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Abstract. The Grad–Shafranov equation for axisymmetric MHD equilibria is a nonlinear,
scalar PDE which in principle can have zero, one or more non-trivial solutions. The conditions
for the existence of multiple solutions has been little explored in the literature so far. We
develop a simple analytic model to calculate multiple solutions in the large aspect ratio limit.
We compare the results to the recently developed deflated continuation method to find multiple
solutions in a realistic geometry and right-hand side of the Grad–Shafranov equation using the
finite element method. The analytic model is surprisingly accurate in calculating multiple
solutions of the Grad–Shafranov equation for given boundary conditions and the two methods
agree well in limiting cases. We examine the effect of plasma shaping and aspect ratio on the
multiple solutions and show that shaping generally does not alter the number of solutions. We
discuss implications for predictive modelling, equilibrium reconstruction, plasma stability and
disruptions.
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1. Introduction

The Grad–Shafranov equation (GSE) for axisymmetric MHD equilibria is a nonlinear, scalar
PDE which in principle can have no solution, one solution or multiple solutions. The topic
of solutions of the GSE has not been widely explored in the literature so far even though
calculating the correct equilibrium is vital to any stability or transport analysis that is carried
out. In particular, an improved understanding of the existence of multiple equilibria may give
insights into plasma stability and triggers for major disruptions, the avoidance of which is key
on the route to a fusion power plant. It may also have implications for predictive scenario
modelling or equilibrium reconstruction.

The topic has been discussed in Solano [1] at a conceptual level but no equilibria with
multiple solutions were shown in that paper. Indeed, that paper called for developments to
allow the calculation and understanding of multiple solutions of the GSE. This paper answers
that call. Solano [1] also raises the important question of what happens when a solution
branch disappears as transport in the plasma changes the profiles. We must assume that the
initial plasma equilibrium is lost on an Alfvénic timescale and the plasma will evolve to a new
state. It may transition to a different nontrivial equilibrium (albeit at a much lower plasma
pressure i.e. a major disruption), a periodic orbit, or a chaotic trajectory. A mathematically
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focussed treatment of the problem has also been given in Jeyakumar [2] but again without the
calculation of examples.

An analytic demonstration of multiple solutions of the Grad–Shafranov equation was
given in Schnack [3], in the case of a free boundary equilibrium surrounded by a perfectly
conducting wall. This problem was shown to have either two solutions, one deeply confined
and the other shallow, or no solution. However, the equilibrium is assumed to be a thin,
vertically extended plasma. This does not produce an equilibrium that it is easy to match with
a numerical model. Our analysis overcomes this limitation, and provides solutions that match
well with numerical simulations.

Our analytic model is still an idealisation and does not provide solutions to the complete
GSE. We must understand the solutions in realistic geometry to be sure of the relevance to
tokamak experiments. We therefore deploy a recently developed algorithm called deflated
continuation [4, 5] to find multiple solutions in a full geometry, discretising the GSE with the
finite element method using Firedrake [6].

This paper is organised as follows. We describe the GSE and give the weak form
in Section 2. We develop a new analytic model—assuming a large aspect ratio torus—
which produces an example of no (non-trivial) solution, moving to two solutions as a control
parameter is varied. In Section 3, we describe deflated continuation, a method for finding
multiple solutions of PDEs. We apply this technique to the test case that we developed
and solved analytically in Section 2 and find good agreement. In section 4, we use deflated
continuation to understand the effect of aspect ratio and plasma shaping on multiple solutions
of the GSE. In Section 5 we discuss possible implications for this work and finally we give
conclusions.

2. Grad–Shafranov equation

The GSE is very well known in magnetic confinement fusion. It is used ubiquitously, but
there appears to be little theory on the existence or uniqueness of solutions for it. It is therefore
important to understand the potential consequences of the multiple solutions (or non-existence
of non-trivial solutions) that may occur.

