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Abstract 

High-entropy alloys (HEAs) are being explored as potential candidates for radiation-tolerant materials, 

with some compositions exhibiting good resistance to defect cluster formation. One such system is 

WTaCrV, although only a single composition has been experimentally tested under ion irradiation, 

where it showed phase decomposition at low temperature. In this work, we systematically investigate 

the thermodynamic properties of the entire quaternary composition space. Using a combination of first-

principles calculations, cluster expansion, and Monte Carlo simulations, we access temperature-

dependent free energy functionals, short-range ordering parameters, and atomic configurations that can 

be compared with experimental observations. These data are then used to construct the phase stability 

map and thermodynamic databases (TDBs) that illustrate BCC phase stability across the composition 

space. Our results identify compositional regions that are less likely to undergo phase separation at low 

temperatures. These insights provide predictive guidance for selecting compositions that are more likely 

to remain single-phase solid solutions, which we have validated with experimental results. 

1. Introduction 

Tungsten (W) is one of the most favorable materials for plasma-facing components and divertors in 

fusion devices due to its high melting temperature and low tritium retention [1,2,3]. Unfortunately, W 

has also a low fracture toughness, which complicates its manufacturing. Furthermore, after irradiation 

and implantation with helium (He) and deuterium, dislocation loops, He bubbles, craters, and holes 

have been frequently observed [4,5,6,7]. To overcome these drawbacks, high entropy alloys (HEA) 



have drawn particular attention because of their significant potential to reduce irradiation effects 

[8,9,10,11], which enables the combination of the advantages of various metal elements while 

mitigating their respective shortcomings. 

There have been many attempts to develop different HEAs and each facing challenges. In TaTiWVCr 

HEA, recrystallization occurred after exposure to 5 × 1016 ions/cm² in the HEA film at 1073 K. The 

HEA film also exhibited He bubbles and dislocation loops under He+ irradiation at a flux of 

5.56 × 1013 cm−2 s−1 and fluences ranging from 1 × 1016 cm−2 to 2 × 1017 cm−2 [12]. A high density of 

dislocation loops was also observed in CoCrMnFeNi and Al0.3CoCrFeNi HEAs [13]. The increase in 

irradiation hardness for these two compositions significantly surpasses that of alloy SS316H irradiation 

damage up to 1.3 dpa under 1 MeV Kr ion with a flux of 6.3 × 1015 ions/(m2·s) at both 300 K and 500 

K [13, 14], and irradiation-induced segregation is observed in CoCrFeMnNi when irradiated at 673 K 

[15]. Furthermore, irradiation-induced voids and dislocation loops cause significant swelling in 

Fe38Mn40Ni11Al4Cr7, AlxCoCrFeNi and HfNbTaTiZr HEAs [16, 17, 18]. Contrarily, CoCrFeMnNi  

HEA has a good resistance to swelling, although Co can absorb neutrons and transmute into 60Co, 

limiting its application as plasma facing component [19, 20]. Cr can modify the diffusivity of vacancies 

to accelerate the formation of voids and dislocation loops, especially in FCC alloys, such as, FeNiCr 

[21] and CrFeNiMn [22]. Due to its high neutron capture cross-section [23], Ni typically acts as a 

transmutation center [24, 25] and poses radioactivity issues in fusion environments. When adding Nb 

to W, and manufacturing using a laser powder-bed-fusion method, cracks are often observed from W-

5Nb binary alloys to MoNbTaW HEAs [26, 27, 28], with Nb also bearing radioactive concerns. BCC 

crystalline structures generally have higher stacking fault energy and lower atomic packing fraction, 

leading to greater irradiation tolerance compared to FCC structures. However, phase instability remains 

a significant challenge, as defects tend to accumulate at the interface between precipitate phases and the 

matrix, which might increase irradiation hardening and embrittlement [29]. Furthermore, HEAs have 

many potential applications due to their excellent corrosion resistance, biocompatibility, and wear 

resistance [30, 31, 32].  

