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Abstract

We present the benchmarking, validation, and results of an approximate, analytic model for the radial profile of the
stress, strain, and displacement within the toroidal field (TF) coil of a Tokamak at the inner midplane, where stress
management is of the most concern. The model is designed to have high execution speed yet capture the essential physics,
suitable for scoping studies, rapid evaluation of designs, and in the inner loop of an optimizer. It is implemented in the
PROCESS fusion reactor systems code. The model solves a many-layer axisymmetric extended plane strain problem. It
includes linear elastic deformation, Poisson effects, transverse-isotropic materials properties, radial Lorentz force profiles,
and axial tension applied to layer subsets. The model does not include out-of-plane forces from poloidal field coils. We
benchmark the model against 2D and 3D Finite Element Analyses (FEA) using Ansys and COMSOL. We find the Tresca
stress accuracy of the model to be within 10% of the FEA result, with the largest discrepancy resulting from the discrete
TF coil sectors. We show that this model allows PROCESS to optimize a fusion pilot plant, subject to the TF coil
winding pack and coil case yield constraints. This model sets an upper limit on the magnetic field strength at the coil
surface of 29 Tesla for steel TF coil cases, with the practical limit being significantly below this.

1. Introduction

Finite Element Analysis (FEA) tools such as Ansys[1]
and COMSOL[2] enjoy great success in industry, and are
commonly used to model the designs of future Tokamak-
based fusion power plants. However, these large structural
FEA models can take hours to execute and produce results.
Before a design rises to the level of resolution and fidelity
that warrant a finite element analysis, it may be analyzed
and adjusted many times. Approximate, fast models are
needed for this medium-fidelity phase in the design. This
paper describes the benchmarking, validation, and results
of an approximate model for the stress and strain distribu-
tion at the inner midplane of a TF coil, suitable for rapid
iteration of a medium-fidelity design or in the inner loop
of a numerical optimizer.[3, 4, 5]

Compared to the ITER experiment under construction,
Tokamak-based fusion power plants will require a combi-
nation of higher magnetic fields on the plasma axis (Bt)
and larger size, perhaps combined with lower aspect ratios
(the ratio of major radius to minor radius). Each of these
contributes to an increased structural load on the inner leg
of the toroidal field coil.

The high-field approach to Tokamak design holds that
a high magnetic field is the key to economic fusion power,
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because the fusion power Pf scales as Pf ∝ B4
t subject to

certain assumptions. This approach is most recently es-
poused by Commonwealth Fusion Systems (CFS) in their
proposed SPARC experiment and ARC reactor.[6, 7, 8]
Earlier versions can be seen in the IGNITOR and Com-
pact Ignition Tokamak (CIT) experiment designs.[9, 10]
This approach increases structural loads on the TF coil,
as magnetic pressure Pmag scales as Pmag ∝ B2

t . As pro-
posed, the magnetic field of ARC at the inner leg of the
TF coil conductor would be 23 - 25 Tesla, corresponding
to magnetic pressures of 210 - 250 MPa.[11]

Another approach to Tokamak design holds that high
fields are not necessary, provided that the size of the Toka-
mak is very large. This approach is espoused by the EU-
DEMO and K-DEMO programs.[12, 13, 14] This approach
likewise increases the structural loads on the TF coil, as
the vertical separating force (related to the TF coil ten-
sion) scales as F ∝ R2. This approach also increases the
reactor cost.

Another approach holds that decreasing the aspect ra-
tio is key to economic fusion power, sometimes in com-
bination with the previous two approaches. Advantages
of a low aspect ratio Tokamak (Spherical Tokamak) in-
clude a higher ratio of plasma pressure to magnetic pres-
sure (β), and a higher fraction of self-driven current (boot-
strap current), requiring less power for current drive. This
approach is most recently espoused by Tokamak Energy
Ltd.[15] This approach is supported by such experiments
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as NSTX-U and MAST.[16, 17] This approach likewise in-
creases the structural loads on the TF coil, as the inner
TF coil leg is space-constrained and thinner, containing
less room for structural material. By Ampere’s Law the
magnetic field is also stronger, Bt ∝ 1/r.

The benefit of a fast, approximate method of comput-
ing the stress and strain distribution is that it can be used
to rapidly iterate through many facility designs. Codes
that do this are referred to as systems codes. They couple
models from many different fields, from plasma physics to
engineering and economics. For example, the PROCESS
systems code can adjust the magnetic field strength to af-
fect the fusion power (plasma physics), to optimize the
levelized cost of electricity (economic), subject to materi-
als yield constraints (engineering).

There are many systems codes in the literature, such as
Culham Centre For Fusion Energy (CCFE) PROCESS,[18,
19] Tokamak Energy’s TESC,[20, 15] General Atomics’s
GASC,[21, 22] and ORNL’s Unnamed FESS Systems code.[23,
24] For a very tutorial approach, see papers from J. Freid-
berg’s group.[25, 26, 27] Numerically, PROCESS runs by
adjusting some number of “iteration variables” to opti-
mize a figure of merit and satisfy some number of con-
straints. PROCESS analyses typically use a few dozen
iteration variables and constraints.

One can also use even simpler models for the TF coil
stress than the one presented in this paper. These sim-
pler models execute even faster but obtain less accurate
results. The Freidberg systems studies evaluate only the
axial (tension) stress in the TF coil. GASC evaluates the
axial tension stress and the toroidal compression (wedge)
stress according to a simple lumped-element model. A
two-layer spreadsheet model by Titus et al. includes the ef-
fect of differences in Young’s modulus between the winding
pack and structure.[28] These models miss effects which
are captured by the present model and can be O(1), for
example Poisson effects, anisotropy of the winding pack
elastic properties, the radially-resolved volumetric Lorentz
force density, and structures which contain > 2 layers.