In a non-rotating plasma the GSE is derived from force balance, namely J×B = ∇p,
where J is the plasma current density, B is the magnetic field and p is the isotropic plasma
pressure (see, for example Goedbloed [7] or Freidberg [8] for more details on the derivation).
Using cylindrical coordinates, see Figure 1, the GSE becomes

∇
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∂ψ

∂R
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∂
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∂ψ

∂R

)
+

∂ 2ψ
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=−F(ψ)F ′(ψ)−R2 p′(ψ) (1)

where ψ(R,Z) is the poloidal magnetic flux to be solved for, R is the coordinate in the major
radius direction, Z is the vertical coordinate, and F = RBφ is the poloidal current stream
function, where Bφ is the component of the magnetic field in the toroidal direction.
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Figure 1. Cartoon of the coordinate system used for the Grad–Shafranov equation.

The weak form of the GSE is to find ψ ∈ H1(Ω) such that∫ 1
R

∇ψ ·∇ξ dΩ =
∫ [

µ0Rp′+
FF ′

R

]
ξ dΩ for all ξ ∈ H1(Ω), (2)

where Ω is a bounded Lipschitz domain, ξ is the test function, p′ = d p(ψ)
dψ

and F ′ = dF(ψ)
dψ

.
The functions p(ψ) and F(ψ) are specified in this problem. These profiles could

in principle be the output of a transport model. The pressure, p, is generally always a
monotonically decreasing function. This means that p′ will be negative across the whole
plasma. There may be regions of large gradient and possibly very small gradient. The function
FF ′ can be both positive and negative and so the right-hand side may change sign in the
domain.

2.1. An analytic model with multiple solutions

We assume a large aspect ratio toroidal plasma. Specifically, we assume that the radius of the
magnetic axis, R0, is much larger than the minor radius, a, so that R0 ≫ a. In this case we
see that the 2

R
∂ψ

∂R term can be ordered small compared to the other terms in (1). This results in
the Grad–Shafranov operator reducing to a Laplacian on the left hand side. If we now move
to a cylindrical coordinate system with the axis along the axis of the plasma, (R0,Z0), and
we assume poloidal symmetry then we can reduce the problem to one dimension. We also
assume that at sufficiently large aspect ratio the flux surfaces are concentric, nested tori which
coincide with the surfaces of constant radius, and that the right-hand side is a pure function of
ψ . This is reasonable since at large aspect ratio the variation in R over the minor radius will
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Figure 2. Plot of the tanh function with C =−5, ψp =−1 and w = 0.05.

be small. The theory of cylindrical equilibrium is well known. This is equivalent to using the
βp ≈ 1, ε ≪ 1 expansion of the GSE given in [8]. This simple model will allow us to explore
multiple solutions of the GSE and provide test cases for comparison to numerical simulations.

In cylindrical coordinates, assuming no poloidal variation, (1) becomes

∂ 2ψ

∂ r2 +
1
r

∂ψ

∂ r
= G(ψ) (3)

where r is the minor radius variable and G(ψ) is a function of ψ which mimics the behaviour
of the right-hand side. This function is often monotonically decreasing in physical cases but
this does not necessarily hold.

Clearly if G is a constant then the differential equation is linear, and a unique solution
will exist. If G(ψ) = λψ , then a unique solution exists whenever λ is not an eigenvalue.
However, if G is nonlinear then the differential equation becomes nonlinear and thus permits
more interesting behaviour of solutions. As an example, we take a tanh function

G(ψ) =
C
2

[
1− tanh

(
ψ −ψp

w

)]
(4)

where we take C and w as parameters that can be varied. This function allows us to use
a continuous function to investigate the situation where we have a linear pressure profile
which transitions to a flat pressure profile at a given value. In the limit that w → 0 we have a
discontinuity which is the function that was used by Schnack [3]. Figure 2 shows this function
for C = −5, ψp = −1 and w = 0.05. Other nonlinear functions may also produce multiple
solutions.