In 2019, a study on W38Ta36Cr15V11 HEA with a body-center cubic (BCC) lattice structure indicated that 

after exposure to ion irradiation, no loops were observed even at a high dose (8 dpa) [33]. Compared to 

other potential materials (such as WTiC, nanocrystalline W, etc.), this HEA has a higher resistance to 

He bubble formation [34]. However, the main drawback of this composition is that the order-disorder 

transition temperature (ODTT) is high (~1,400 K), which indicates the system phase decomposes below 

1,400 K. Below this temperature, WTa and VCr rich phases appear, first as solid solutions and then 

further transform to intermetallics as the temperature decreases further. This phase decomposition may 

modify the material properties in operandum, which might result in uncontrolled responses. Hence, it 

is necessary to understand the thermodynamic driving forces leading to such microstructural changes 

and how they vary as a function of composition. Identifying compositions with lower ODTTs and 

comparable irradiation resistance can allow for the optimization of the material.  



In this work, we explore the whole composition range of BCC WTaCrV HEAs [33], study the 

thermodynamic properties of each composition, calculate the Warren-Cowley short-ranged order (SRO) 

parameters [35, 36] and the ODTT. The modeling results inform experimental approaches on optimal 

compositions. We observe that experimental results follow the trend obtained from the modeling 

methodology. Moreover, we created a thermodynamic database at different temperatures, and couple 

with a Calculation of Phase Diagrams (CALPHAD) approach as implemented in OpenCALPHAD [37, 

38] to draw a quaternary phase diagram. 

 

2. Methodology 

The cluster expansion (CE) formalism is a tool for studying HEAs due to its exceptional ability to reveal 

the effects of different alloy compositions on the overall thermodynamic properties [39, 40, 41]. Fitting 

the CE models requires the mixing energy of different atomic configurations, which can be accurately 

determined using density functional theory (DFT). The Metropolis Monte Carlo (MC) method [42， 

43] is used to obtain equilibrium states for different temperatures. We have used the Alloy Theoretic 

Automated Toolkit (ATAT) code [44, 45] to fit the CE and to perform the MC simulations. The enthalpy 

of mixing of a K-component alloy is defined as: 

∆𝐻𝑚𝑖𝑥
𝐷𝐹𝑇 = 𝐸𝑡𝑜𝑡 −∑𝐶𝑝𝐸𝑝

𝐾

𝑝=1

, (3) 

where 𝐸𝑡𝑜𝑡  is the total energy per atom of the alloy, 𝐶𝑝  is the average concentration of the p 

component, and 𝐸𝑝 is the cohesive energy of the pure element in the BCC crystal structure. The cluster 

expansion predicts ∆𝐻𝑚𝑖𝑥 as [39, 46, 47, 48, 49, 50]: 

∆𝐻𝑚𝑖𝑥
𝐶𝐸 (𝑖) =  ∑𝑚𝜔𝐽𝜔 < 𝛤𝜔(𝑖) >𝜔

𝜔

, (4) 

where 𝑖 is the configurational occupation vector, 𝜔 is the cluster number, m is the multiplicity factor 

that indicates the number of clusters that are equivalent by symmetry (divided by the number of lattice 

sites), J is the concentration-independent effective cluster interactions (ECI), that we fit to DFT results 

applying the structure inversion method, and < 𝛤𝜔(𝑖) >𝜔 are the average correlation functions that 

can be calculated as [51]: 

𝛤𝜔
(𝑠)(𝑖) =  𝛾𝑗1,𝐾(𝑖1)𝛾𝑗2,𝐾(𝑖2)𝛾𝑗3,𝐾(𝑖3) ∙∙∙ 𝛾𝑗𝜔,𝐾(𝑖𝜔) (5) 

where 𝛾𝑗,𝐾(𝑖) are point functions denoting the occupancy of each cluster, (s) = {j1, j2, …, j} is the 

decoration of the cluster by point functions. The point functions need to be orthogonal, and for a K-

component system [44] we can use: 



𝛾𝑗,𝐾(𝑖) =

{
 
 

 
 