The structure of the remainder of this paper is as fol-
lows: Section 2 gives an overview of the present model,
describing its most important features. Section 3 evalu-
ates the model in some well-known limits. Section 4 dis-
cusses some of the general implications of the model on TF
coil design. Section 5 presents the results of some simple
benchmarks, evaluating the accuracy of the present model
and assessing the contributions to discrepancies. Section
6 presents the results of complex, 3D benchmarks, eval-
uating the accuracy of the model when applied to real
facility designs from the literature. Section 7 presents the
result of a PROCESS optimization in which a facility de-
sign was optimized for net electric power. PROCESS used
the model to enforce the Tresca yield constraint at the
TF coil case and winding pack. Section 8 discusses the
findings and concludes.

Figure 1: The assumed geometry of the approximate model: The
inboard midplane of the TF coil system is assumed to map to a
multilayer axisymmetric cylinder, long in ẑ, the axial direction.

2. Overview of the approximate model

In this paper, we present the benchmarking, valida-
tion, and results of an approximate model for the stress
and strain of the TF coil at the inboard midplane. This
model has recently been implemented in the PROCESS
fusion reactor systems code. In this paper, we only de-
scribe a broad overview of the model; for a detailed de-
scription and discussion see our companion paper[3] (in
preparation), the documentation in the PROCESS CCFE
GitLab server[4, 5, 29] (requires access) or the writeup in
the supplemental material.1

While the solution step of this model is 0D (a 3x3 ma-
trix inversion), the model produces 1D profiles of stress
and strain as a function of radius. In this sense the model
can be described as a 0D solve, but producing 1D profiles.

For a description of the previous TF coil stress model,
which this model replaces, see Reference [30].

The fundamental assumption of the model is that the
inboard midplane of the TF coil can be mapped onto a
multi-layer, axisymmetric cylinder which is long in the ax-
ial direction. See Figure 1. In the diction of Cheng et
al., this is an “extended plane strain problem,” and axial
strain is uniform.[31] This condition is relaxed when con-
sidering a “bucked and wedged” system, in which an inner
cylinder is frictionally decoupled from an outer TF coil,
and is therefore under different axial strain.

Within each uniform layer, the stress, strain, and dis-
placements are assumed to follow linear elastic deforma-
tion. The model is derived in a way that recalls the Lamé
thick cylinder pressure vessel solutions.[32, 33] The rela-
tionships between layers can be formulated in terms of
4×4 matrices, allowing the global boundary conditions to
be applied as a single 3×3 matrix inversion. This property
is responsible for the speed of the approach.

Several features are implemented in this model: Mate-
rials properties may not be isotropic; they are permitted
to also be transverse-isotropic, meaning that their Young’s
moduli and Poisson’s ratios in the axial and transverse di-
rections may be different, as with an aligned, filamentary

1The digital data for this paper can be found in: [EDIT: TO ADD
URL]
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structire. Poisson effects are fully resolved, including indi-
vidual transverse-isotropic Poisson’s ratios for each layer.
The model takes the total external axial tension Fz as an
input, presumed to be calculated by another means. The
model finds the axial strain εz which is consistent with this
prescribed Fz.

Several features are missing from this model. The out-
of-plane forces caused by the interaction with the TF and
Poloidal Field (PF) coils is not resolved. Real TF coil
systems are made of 10 - 20 individual TF coils, not a
continuous, axisymmetric coil. The individual TF coils
have non-axisymmetric components, including lateral side-
walls around the winding pack. For these reasons, a 10%
agreement with a full FEA analysis would be considered
satisfactory.

What follows is several notes on the specific implemen-
tation of this approximate model in PROCESS.

2.1. “Plugged” bore

If there is no central solenoid, and instead the TF coil
inner legs form a solid cylinder with no bore, the inner
boundary condition changes from σ(r1) = 0 to ur(r1) = 0.
As we will see in Section 3, this entails a reduced maximum
stress.

2.2. Layers which are not under tension

The model also considers the case that some inner sub-
set of layers are under a different (or zero) axial tension,
such as when the central solenoid and/or bucking cylinder
is decoupled from the TF coil via a frictionless interlayer.
This is the case when the TF coil system is “bucked and
wedged.”[34] The global boundary condition solution now
requires a 4x4 matrix inversion.

2.3. Smeared elastic properties

Several “layers” are not uniform, but in fact are made
up of many individual components. The winding pack of a
superconducting TF coil usually consists of conductor, sta-
bilizing copper, coolant channels, steel conduit structure,
and insulation. The elastic properties of these components
are combined in series and parallel according to what are
called “mixture rules,” “smearing rules,” or “composition
rules.” The specific rules used in PROCESS are an ex-
tension of the Voight rule and the Reuss rule, taking into
account the anisotropy of the Young’s modulus and the
Poisson’s ratio, and assuming that winding pack turns
are composed of nested squares of coolant channel, cop-
per/conductor mixture, conduit, and insulation.[35, 36, 37,
29]

Because the rules for composition of members in series
are different from those of members in parallel, this results
in a transverse-isotropic smeared material.

2.4. Material yield thresholds

PROCESS uses the Tresca criterion to model material
yield thresholds. In words, the Tresca criterion models
every failure as a shear failure. Materials are deemed to
have failed when the following quantity exceeds a certain
threshold:

σTresca = max(|σr − σθ|, |σr − σz|, |σθ − σz|) (1)

where σr, σθ, σz are the stresses in the radial, azimuthal,
and axial directions, and σTresca, the “Tresca stress,” in-
dicates material yield when it exceeds a specific value.