We use a shooting method to find the solutions of equation (3), fixing ψp = −1 and
w = 0.05, enforcing the boundary condition that ψ(2) = 0. As we vary C, we find that for
C < 2.7 there is only one solution, the trivial solution. However, for C > 2.7 we find that there
are two additional solutions. The bifurcation diagram is shown in figure 3.
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Figure 3. Bifurcation diagram for our toy model varying the parameter C with w = 0.05 and
ψp =−1. The trivial solution always exists but at C ≈ 2.7 two new solutions appear at a fold
bifurcation and persist as C increases.
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Figure 4. Bifurcation diagram for our toy model varying the parameter w with C = 2.9 and
ψp = −1.0. The most negative solution is always there but at w ≈ 0.88 two new solutions
appear at a fold bifurcation and persist as w decreases.

We can also produce a bifurcation diagram by varying w and keeping C = 2.9 fixed.
Figure 4 shows that there are three solutions when w < 0.88 and only one when w > 0.88.

We can also cast the problem of finding multiple solutions in a different way. We can ask
that we have a fixed value of central poloidal flux and investigate the equilibria at different
values of another control parameter. We have varied the value of w with C = 2.9 and fixed
values of ψ0 to confirm that we can find two solutions, one with high w and one with low w.
This is a situation more akin to equilibrium reconstruction, especially with magnetics only,
where measurements of the internal plasma profiles are not used.
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3. Deflated continuation

Our analytic model is useful for insight, but the Grad–Shafranov equation cannot generally
be reduced to a one dimensional equation for solution in this way. It is fundamentally a two
dimensional problem. In this section, we will apply an algorithm of bifurcation analysis,
deflated continuation [4, 5], to find multiple solutions of the GSE in full geometry. The
algorithm is applied to a finite element discretisation implemented in Firedrake [6, 9]. We
will compare the results from deflated continuation with our analytic model in appropriate
limiting cases.

The aim of the deflated continuation algorithm is to compute the solutions of an equation

f (u,λ ) = 0, (5)

where u is the solution of a PDE and λ ∈ R is a parameter on which the PDE depends. For
each parameter value, each known solution branch is continued to that parameter, and then the
nonlinear problem is modified so that those solutions are excluded (the solutions are deflated,
just as known roots of polynomials can be deflated by dividing by the appropriate factor). The
algorithm then seeks solutions of the modified nonlinear problem; if any are found, they are
new solutions of the original problem. Importantly, this approach can compute disconnected
bifurcation diagrams, like those already presented in figures 3 and 4.

We now apply deflated continuation to our model equation (3). We take the weak form
of (3) and approximate its solutions with a piecewise linear finite element method on a disk
(radius, a = 2 and origin (0,0) in two dimensions). We then use deflated continuation (as
implemented in the Defcon library‡) to explore the solutions of the problem. We have solved
the cylindrical variant of the problem, i.e. without toroidal effects, in these cases so R0 has no
effect.

Figures 5, 6 and 7 show three solutions that have been calculated for C = 2.9 with
this procedure. The central value of the flux agrees between the two methods to 0.9% or
better. This excellent agreement gives confidence to move forward to applying the same
computational methods to the full Grad–Shafranov equation. It should also be noted that the
finite element solutions and the shooting method are both well converged. These are real
multiple solutions of the reduced GSE arrived at by completely different numerical methods
and not numerical artifacts.

An issue to note is that deflated continuation is not guaranteed to find all the solutions
of the equation. We observed failure of the algorithm if there is a discontinuity or too sharp
a gradient in the function G. For the case in [3] with a discontinuity, our code only finds
one non-trivial solution unless a very specific initial guess is given. In the example above if
w < 0.1 then again our code does not find the roots. However, for w ≥ 0.1 there is excellent
agreement between deflated continuation and the results from the shooting method. We bear
this caveat in mind as we proceed to a more realistic case. It should be noted that the shooting
method is very robust.

‡ https://bitbucket.org/pefarrell/defcon
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(a) Two dimensional plot of the first solution
with C = 2.9 and w = 0.7.