1                              𝑖𝑓 𝑗 = 0,

− cos [2𝜋 (
𝑗

2
)
𝑖

𝐾
]                   𝑖𝑓 𝑗 > 0 𝑎𝑛𝑑 𝑜𝑑𝑑,

− sin [2𝜋 (
𝑗

2
)
𝑖

𝐾
]                   𝑖𝑓 𝑗 > 0 𝑎𝑛𝑑 𝑒𝑣𝑒𝑛,

 

(6) 

To validate the fitting, the cross-validation (CV) score is used to indicate the accuracy [44, 45]: 

CV = √
1

𝑁
∑(∆𝐻𝑚𝑖𝑥

𝐷𝐹𝑇(𝑖) − ∆𝐻𝑚𝑖𝑥
𝐶𝐸 (𝑖))

2
𝑁

𝑖=1

  , (7) 

which is calculated from the mean squared error between the DFT energies and the CE predicted 

energies and N is the total number of structures used to fit the ECIs. The CE model was developed and 

calibrated by Alvarado et al. [52] for the CrHfTaVW quinary HEA. Here, we calculated various 

thermodynamic properties for quaternary CrTaVW compositions with 10 at% step increments in 

concentration, including the equiatomic composition. We also computed thermodynamic functions for 

binary and ternary compositions, with step increments of 20 at%. The MC method is performed to 

determine the equilibrium state at different temperatures in the range of 0 to 2000 K with increments of 

10 K. Most compositions reach fully a random state at 2000 K and hence the ODTT of all systems are 

below 2000 K. The simulation cell was 16x16x16 cubic unit cells in each dimension, containing 8192 

atoms. The thermodynamic integration (TDI) scheme as developed in Refs. [38, 42, 53] is used to 

calculate the configurational entropy of mixing: 

𝑆𝑚𝑖𝑥(𝑇) = ∫
𝐶𝑉(𝑇

′)

𝑇′
𝑑𝑇′

𝑇

0

(8) 

where the specific heat 𝐶𝑉(𝑇) is obtained from the fluctuations in the energy [42]: 

𝐶𝑉(𝑇) =
〈𝐻𝑚𝑖𝑥(𝑇)

2〉 − 〈𝐻𝑚𝑖𝑥(𝑇)〉
2

𝑇2
. (9) 

Then, the free energy of mixing can be calculated as [42]: 

𝐺𝑚𝑖𝑥 = 𝐻𝑚𝑖𝑥 − 𝑇𝑆𝑚𝑖𝑥, (10) 

 

3. Results 

3.1 Validation 

The CE used in this work was thoroughly validated in Ref [52], mainly against enthalpies of mixing at 

0 K obtained from DFT as part of the testing but also against experiments, showing remarkable 

agreement. This cluster expansion model includes 60 binary, 80 ternary, and 55 quaternary clusters, and 

achieves a cross-validation (CV) score of 0.0133, which is better than other cluster selections. For 



instance, a model with 50 binary, 80 ternary, and 55 quaternary clusters has a CV score of 0.0145, while 

another with 60 binary, 120 ternary, and 55 quaternary clusters results in a CV score of 0.0150. To 

further validate our approach, we compare thermodynamic properties with previous models available 

in the literature. The thermodynamic properties versus temperature of the equiatomic CrTaVW alloy is 

shown in Figure 1, with Figs.1(a) and 1(b) presenting the results from the current model and the same 

composition from Ref [53], which were obtained following a similar CE approach for the quinary 

CrTaTiVW system. To improve visual comparison, we rename the 𝑆𝑚𝑖𝑥  as 𝑆𝑐𝑜𝑛𝑓  and the ideal 

configurational entropy of mixing 𝑆𝑖𝑑𝑒𝑎𝑙 as 𝑆𝑟𝑎𝑛𝑑 specifically in this figure. The shape and value of 

the enthalpy of mixing curve shows a good agreement between these two CE models. The only 

difference is that at 3000 K, the system in our calculation reaches a fully random state, with the 

configurational entropy of mixing closely approaching the ideal configurational entropy of mixing. This 

is due to the improved accuracy of the CE model [52] we use in this work, which includes additional 4-

body cluster interaction, with respect to the model in Ref [53]. The peaks shown near 200 K highlighted 

in the black dashed box are due to the transition of the TaW pair from a solid solution phase to an 

ordered compound. 