Note that the radial “centering” force of a TF coil
causes σr, σθ < 0 and the vertical separating force of a
TF coil causes σz > 0. Typical thresholds for σTresca are
in the range 600 - 670 MPa for structural steel.

3. Simple cases and limits

Some simple geometries and circumstances are simply,
analytically solvable using the present model. These cases
can serve as sanity checks and tools to aid intuition.

3.1. Uniform transverse stress in a uniform plugged cylin-
der under external pressure

This case considers a solid cylinder with uniform ma-
terials properties, with some finite axial force Fz and some
finite external pressure Pext. According to the Lamé thick
cylinder pressure vessel solutions, the solution to the trans-
verse stress distribution is σr = σθ = −Pext everywhere
within the cylinder. This is analogous to the hydrostatic-
like case, where a uniform external pressure produces a
uniform internal pressure. σz is in general different, and
dependent on Fz.

The model reproduces this behavior.

3.2. Thin current-carrying layer acts like an external pres-
sure

This case replaces the external pressure, above, with
a thin, current-carrying layer, carrying sufficient current
to cause the external magnetic pressure Pmag to be equal
to the assumed external pressure, Pmag = B2/2µ0 = Pext.
We would expect the external pressure case to be recovered
as the thickness of the current-carrying layer → 0, and
indeed it does according to Figure 2.

Incidentally, the distribution of σz is shown to concen-
trate in the current-carrying layer. This is due to the finite
Poisson’s ratio assumed ν = 0.3. Where σr,θ < 0, the ma-
terial is being transversely squeezed and expands in the
axial direction, relieving σz there. σz > 0 is caused by an
assumed axial tension, Fz.

3
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Figure 2: The radial stress profile σr,θ,z(r) resulting from the case of
a uniform cylinder with a thin current-carrying layer on the outside.
The current is sufficient to make B = 22.4 Tesla, Pmag = 200 MPa.
As expected, other than the thin current-carrying layer (1 cm), σr =
σθ = −Pext everywhere within the cylinder. σz is due to a finite Fz .
σz is concentrated in the outer layer due to the finite Poisson ratio,
ν = 0.3.

3.3. A finite bore causes a large σθ

This case considers a uniform cylindrical shell with fi-
nite bore (r1 > 0), under an external pressure Pext. The
thick cylinder Lamé pressure vessel solution predicts the
value of the azimuthal stress on the inner edge, σθ(r1). It
is:

σθ(r1) = −2Pext
1

1− r21/r22
(2)

and indeed the model reproduces this.

4. Broad implications of the model

This section discusses the broad implications of the
model, which may be used to guide intuition and produce
design heuristics.

4.1. Azimuthal stress σθ is usually limiting

Recall that Equation 2 holds when there is a uniform
cylindrical shell under external pressure, or equivalently
with a thin current-carrying layer on the outside.

Equation 2 is worth studying, because σθ(r1) is often
the largest compressive stress in the cross section, and
therefore, combined with the axial tension stress σz de-
termines whether the coil will fail. In the thin-shell limit,
r2 = r1 + δr, σθ(r1) → −Pext r1δr , much more stress than
Pext. In the thick-shell limit, r2 � r1, σθ(r1) → −2Pext,
less than the thin-shell case but still double the stress of
the plugged-bore case.

It is notable that the limiting behavior of r1 → 0 is not
the same as r1 = 0. As we saw in the plugged cylinder
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Figure 3: The radial stress profile σr,θ,z(r) resulting from the case
of a three-layer cylinder with the middle layer 10× stiffer than the
inner and outer layer. As expected the axial and azimuthal stress
σz,θ are concentrated in the stiffest layer.

case, σθ(0) = −Pext when r1 = 0, only half the stress of
the small-but-finite bore case. Even a small hole causes
stress concentration in a bulk material.

4.2. Stress is concentrated in the stiffest member

This case considers a 3-layer TF coil: An inner layer
with a low Young’s modulus, a middle layer with a high
Young’s modulus, and an outer layer with a low Young’s
modulus. The coil is under a finite external pressure Pext,
or equivalently contains a very thin current-carrying layer
at the outer edge.

We would expect the axial and azimuthal stress σz, σθ
to be concentrated in the middle, stiffest layer, and indeed
that is what the model produces. See Figure 3. The σr
case is more complex, as its boundary conditions must be
0 at the inner edge and −Pext at the outer edge.

This is a notable finding: A broad, stiff layer may al-
leviate stress from delicate components such as the super-
conducting winding pack. On the other hand, care must
be taken to prevent this stiffer layer from exceeding its
yield criterion.

4.3. Reducing Fz

Of the three differences in the Tresca criterion (Eq. 1),
usually the limiting one is |σθ − σz|. Since σθ < −Pmag
in all cases, one school of TF coil design holds that it is
essential to reduce σz, and therefore Fz, the axial ten-
sion. This is the portion of the vertical separating force
taken up by the inner leg of the TF coil. This has been
achieved by several methods in the literature and in prac-
tice, including combinations of compression rings at the
top and bottom of the inner leg, slip/sliding joints at the
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same location which do not transmit force, and even hy-
draulic pre-compression structures which compress the in-
ner leg.[34, 10]

4.4. Magnetic fields corresponding to steel yield criteria

A common threshold to determine structural steel fail-
ure based on Equation 1 is 660 MPa. This sets limits on
the strength of magnetic field at the outer surface of the
TF coil inner leg which can be achieved.

The most generous scenario is the case that Fz may
be reduced significantly by a combination of methods dis-
cussed in Section 4.3, and that there is no bore (no internal
central solenoid for plasma startup or heating). This cor-
responds to a solid steel bucking cylinder rather than a
coil case with a finite bore. This scenario may be eval-
uated using the condition discussed in Section 3.1, σθ =
−Pmag. The highest magnetic field achievable using a solid
steel inner cylinder is therefore that which corresponds to
Pmag = 660 MPa, B =

√
2µ0Pmag ≈ 40.7 Tesla. At a

higher magnetic field than this, the inner bucking cylinder
will yield.

