly, with the boundary

conditions He(’l({i) = 0 at ABy = By/Bmax, and no divergence at A = 0. The result is

A
€ . Bod\/2
Hé,l(g) =—0 T (Uth,eKSHFOe — 1)\?h,eXHeEO))/ oA/ (D.11)

1/Bunas < 1 AB(9)>9'

We can match to the deeply passing solution (D.3) by taking the solution (D.11), and
evaluating the integral with e — 0 and 1 — ABy > O (e).

Having evaluated the distribution function using the methods of neoclassical theory,
we are now able to calculate the electron parallel velocity EH and electron parallel heat
flux @H’ defined in equations (131) and (132), respectively. From the deeply passing
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solution, equation (D.3), we can see that the leading-order contributions will result
from the response Hgp to the parallel gradients of density and temperature. As in
the neoclassical calculation for the bootstrap current [27], we calculate the additional
contribution arising from the interaction between passing and trapped electrons in the
ABy =1 — O (€) boundary layer.

To evaluate the electron parallel velocity and the electron parallel heat flux, we
need to compute an integral of the form

1 ' ,
= vy <b.V0/U||9(6) (Hé}({)? +1/\eXH‘§O)) d3,v> 7 (D.12)

where for g(¢) = 1 we obtain duj = I'/n., and where for ¢ = /T, — 5/2 we obtain
E” = T.I'. First, we use that the result is expected to be close to the Spitzer-Harm
flows obtained from Hgy. We write

' = Dgy + Ip, (D.13)
with I'sg defined by

1 s\’
FSH = m <b : VQ/UHQ(S)HSH d ’U> s (D14)
and
1 (1/2) '
= - . _ ; (0) 3
o= oo <b Vo / og(e) (HU) = Hsn +irexH) dv> . (D.15)
We can calculate I'syg using the results of Appendix B. To evaluate the leading
(1/2)

nonzero component of I'g requires that we calculate the sub-leading corrections to H e(0)
everywhere in A. To avoid this, we convert the integral (D.15) into an integral where the
dominant contribution comes from the trapped-passing boundary, and we can use the
solution (D.11). We localise the integral to the trapped-passing boundary by introducing
C[-] into the integral. We do this by using the Spitzer-Harm problem (B.6) to replace
v| in equation (D.15), with the result

0
Foe
I'g = <b V@ < 9/ ||fSH 0} (He(,l(g) _HSH+1>\eXH(£O)> d3v> . (D16)

Now using the self-adjointness of C[] with respect to the inner product (B.8) [27], the
integral becomes

)
1/2 0) 5
I's = (b V9 < V@/UfSH 0) HsH—i-l)\exH )] drv> ) (D.17)

Finally, we estimate the size of the contributions to I'g from the deeply passing region
and the trapped-passing boundary. In the deeply passing region, we find that the
contribution is of size

m 1/4
FB ~ € ( e) vth,eéngo)? (D18)

i
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since C [ (1(/? Hgpy + 1)\exH ] is small by O (¢) in the deeply passing region. In the

trapped-passing boundary layer, we find that the contribution is of size

i\ 1/4
FB ~ 61/2 (—e> Uth,e(gflgo), (Dlg)
since Hé}({ﬁ) — Hgy + DXH ~ /2 (mo/mi)V* H” by the estimates (D.10) and

1/2  Ag the contribution from the

v~ /2040, and C,\)\[~]d3v/vfhve ~ (Vei/€)e? ~ veie™
trapped-passing boundary layer is larger than the contribution from the deeply passing
region, we replace C [-] by Cyy [-] when we evaluate the integral in equation (D.17).

To evaluate the integral in equation, we insert the definition of Cy, [-], equation
(D.6), with d*v = (Be/m2|v||)ded)dy, and integrate by parts once in A. The integrals

in € and A are separable, and we find the intermediate result

de
T’

m) . € .
| h ftrap/ g(e)ve(e) (77) fsr (ven,e KsuFoe — 1/\?h,eXH<§O)) (D.20)

where followmg [27] we have defined the fraction of trapped particles
0

1/B(0) 1/Bmax Ad\
ftrap < > y (D21)
/ \/1 — \B(0 / AB(0)>9

and taken € — 0 in the other geometrical quantltles appearing in equation (D.20). We
note that the A limits of the integrals in equation (D.21) are determined by the fact that

Hél(g) is nonzero for passing particles only, whereas KgyFy. and HL” have both trapped
and passing particle components. Standard manipulations can be used to simplify fiap
in the limit ¢ — 0. To leading order [27]

3\/_ ! m dz 1/2 1/2
ftrap |:1 A (2E<2) - 1) ;} € =1.462 ¢ s (D22)

2

1 [7 0
- _/ \/1 — 22sin? (—) do (D.23)
2 Jo 2

is the elliptic integral of the second kind. Finally, using the result in equation (D.20),

where

we can calculate the “bootstrap” corrections to the electron parallel velocity and heat
flux, dug, and &g, respectively. We find that