 

  

Figure 1. (a) The thermodynamic properties of the equiatomic CrTaVW high entropy alloy obtained 

with the current model. (b) The thermodynamic properties of the same composition in Sobieraj's el al. 

study [53]. 

3.2 Thermodynamic Properties 

To investigate the phase stability across various compositions of the WTaCrV system, their 

thermodynamic properties were calculated, encompassing the enthalpy of mixing ( 𝐻𝑚𝑖𝑥) , 

configurational entropy of mixing (𝑆𝑚𝑖𝑥 ), and free energy of mixing (𝐺𝑚𝑖𝑥) , employing CE-based 

Monte Carlo simulations. This approach enables a detailed understanding of the energetics and 

configurational behaviors of HEAs, providing insights into their structural stability. 

In Fig. 2, we plot the 𝐻𝑚𝑖𝑥, −𝑇𝑆𝑚𝑖𝑥, and 𝐺𝑚𝑖𝑥 per atom at 1000 K (Fig. 2(a)) and 2000 K (Fig. 2(b)). 

𝐻𝑚𝑖𝑥 is obtained from the MC simulations, 𝑆𝑚𝑖𝑥 is calculated relying on TDI, and 𝐺𝑚𝑖𝑥 is the sum 



of 𝐻𝑚𝑖𝑥 and −𝑇𝑆𝑚𝑖𝑥. To illustrate the dependence of the thermodynamic potentials on composition, 

a tetrahedral plot is the most suitable representation. In this type of plot, each vertex corresponds to a 

pure element, providing a clear view of the compositional relationships and interactions between 

elements in a multicomponent system. Each tetrahedral plot contains 133 different compositions. By 

comparing the results at different temperatures, we observe that −𝑇𝑆𝑚𝑖𝑥  dominates the 𝐺𝑚𝑖𝑥   at 

higher temperatures, reflecting the high-entropy effect typical of high-entropy alloys. Additionally, the 

𝐻𝑚𝑖𝑥 is overall positive, which indicates that the system has a tendency toward phase decomposition.

 

Figure 2. 𝐻𝑚𝑖𝑥, −𝑇𝑆𝑚𝑖𝑥, and 𝐺𝑚𝑖𝑥 per atom of different compositions and temperatures (a) 1000 K 

and (b) 2000 K. 

To enhance visual clarity, the size of the circles in the figures is inversely correlated with the W atomic 

fraction; specifically, smaller and larger points indicate higher and lower W content, respectively. Figure 

3 shows the values in a 2D cross section of the tetrahedron for 𝐺𝑚𝑖𝑥 at 20 at% Cr and another one at 

20 at% Ta. The local minimum on the free energy landscape at 2000 K is deeper compared with the 



same composition at 1000 K, which highlights the role of entropy on the alloy stability. 

 

Figure 3. 𝐺𝑚𝑖𝑥  per atom of different compositions with 20% Cr (top) and 20% Ta (bottom). (a) at 1000 

K, and (b) at 2000 K. 

 

3.3 Short-Range Order Parameters and Order-disorder transition temperature 

As temperature increases, the system undergoes a transition from ordered/segregated phases to a single 

solid solution phase. To quantitatively characterize this transition, the Warren-Cowley short-range order 

(SRO) parameter and the order-disorder transition temperature (ODTT) are introduced.  

The Warren-Cowley SRO parameter of atom types i and j can be calculated from pair probabilities [35, 

36]: 

𝛼𝑛
𝑖𝑗
= 1 −

𝑦𝑛
𝑖𝑗

𝑐𝑖𝑐𝑗
. (11) 

In this equation, n denotes the n-th nearest neighbor, and 𝑦𝑛
𝑖𝑗

 is the probability to find the specific i-j 

pair in the n-th neighboring shell, which can be obtained by a matrix inversion of the correlation 

functions obtained from the CE, and 𝑐𝑖, 𝑐𝑗 are the global concentration of atom types i and j.  