However, as soon as a bore is added, the allowable Pmag
for a steel case halves to 330 MPa in accordance with Equa-
tion 2 in Section 3.3, and decreases further as the radius
of the bore increases to accommodate startup flux (Volt-
seconds). In this case, the magnetic field limit for a steel
coil case is B < 28.8 Tesla. The 23 - 25 Tesla design of
SPARC and ARC approaches this limit.

5. FEA validation of the model in simple geome-
tries

This section aims to verify that the model is correct
subject to its assumptions, and quantify the extent of the
discrepancy due to violating those assumptions. The re-
sults of the model are compared against 2D and 3D Ansys
FEA written by C. Rana. An example of an Ansys com-
putational domain is given in Figure 4.

5.1. Verification

The first verification tests the present model’s treat-
ment of the radial Lorentz body force density. The ge-
ometry is a uniform cylindrical shell with inner radius
r1 = 0.25 m, outer radius r2 = 0.5 m. The material has an
isotropic Young’s modulus E = 200 GPa and an isotropic
Poisson’s ratio ν = 0.3 (∼ generic structural steel). The
axial current density producing the Lorentz force density
is assumed to be uniform, jz = 95.1 MA/m2, sufficient
to produce B = 22.4 Tesla, Pmag = 200 MPa. The axial
strain is fixed to be εz = 0, though due to Poisson effects
this results in a finite axial compression Fz < 0. Cases
corresponding to axial tension, with εz > 0, Fz > 0, were
also run but are not shown here.

The equivalent geometry was set up in Ansys, and FEA
were run. The FEA was a static 3D structural analysis,

Figure 4: An example Ansys computational domain, of which an
FEA was run. FEA like this were used to verify the model. The color
scale shows the “stress intensity”, equal to the parameter σTresca
defined in Equation 1

with the body force density externally evaluated and im-
posed on each volume element. One quarter of the az-
imuthal extent was simulated, with fourfold radial sym-
metry and axially fixed boundary conditions. The shell
was 1 m long, and the upper and lower faces were fixed
corresponding to εz = 0. The radial force density was
computed according to Ampere’s Law and Lorentz’s Law,
f(r) ≈ 5.69 GN/m

3 × (r/1m)− 0.356 GN/m
3 ∗ (1m/r).

The results are shown in Figure 5. The model results
agree with the Ansys results to within 0.7%, presumably
due to the finite resolution of the Ansys FEA computa-
tional domain. We have therefore verified that the model
treats the Lorentz body force density correctly.

The second verification tests the model’s treatment of
anisotropy (transverse-isotropy) and multiple layers. The
geometry is two nested cylindrical shells. The inner layer
has radius r1 = 0.33 m, outer radius r2 = 0.67 m. The
outer layer has inner radius r2 = 0.67 m, outer radius r3 =
1.0m. The inner layer material has an isotropic Young’s
modulus E = 200 GPa and an isotropic Poisson’s ratio
ν = 0.3. The outer layer material is transverse-isotropic,
and is less stiff in the transverse direction only. It has ax-
ial isotropic Young’s modulus Ez = 200 GPa, transverse
Young’s modulus E⊥ = 100 GPa, axial-transverse Pois-
son’s ratio νz,⊥ = 0.3, and transverse-transverse Poisson’s
ratio ν⊥ = 0.5. The exterior is subjected to a pressure
Pext = 200 MPa. The axial strain is fixed to be εz = 0,
though due to Poisson effects this results in a finite axial
compression Fz < 0. εz > 0, Fz > 0 cases were also run,
but are not shown here.

The equivalent geometry was set up in Ansys, and FEA
were run. The FEA was a static 3D structural analysis,
with an externally imposed pressure. One quarter of the
azimuthal extent was simulated, with fourfold radial sym-
metry and axially fixed boundary conditions. The shell

5
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Figure 5: The radial stress profile σr,θ,z(r), according to the model
and the Ansys FEA. The simulated case was a uniform, isotropic
cylindrical shell with constant axial current density. The Ansys result
differs from the model result by at most 0.7%, presumably due to
the finite resolution of the FEA computational domain.

was 1 m long, and the upper and lower faces were fixed cor-
responding to εz = 0. An external pressure of Pext = 200
MPa was enforced.

The results are shown in Figure 6. The model results
agree with the Ansys results to within 0.3%, again pre-
sumably due to the finite resolution of the Ansys FEA
computational domain. We have therefore verified that
the model treats anisotropy and multi-layered structures
correctly.

5.2. Quantifying the effect non-axisymmetry

The analysis discussed in this section relaxes the as-
sumption that the TF coil is perfectly axisymmetric. The
geometry assumed by the model is exactly the same as
the two-layer transverse-isotropic validation seen in Figure
6. However, the Ansys FEA now considers a polygonal,
rather than cylindrical, TF coil inner leg. The geometry,
materials properties, and external pressure are otherwise
the same. Polygons with side numbers of 10 - 20 are con-
sidered, the typical number of Tokamak TF coils. The
geometry is depicted schematically in Figure 7.

We expect stress to concentrated at the inside corners
of the trapezoidal cross section, where one sector meets
the next. One of these meeting lines between sectors is
shown in red in each polygon shown in Figure 7. Therefore,
we plot the azimuthal stress distribution (σθ) along this
worst-case stress concentration line. The results are shown
in Figure 8. That figure shows that, as the polygon side
number increases, the azimuthal stress profile more closely
approximates that of a cylinder.