(b) One dimensional slice along arrow of the
first solution with C = 2.9 and w = 0.7.

Figure 5. First of the non-trivial solutions of (3) with C = 2.9 and w = 0.7.

(a) Two dimensional plot of the second
solution with C = 2.9 and w = 0.7.

(b) One dimensional slice along arrow of the
second solution with C = 2.9 and w = 0.7.

Figure 6. Second of the non-trivial solutions of (3) with C = 2.9 and w = 0.7.
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(a) Two dimensional plot of the third
solution with C = 2.9 and w = 0.7.

(b) One dimensional slice along arrow of the
third solution with C = 2.9 and w = 0.7.

Figure 7. Third of the non-trivial solutions of (3) with C = 2.9 and w = 0.7.

4. Multiple solutions of Grad–Shafranov

In Section 3 we showed excellent agreement between our analytic model and finite element
simulations for a plasma with circular cross-section. We now apply the same computational
techniques to solve the problem with a more complete geometry to understand the effects of
aspect ratio and plasma shaping on the multiple equilibria. In this section we will assume that
the profile of F is a constant so that FF ′ = 0 and that the pressure has the profile we used
previously,

p′(ψ) =
C
2

[
1− tanh

(
ψ −ψp

w

)]
. (6)

This represents a plasma that has a constant gradient of pressure with flux up to the value ψp

and then transitions to zero after that. The weak formulation of the problem that we now solve
then becomes: find ψ ∈ H1(Ω) such that∫ 1

R
∇ψ ·∇ξ dΩ =

∫ [
Cµ0R

2

[
1− tanh

(
ψ −ψp

w

)]]
ξ dΩ for all ξ ∈ H1(Ω), (7)

since FF ′ = 0 if F is taken as a constant. The boundary condition is that ψ = 0.
The difference between equation (7) and (the weak form of) (3) is the 1/R term that

appears in the left hand side of (7) and also the factor of R that appears on the right hand side
of (7). These extra geometric terms break the poloidal symmetry of the plasma which exists
in the cylindrical case but not in the toroidal case.

We first study the effect of aspect ratio. We take a circular cross section plasma of minor
radius, a = 1, and change the major radius R0 with a fixed value of w = 0.18 and R2

0C = 6.
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Figure 8. Solutions of (7) with circular cross-section as the aspect ratio of the torus is varied.
The central value of poloidal magnetic flux (ψ0) for the three solutions is shown.

The results are plotted in figure 8. We see that the aspect ratio makes little difference to the
number of solutions in this case and also to their values. It has the strongest effect at small
aspect ratio when the variation of R across the plasma cross section is relatively largest. The
results of the two approaches converge at large aspect ratio.

We next study the effect of plasma shaping at low aspect ratio. We parametrise the plasma
shape with the standard elongation, κ , and triangularity, δ as defined by

R = R0 +acos(θ +δ sin(θ)), (8)

Z = aκ sin(θ), (9)

where θ is the poloidal angle. We used Gmsh [10] to generate appropriate triangular meshes
of these geometries. We show an example of the mesh and solution for a plasma with
triangularity δ = 0.3 and elongation κ = 2 in figure 9.

We fix R0 = 3 for this computation and vary elongation, figure 10 and triangularity,
figure 11. We see that plasma triangularity does not have a strong influence on the number
of solutions. However, for small enough elongation the two solution branches coalesce and
disappear. This is not in a regime where tokamaks are normally operated as high elongation
has other benefits. The strong effect of increasing elongation on the lower solution is partly
due to the plasma cross sectional area changing significantly with elongation.

5. Discussion and Conclusions

We have presented methods to calculate multiple tokamak equilibria solutions of the GSE and
demonstrate their use in relatively simple cases. We have shown that as system parameters
are varied we can lose equilibrium solutions. One immediate question is what will happen to
the plasma in this case. If the plasma is no longer in an equilibrium state then it will evolve on
an Alfvénic timescale until it reaches a new equilibrium, or transitions to a periodic orbit, or
