Viho o [l ) 51’“”
— D — | — D
1Ro <§ :ap p,qaqax ( e + §p’q:ap pch@X T

b,q
(H'(O)
th eX p 0— ) T

with the matrix element

Dy, = / exp [—&]LY?(2)L¥*(2)0(2) d#, (D.25)
0

ftrap Vei

2

dup = Uth,e

: (D.24)
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and the function

D(&) = 1+ erf(zY?) — W(z/?). (D.26)
Similarly, we find that
< fra Vei | Uth,e 0 5'19) 0 (S,I‘e(O)
& = VineneT. ™ 2p qtRo ;%anaq@ T %%ancqa—x T
s
th eX Z ap@p, 0 + Z ap(@po — Qp,1) T g (D.27)
P €
with the matrix element
o R ) 5 ) R R
Qpq = /0 exp [—1] (x - 5) Lg/Q(x)Lz’/Q(x)y(x) dz. (D.28)

The numerical coefficients appearing in equations (D.24) and (D.27) may be evaluated
by using the N = 4 truncated polynomial solution obtained in Appendix B. We use the
values of {a,} and {c,} given in equations (B.16) and (B.17), respectively. We compute
the matrix elements D, , and @, ,, with the results (to two decimal places)

1.53 212 253 285 3.13
212 464 583 6.78 7.53
D= 253 58 925 11.15 1261 |, (D.29)
285 6.78 11.15 15.34 17.91
3.13 753 1261 17.91 22.88

and

212 464 588 6.78 7.53
464 7.79 13.07 15.87 17.98
Q=—] 588 13.07 17.03 25.14 29.65 |, (D.30)
6.78 15.87 25.14 29.80 40.79
7.53 1798 29.65 40.79 46.09

respectively. Combining these results, we find that

< ftrap Uth,e 0 5’1(0) 0 81—‘(0)
MR = Vtho —2° [ 2.55— 3.51—
b Vb 2 qROVei aX + aX e
5’1(0) &T(O)
i\ 1.66—— + 0.47— D.31
+1 th,eX ( e + Te ) ( )
and
< ftrap Uth,e 9, (XTe(O) 0 67%(30)
= UgpeneTh : 2.98— —0.07—
Op = Vinelt 2 | qRovei ox \ T. X
5)%,(30) CSTC(O)
—i\? 1.1 —2. D.32
1 th,ex< 9 e 63 T (D.32)
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Including both the Spitzer-Harm and the bootstrap contributions, the results for
the flows are (to O (€!/?))

E|| QSkypth eX 5,1((30) (STe(O)
e = on 2.43 o +0.69 T (D.33)
(0) (0)
Uth,e 1/2 0 &le 1/2 0 5]73
— 1.97 (1 —1.90 — 3.37 (1 — 1.52 =
2qRove; ( ") ox ( Ne * (1 ) ox ox \ T. ’
and
& 548k, PP o X " ¥
— = ’ . —1.54 D.34
Uth,eneTe : 461/2 0.70 Te ° e ( s )
BUth.c L 0 L 0 [T
— < 10.56 0.07¢"/ 2.23 (1 —0.78¢'/2
4qRove; (1+0.07e )8x * ( )ébc T, ’

respectively, where we have defined pth’e = Uine/S2, and used that, for ¢ < 1 and
circular flux surfaces, fiap = 1.46€Y/2 & ~ 1, b- V0 =~ 1/qRy and Idr/dyp ~ q/e. We
note that AQy, . = 8k, p, /€.

Having calculated the parallel lows and fluxes, we now turn to the calculation of
the transport due to perpendicular diffusion via the neoclassical fluxes 'y and &gy,
defined in equations (136) and (137). To evaluate these fluxes, we need to compute
integrals of the form

I dr (1 , 0
', = <Q a0 v9(€)C [He ©) +idexHY HSH} d 'v> , (D.35)

We note that the form of the integral (D.35) is structurally similar to the integral defined
in equation (D.17). To be precise, we can use the estimates (D.18) and (D.19) to justify
replacing C [-] with Cy, [] when evaluating (D.35). Again, since the integrals in £ and A
are separable in (D.35), we find the intermediate result

I drm Uthe > £\*? , de
FL — _m@ 3 ftrap/ g(g)l/e<5) (7_—,6) (Uth7eKSHF0€ - lAgh,eXHéO)) i’ (D36)
where we note the similarity to (D.20). To compute the neoclassical particle flux, we

set g(¢) = 1 in equation (D.36), and obtain the result (correct to O (¢'/2))

éFN 0 q ftrapyei Vth,e 2 : 8 5'%(30) a dTe(O)
Ne Pehe e 2 qRo - 0.4% ox \ 7o + Zq 0.4 ox T,
(0) (0)
) . q e ST,
—ik,p> =D + (Dgo — D
i yIOth,eSXe ( 0,0 e + ( 0,0 0, 1) T >

Similarly, to compute the neoclassical heat flux, we set g(¢) = /T, — 5/2 in equation