For 20 TF coils, the the maximum compressive az-
imuthal stress discrepancy is less than 1%. For 16 TF coils,
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Figure 6: The radial stress profile σr,θ,z(r), according to the model
and the Ansys FEA. The simulated case was two nested cylindrical
shells, the outer of which has a transverse-isotropic Young’s modulus
which is less stiff in the transverse direction. The Ansys result differs
from the model result by at most 0.3%, presumably due to the finite
resolution of the FEA computational domain.

10 12

16 20

Figure 7: The computational domain for the Ansys FEA in Section
5.2. They are polygonal shells with 10, 12, 16, and 20 sides. This
represents a straight-inner-side TF coil system with discrete TF coils.
The red line is a meeting between two sectors, where the stress con-
centration is expected to be the highest. Real TF coil systems are
made of discrete TF coil sectors, but the inner case surface is curved
to form a sector of a cylinder, rather than straight.
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Figure 8: The radial profile along the red lines in Figure 7 of the
azimuthal stress. The cylinder case of Figure 6 is shown, along with
Ansys FEA results from 10, 12, 16, and 20-sided polygonal shells.
As the side number increases, the stress profile more closely approx-
imates that of a cylinder.

the discrepancy is 1.2%. For 12 TF coils, the discrepancy
is 5.5%. For 10 TF coils, the discrepancy is 10.5%.

We note that a polgyonal shell is a worst-case scenario,
as real TF coil inner case surfaces are curved to form a
sector of a cylinder. This minimizes the stress concentra-
tion.

6. Validation of the model against full 3D FEA

In this section, the model is validated by comparing it
to 3D FEA that were performed using Ansys and COM-
SOL. The model reproduces the relevant stresses to within
10%. We do not precisely account for this 10% discrep-
ancy, but it is deemed sufficiently accurate for broad sys-
tem studies, suitable for batch runs of systems codes and
within an optimizer loop. Candidates for this 10% dis-
crepancy are non-axisymmetric features such as the lat-
eral side-wall casing, the inherently approximate nature of
property-smearing, and 3D features such as the joints and
curvature of the TF coils.

6.1. Ansys FEA of the SHPD facility design

For this comparison, one of us (Rana) carried out a
3D FEA analysis of the 2020 design of the Sustained High
Power Density (SHPD) facility design[38, 39, 40]. SHPD is
a prospective experiment, designed to research core-edge
integration. It is designed to use deuterium plasma, and
would not exhibit significant fusion neutron flux. It is a
small device, with 1.2 m major radius, aspect ratio 2.4,
magnetic field on-axis 5.5 T. The field at the coil surface
is 13 T.

A PROCESS model was generated to match the TF
coil design of the 2022 version of SHPD, unpublished. The

Figure 9: The CAD model of FESS FNSF which was analyzed us-
ing 3D FEA in Reference [42]. A PROCESS model of this design
was created, and the approximate PROCESS model agrees with the
maximum Tresca stress to within 10%.

fraction of the vertical separating force on the inner leg
(an input in PROCESS, not calculated) was determined
by matching the vertical stress at the inboard edge of the
midplane of the inner TF coil case. The output files used
can be found in the supplemental material.

The Ansys FEA determined that the point of maxi-
mum Tresca stress was the inner surface of the inner TF
coil case at the midplane. It was determined to be 705
MPa. The PROCESS model produces a value of 659 MPa,
which agrees with the FEA to within 6.5%.

6.2. COMSOL FEA of the FESS FNSF facility design

For this comparison, we examined the 2018 design of
the Fusion Energy Systems Studies Fusion Nuclear Sci-
ence Facility (FESS FNSF)[41, 42]. The FESS FNSF is
a prospective nuclear science facility, designed to research
the nuclear environment of a burning Deuterium-Tritium
plasma. It is similar to a pilot plant, but less emphasis is
placed on generating net electric power. Its design has 4.8
m major radius, aspect ratio 4.0, magnetic field on-axis
7.5 T, and proposes to produce 518 MW of fusion power.
The TF coil design uses Nb3Sn superconductor.

Reference [42] includes 3D FEA of the FESS FNSF TF
coil system. The CAD model that was used is shown in
Figure 9. These analyses include features that are not in
the SHPD design, allowing more aspects of the approx-
imate model to be validated. The FESS FNSF TF coil
system is “bucked and wedged,”[34] in which the inner
case of the TF coil is radially supported by the outer case
of the central solenoid. Furthermore, this paper includes a
detailed winding pack analysis which resolves the conduit
of the cable-in-conduit conductor (CICC) layout. Because
of this, we can validate the mixture rules described in Sec-
tion 2.3.
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The PROCESS model of FESS FNSF reproduces the
core plasma physics parameters to better than 5%. The
output file can be found in the supplemental material.

The first point of comparison is at the inner edge of
the inboard TF coil case. Reference [42] reports that FEA
produces 600 MPa Tresca stress at this point when bucked
and wedged. The approximate model reports 539 MPa
Tresca stress at this point, a 10% underestimate. This
10% discrepancy is in line with the assumptions that went
into formulating the approximate model. The fraction of
the vertical separating force on the inner leg (an input
in PROCESS, not calculated) was determined using the
moment balance method.

The next point of comparison is the maximum Tresca
stress of the CICC conduit surrounding the Nb3Sn in the
winding pack. Reference [42] reports this quantity as “∼
1.1 GPa.” The approximate model reports this quantity as
1084 MPa, within the uncertainty of the reported quantity.

Together, these comparisons validate the approximate
model and the “mixture” or “smearing” rules that pro-
duce bulk effective properties from inhomogeneous wind-
ing pack and vice versa. The output of the approximate
model may be trusted to 10% accuracy.

7. Using PROCESS to optimize a winding pack
and coil case

This section demonstrates the utility of the model by
using it to enforce the Tresca yield criterion as a constraint
on a many-dimensional optimization of a Tokamak-based
fusion pilot plant. Specifically we analyze the Fusion Pilot
Plant (FPP) design given in Section 5 of Menard et al.
(2016)[43]. That FPP design is a superconducting, fully
non-inductive Spherical Tokamak, designed to produce a
nominal amount (<100 MW) of net electric power. Details
of the radial build of the TF coil are taken from private
communication with J. Menard. Details of the HTS wind-
ing pack are taken from private communication with Y.
Zhai and T. Brown. The YBCO winding pack is com-
posed of cable-in-conduit conductor (CICC), where steel
conduit wraps each turn of the TF coil. Inside the conduit,
there are HTS YBCO tapes, copper, and a 2 mm diameter
helium gas cooling channel.

PROCESS has previously been used to optimize the
TF coil system of Tokamak-based power plants. These ef-
forts used a simpler TF coil stress model, which did not
include more than 2 layers, self-consistent axial stress and
strain, anisotropy, or the contribution to Young’s modulus
of the winding pack of the conductor itself (significant for
REBCO tapes, but not for NbTi or Nb3Sn). Reference
[44] optimizes a REBCO-based Tokamak. Reference [30]
optimizes an EU-DEMO-like Nb3Sn-based Tokamak. Ref-
erence [45] optimizes NbTi-based Tokamak, finding that
the yield stress of the steel conduit and case is not a sig-
nificant constraint given the low magnetic field strength
required by NbTi coils.

A PROCESS model was created for the Menard FPP
by following the procedure of Muldrew et al. (2020)[46],
which models the Fusion Nuclear Science Facility (FNSF)
discussed in Sections 2 - 4 of that same J. Menard refer-
ence. Selected properties of the PROCESS model of the
Menard FPP are given in the “Original” column of Table
1; most parameters match reference [43] to better than
5%.

As can be seen from “Original” column of Table 1, the
original Menard FPP TF coil design is is at ∼ 62% of
the critical current density, which may be increased while
still maintaining significant margin. We used PROCESS
to optimize this design for net electric power, subject to
many constraints, including the Greenwald density limit,
the Troyon beta limit, the LH power threshold, the TF
coil case and winding pack conduit Tresca yield criterion
(670 MPa), the TF coil conductor critical surface (70% of
jc for margin), and a limit on the ratio of separatrix power
to major radius, Psep/R (20 MW/m). The major radius
and aspect ratio were kept constant. The output files used
can be found in the supplemental material.

As can be seen from “Optimized” column of Table 1,
PROCESS is able to find a design point with higher net
power than the original Menard FPP design point (52.7
MW→ 194 MW), which satisfies all the constraints. Pri-
marily this is achieved by increasing the magnetic field,
which is enabled by increasing the current density in the
winding pack, eliminating the conduit from the winding
pack, and increasing the thickness of the inboard steel case.
The resultant TF coil case has less conductor, but is op-
erated closer to the critical current density of the HTS.

The stiffness and strength of the Hastelloy cladding of
the HTS tapes are seen to be great boons to the winding
pack structure. Because of this strong material, the steel
conduit of the CICC winding is unnecessary and is opti-
mized to zero. The current density in the winding pack
is increased (72.7 MA/m2 → 140 MA/m2) by operating
closer to the critical current (61.8%→ 70%) and eliminat-
ing the steel conduit (areal fraction 44.4%→ 0%).

Because the detailed cable layout is not resolved by
PROCESS, we are free to imagine that the elimination of
the conduit is accompanied by a change in cabling strategy.
Where the TF coil was initially assumed to follow a CICC
strategy similar to CFS’s VIPER cable[47], the conduit-
free design produced by PROCESS is closer to stacked
tape design similar to those of Tokamak Energy. Based
on Tokamak Energy remarks, 140 MA/m2 winding pack
current density at 20 K and 16 T on-coil appears to be
within the realm of possibility.[48]

Stacked tape TF coil designs face their own specific
challenges. They are un-insulated, meaning that it takes
a time on the order of their parallel inductive-resistive
time τL/R,|| for the current to be taken up by the super-
conductor rather than the resistive metal components of
the coil. For large fusion magnets, this can be days or
even months, necessitating complex charging and termi-
nal design.[49, 48] Furthermore, these coils place the HTS
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Original Optimized

Major radius 3.0 m 3.0 m
Aspect ratio 2.0 2.0
Toroidal field 4.02 T 4.61 T
Toroidal current 12.4 MA 13.7 MA
Elongation (100% flux) 2.49 2.49
Plasma β 7.26% 7.00%
Current drive power
(NBI, E = 500 keV)

50.0 MW 50.0 MW

Fusion power 514 MW 796 MW
Net electric power 52.7 MW 194 MW

Number of TF coils 12 12
TF coil inner case
thickness

20.0 cm 37.7 cm

TF coil winding pack
thickness

24.0 cm 12.0 cm

Total TF coil current 60.2 MA 69.1 MA
TF coil current per
turn

10.5 kA 10.5 kA

TF coil conduit thick-
ness around each turn
(CICC)