(D.36), and obtain the result (correct to O (e 1/2))
éT(O

Uth,e
aRo (Z oty (

q

6QN _ 0 gftrapyei
neTe pth,e € 92
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onl” or”
+ (Qo,0 — Qo) T,
Inserting the numerical coefficients, we find that
éFN o 4 ftrap Uth,e 0 (Snt(sO)
— = = ~ | 1.66— + 1. 75—
e Prhe’c ™9 qRoy ox \ ne
o1

9 5’1(0)
Fiveky$x(00.0)? (%) Jurap (1.53 - 0.59 )

lkypth eSX (

2

and

< (0) (0)
dan p?hegﬁvth,e 0. 113 (ST _1. 19& &Le
neT, “e 2 qRy ox ox

2 £ (5T(O) 5,1(0)
Fivehy 8 (0 0)? (%) % (2.51 - 2127 |

Appendix E. A detailed analysis of the ion response for large 6

In this appendix, we give a more detailed analysis of the nonadiabatic ion response at
large ballooning #. This discussion will illustrate in more detail how the hyperbolic ion
gyrokinetic equation, equation (3) with s = i, reduces to the local algebraic equations
(64) and (96) in the electron-dominated tail of the ballooning mode.

We begin this analysis by noting that, for large 0, the leading-order ion gyrokinetic
equation has the form

8h
0)h; = S(6 E.1
7o+ PO)h = S(0), (1)
where we have emphasised the # dependence of the source
Ziep

S=i (w*,i — ) JOIFOZ (E2)

T
and the factor P > 1. We argue, in section 4.2.1, that in the collisionless limit
1 k2 ’2|V¢|292 2
" Jylb- Vo ( 402 (
whereas, in section 5.1.1, we argue that in the collisional limit
T
4912‘2)”“) - Vo

i.e., we can neglect the term due to the radial magnetic drift. In solving for the ion

V;_’i (2 - )\B)) - ikaq’QUM,i : VZZJ) y (E3)

”;i (2 AB)), (E4)

response, we have no need to distinguish between 6 and y — this distinction is only
a requirement for solving for the electron response. For simplicity, in the subsequent
algebra we drop the usage of x. In writing equation (E.1), we have neglected the
differential terms of the ion gyrokinetic collision operator, and the terms due to the
time derivative of h;, and the precessional magnetic drift. These terms can be neglected



FExtended electron tails in electrostatic microinstabilities 72

because 0 > 1, kypwm,; ~ 1 and w ~ vy, ;/a, and hence the leading terms are large, i.e.,
P > 1. Note that the real part of P is positive, i.e., R [P] > 0.

We consider the solution of equation (E.1) for # > 0. Integrating equation (E.1)
directly, we find that, for forward going particles (o = 1),

hi = /0 ’ S(6") exp [— /9 ep(e')de'] 0" + hi(0 = 0,0 = 1) exp [— /0 ep(e’)def} (E.5)

1

For backward-going particles (o = —1), we find that

by = /9 50" exp [— /e . P(G')d&’] 40", (E.6)

where we have used h;(f = co,0 = —1) = 0 as a boundary condition. Inspecting the
solutions (E.5) and (E.6), we note that there are two components: a “local” solution
involving S, and an exponentially decaying solution (proportional to hi(f = 0,0 = 1))
due to the outgoing particles from 6 = 0. The exponentially decaying part of the
solution gives rise to the logarithmic boundary layer referred to in section 5.2.2. In this
discussion, we can neglect the exponentially decaying part of the ion response, because
the electron tail at large 6 generates its own potential that drives the ions via the “local”
response.

We now consider the form of the local solution when P > 1 and R[P] > 0, and
the integrals can be treated using the standard Laplace method [55]. We treat the case
of o = 1 explicitly. First, we note that the dominant contributions to the integrals in
equation (E.5) come from where 6 ~ ¢”. In this region, we write

exp {— /9 0 P(@’)d@’} — exp [~ P(0)(0 — @) (1 +0 (%%(9 - 9’/))) | (E.7)

1

which is accurate provided that (0 — 6”)/0 < 1. We introduce a parameter J, so that
we can write

hy = Iy + Is (E.8)
with

Io = /g 6 S(8") exp [— /9 ep(ef)cw'} de", (E.9)

-5 1
and

Iy — /0 " 506" exp {— /@ GP(e’)de’] i (E.10)

"

We can use the appoximation (E.7) in [y provided §/6 < 1. Using (E.7), the leading
contribution to I is given by

0
Iy = / S(0) exp [—P(0)(0 — 0")]do". (E.11)
0—5
Evaluating the integral, we find that
Iy = & (1 —exp[—P(0)d]) . (E.12)

P(6)
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Taking 0 such that R[P]é > 1 (consistent with /0 < 1), we find that, to leading order,
5(0)

P(0)’
where we have used the smallness of exp [— P(6)d] to neglect I5. An analogous calculation
can be performed for 0 = —1, with the result that h; satisfies (E.13) for both signs of
the velocity. The result (E.13) is identical in form to equations (64) and (96). We have
demonstrated that, although the ion gyrokinetic equation is hyperbolic, the fact that
P > 1 means that parallel streaming is unable to effectively propagate information at

hi = (E.13)

large 0, and hence, the nonadiabatic response of ions is local in ballooning angle.
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