1.5 mm → 0

TF coil turn side length 12.0 mm 8.66 mm
TF coil copper fraction
per turn

16.5% 16.5%

Central solenoid outer
radius

23.3 cm 23.3 cm

TF coil max Tresca
stress, case

667 MPa 670 MPa

TF coil max Tresca
stress, winding pack

550 MPa 574 MPa

TF coil operating tem-
perature

20 K 20 K

TF coil winding pack
current density

72.7
MA/m2

140
MA/m2

TF coil winding pack
fraction of critical cur-
rent

61.8% 70.0%

Table 1: In the “Original” column, parameters are given which re-
sult from the PROCESS analysis which targets the Menard FPP
design point[43]. In the “Optimized” column, parameters are given
which result from the PROCESS analysis which starts from that de-
sign point, but optimizes for net electric power subject to several
constraints detailed in the text. Most notably, net electric power is
increased by increasing the toroidal magnetic field, which is enabled
by thickening the inboard TF coil case, operating the winding pack
closer to its critical current density, and eliminating the steel conduit
which is obviated by the Hastelloy cladding of the HTS tapes.

tapes themselves under significant transverse stress. The
design to which PROCESS optimized, for example, has
the HTS tapes under 283 MPa of compressive radial stress,
which is high but probably not sufficiently so to cause fail-
ure. These specific challenges of stacked tape coil designs
are not considered in PROCESS.

8. Discussion and conclusion

We have presented the benchmarking, validation, and
results of an approximate model for the stress and strain
distribution within the TF coil of a Tokamak, at the in-
ner midplane. The model is shown to be correct when its
assumptions of axisymmetry and generalized plane strain
are exactly satisfied. The model is shown to deviate by
approximately 10% when the true 3D geometry is used.
The model is suitable for applications requiring fast exe-
cution, such as large batch runs of analyses or within an
optimizer loop.

The model is implemented in the PROCESS fusion re-
actor systems code, which performs constrained optimiza-
tion on a Tokamak-based power plant design. Using it as a
constraint, a Spherical Tokamak pilot plant was optimized
for net electric power. The model kept the maximally
stressed point of the inner TF coil case below its Tresca
yield criterion, and showed that the YBCO’s Hastelloy
cladding was sufficiently stiff and strong to prevent wind-
ing pack yield without steel conduit.

Some basic dependencies of the Tresca stress on the
magnetic field and geometry can be approximately deter-
mined from this model. For example, the model places a
limit on the magnetic field strength at the surface of the
coil, requring it to be < 29 Tesla if a steel TF coil case is
used. In practice the limit is significantly below this.

Now that the accuracy of the model has been estab-
lished (∼ 10%), it may be used as a constraint by PRO-
CESS or other systems codes to optimize other Tokamak-
based pilot plants and power plants. In particular, it is
well suited to high-field Tokamaks, very large Tokamaks,
and Spherical Tokamaks, each of which is receiving atten-
tion in the literature.

Future planned updates to the PROCESS TF mag-
net model include an exploration of how to better include
the effect of the lateral side-wall of the coil case, and a
model for out-of-plane forces applied by the Poloidal Field
(PF) coil system. The 3D FEA of the BLUEMIRA open-
source multi-fidelity Tokamak systems code will extend
these models to a higher level of fidelity.[50, 51, 52, 53]

9. Discussion and conclusion

We would like to acknowledge the diligence with which
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A. Torre, S. Turtù, D. Uglietti, R. Vallcorba, K. P. Weiss,
R. Wesche, M. J. Wolf, K. Yagotintsev, L. Zani, R. Zanino,
Progress in the design of the superconducting magnets for
the EU DEMO, Fusion Engineering and Design 136 (2018)
1597–1604. doi:10.1016/j.fusengdes.2018.05.065.
URL https://www.sciencedirect.com/science/article/pii/S0920379618304988

[14] K. Kim, K. Im, H. C. Kim, S. Oh, J. S. Park, S. Kwon, Y. S.
Lee, J. H. Yeom, C. Lee, G.-S. Lee, G. Neilson, C. Kessel,
T. Brown, P. Titus, D. Mikkelsen, Y. Zhai, Design concept of
K-DEMO for near-term implementation, Nuclear Fusion 55 (5)
(2015) 053027, publisher: IOP Publishing. doi:10.1088/0029-
5515/55/5/053027.
URL https://doi.org/10.1088/0029-5515/55/5/053027

[15] A. E. Costley, Towards a compact spherical tokamak fusion pilot
plant, Philosophical Transactions of the Royal Society A: Math-
ematical, Physical and Engineering Sciences 377 (2141) (2019)
20170439, publisher: Royal Society. doi:10.1098/rsta.2017.0439.
URL https://royalsocietypublishing.org/doi/10.1098/rsta.2017.0439

[16] J. E. Menard, S. Gerhardt, M. Bell, J. Bialek, A. Brooks,
J. Canik, J. Chrzanowski, M. Denault, L. Dudek, D. A.
Gates, N. Gorelenkov, W. Guttenfelder, R. Hatcher, J. Hosea,
R. Kaita, S. Kaye, C. Kessel, E. Kolemen, H. Kugel, R. Maingi,
M. Mardenfeld, D. Mueller, B. Nelson, C. Neumeyer, M. Ono,
E. Perry, R. Ramakrishnan, R. Raman, Y. Ren, S. Sabbagh,
M. Smith, V. Soukhanovskii, T. Stevenson, R. Strykowsky,
D. Stutman, G. Taylor, P. Titus, K. Tresemer, K. Tritz, M. Vi-
ola, M. Williams, R. Woolley, H. Yuh, H. Zhang, Y. Zhai, A. Z.
and, Overview of the physics and engineering design of NSTX
upgrade, Nuclear Fusion 52 (8) (2012) 083015, publisher: IOP
Publishing. doi:10.1088/0029-5515/52/8/083015.
URL https://doi.org/10.1088/0029-5515/52/8/083015

[17] A. W. Morris, MAST: Results and Upgrade Activities,
IEEE Transactions on Plasma Science 40 (3) (2012) 682–
691, conference Name: IEEE Transactions on Plasma Science.
doi:10.1109/TPS.2011.2181540.

[18] M. Kovari, R. Kemp, H. Lux, P. Knight, J. Morris, D. J. Ward,
“PROCESS”: A systems code for fusion power plants—Part
1: Physics, Fusion Engineering and Design 89 (12) (2014)
3054–3069. doi:10.1016/j.fusengdes.2014.09.018.
URL https://www.sciencedirect.com/science/article/pii/S0920379614005961

[19] M. Kovari, F. Fox, C. Harrington, R. Kembleton, P. Knight,
H. Lux, J. Morris, “PROCESS”: A systems code for fusion
power plants – Part 2: Engineering, Fusion Engineering and
Design 104 (2016) 9–20. doi:10.1016/j.fusengdes.2016.01.007.
URL https://www.sciencedirect.com/science/article/pii/S0920379616300072

[20] A. E. Costley, J. Hugill, P. F. Buxton, On the power and size of
tokamak fusion pilot plants and reactors, Nuclear Fusion 55 (3)
(2015) 033001, publisher: IOP Publishing. doi:10.1088/0029-
5515/55/3/033001.
URL https://iopscience.iop.org/article/10.1088/0029-5515/55/3/033001/meta

[21] R. D. Stambaugh, V. S. Chan, A. M. Garofalo, M. Sawan,
D. A. Humphreys, L. L. Lao, J. A. Leuer, T. W. Petrie,
R. Prater, P. B. Snyder, J. P. Smith, C. P. C. Wong,
Fusion Nuclear Science Facility Candidates, Fusion Science
and Technology 59 (2) (2011) 279–307, publisher: Tay-

10



lor & Francis eprint: https://doi.org/10.13182/FST59-279.
doi:10.13182/FST59-279.
URL https://doi.org/10.13182/FST59-279

[22] R. J. Buttery, J. M. Park, J. T. McClenaghan, D. Weisberg,
J. Canik, J. Ferron, A. Garofalo, C. T. Holcomb, J. Leuer, P. B.
Snyder, The advanced tokamak path to a compact net electric
fusion pilot plant, Nucl. Fusion (2021) 19.

[23] C. E. Kessel, D. B. Batchelor, P. T. Bonoli, M. E. Rensink,
T. D. Rognlien, P. Snyder, G. M. Wallace, S. J. Wuk-
itch, Core plasma physics basis and its impacts on the
FNSF, Fusion Engineering and Design 135 (2018) 356–369.
doi:10.1016/j.fusengdes.2017.06.003.
URL https://www.sciencedirect.com/science/article/pii/S0920379617307032

[24] C. Kessel, M. Tillack, FESS Conference Call (Apr. 2021).
[25] J. P. Freidberg, F. J. Mangiarotti, J. Minervini, Designing

a tokamak fusion reactor—How does plasma physics fit in?,
Physics of Plasmas 22 (7) (2015) 070901, publisher: American
Institute of Physics. doi:10.1063/1.4923266.
URL https://aip.scitation.org/doi/10.1063/1.4923266

[26] D. J. Segal, A. J. Cerfon, J. P. Freidberg, Steady state versus
pulsed tokamak reactors, Nuclear FusionPublisher: IOP Pub-
lishing (Jan. 2021). doi:10.1088/1741-4326/abe0d2.
URL https://doi.org/10.1088/1741-4326/abe0d2

[27] djsegal, djsegal/FusionSystems.jl, original-date: 2020-06-
06T18:28:03Z (Nov. 2020).
URL https://github.com/djsegal/FusionSystems.jl

[28] P. H. Titus, C. Kessel, FNSF Structural Siz-
ing Studies, Fusion Science and Technology 77 (7-
8) (2021) 557–567, publisher: Taylor & Francis
eprint: https://doi.org/10.1080/15361055.2021.1898303.

doi:10.1080/15361055.2021.1898303.
URL https://doi.org/10.1080/15361055.2021.1898303

[29] C. Swanson, Formulae for approximating the elastic properties
of a composite member composed of members carrying a force
in parallel and series, Document uploaded to Gitlab issue
tracker, Culham Centre for Fusion Energy, not public (requires
UKAEA network access) (Jan. 2022).
URL https://git.ccfe.ac.uk/process/process/-/issues/1205

[30] J. Morris, R. Kemp, M. Kovari, J. Last, P. Knight, Implica-
tions of toroidal field coil stress limits on power plant design
using PROCESS, Fusion Engineering and Design 98-99 (2015)
1118–1121. doi:10.1016/j.fusengdes.2015.06.100.
URL https://www.sciencedirect.com/science/article/pii/S0920379615301290

[31] A.-D. Cheng, J. Rencis, Y. Abousleiman, Generalized Plane
Strain Elasticity Problems, WIT Transactions on Modelling
and Simulation 10 (1995) 167–174. doi:10.2495/BE950201.
URL https://www.witpress.com/elibrary/wit-transactions-on-modelling-and-simulation/10/9831

[32] J. F. Harvey, Theory and design of pressure vessels, new edition
Edition, Van Nostrand Reinhold, New York, 1985.

[33] I. Kharagpur, Design of Machine Elements I, Module 9, Lesson
2: Thick cylinders - Stresses due to internal and external pres-
sures (2009).
URL https://nptel.ac.in/courses/112/105/112105125/

[34] P. Titus, Structural Design of High Field Tokamaks, Tech.
Rep. PSFC/JA-03-9, Plasma Science and Fusion Center Mas-
sachusetts Institute of Technology, Cambridge MA 02139 USA,
accepted: 2015-02-10T20:13:14Z Publisher: MIT Plasma Sci-
ence and Fusion Center (Jun. 2003).
URL http://hdl.handle.net/1721.1/94040

[35] W. Voigt, Ueber die Beziehung zwischen den bei-
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