In this study, we consider first and second nearest neighbors as well as average (𝛼𝑎𝑣𝑔) SRO parameters 



in a BCC crystalline structure calculated as [54]: 

𝛼𝑎𝑣𝑔 =
8𝛼1 + 6𝛼2

14
, (12) 

A positive SRO parameter indicates a repulsive relationship between two different elements, while a 

negative SRO parameter indicates an attractive interaction. When the SRO parameter is zero the system 

is in a random solid solution phase. In Fig. 4, we present the average SRO parameters as a function of 

temperature on the left panels and example atomic configurations on the right, plotted with the open 

visualization tool (OVITO) [55] for Cr0.1Ta0.1V0.7W0.1 (Fig. 4(a)) and an equiatomic composition (Fig. 

4(b)) at 1000 K and 2000 K. SRO plots show similar trends, the system phase separates in domains rich 

in CrV and WTa at low temperatures while at high temperatures the value approaches 0 (fully random 

configurations). Moreover, the fact that the SRO is negative for these pairs of atom types indicates that 

Cr and V tend to order as do W and Ta. The rest of the pairs show positive SRO values implying a 

repulsive interaction between them, that is, Cr and V repel W and Ta and hence the microstructure shows 

the compositional regions mentioned above. For the composition rich in V (Fig. 4(a)), the SRO becomes 

close to 0 at about 900 K, i.e., at that temperature the system becomes a solid solution, while for the 

equiatomic composition, the SRO reaches 0 at around 1700 K. This difference can be clearly seen in 

the atomic configurations shown in the figure where domains rich in CrV and WTa are distinguished 

for the equiatomic compositions. At 1000 K, the equiatomic alloy still presents regions rich in WTa and 

CrV, while the V rich system looks random. On the other hand, at 2000 K both compositions show a 

random distribution of atom types in agreement with the SRO plots. These kinds of phase 

decomposition can be compared to atom probe tomography results, as it has been done previously [33, 

52, 56], to validate the results. 

 



Figure 4. SRO parameters as a function of temperature and atomic configurations at 1000 K and 2000 

K of different compositions, (a) Cr0.1Ta0.1V0.7W0.1, (b) equiatomic CrTaVW composition. 

Since the ODTT is composition dependent, to more easily capture the influence of compositional 

variations on this parameter, we present a tetrahedral plot in Fig. 5(a) that encompasses more than 80 

quaternary compositions, alongside 24 ternary and 24 binary alloys.  

The calculation of the ODTT primarily relies on identifying the inflection point on the ∆𝐻𝑚𝑖𝑥 versus 

temperature curve, that allows for the identification of both first- and second-order phase transitions. 

However, for certain compositions, we also consider situations where the absolute values of the SRO 

parameters are sufficiently small, as described above. For both binary and ternary and alloys, the 

concentration increments are set to 20 at%, while it is 10 at% for the quaternaries, and the size of the 

circles in Fig. 5(a) is anti-correlated with W content, as above. In Figs. 5 (b)-(e), we show cuts of the 

tetrahedral figure (Fig. 5(a)) with Cr 20 at%, Ta 20 at%, V 20 at% and W 20 at% planes, respectively, 

and draw the ODTT landscape in the cross section. 

This representation enables an immediate grasp of the diversity of alloy compositions explored in this 

study. Notably, in both ternary and quaternary HEAs, a high concentration of V is generally associated 

with lower ODTTs, indicating enhanced solid solution stability, whereas a high concentration of Cr 

leads to higher ODTTs, suggesting an increased tendency toward phase decomposition at elevated 

temperatures. These trends provide a useful guidance for the future experimental design of materials.

 

Figure 5. (a) ODTT tetrahedral plot for different compositions. b), c), d) and e) show cuts at Cr 20 at%, 

Ta 20 at%, V 20 at% and W 20 at% planes, respectively, with ODTT interpolated values in 2D maps.  

3.4 Phase stability map of different BCC structures 

From the free energy dependence on composition and temperature for all compositions studied, we have 

generated a thermodynamic database file (TDB), which can be used in computational thermodynamics 

codes to compute the phases at equilibrium. In this study the only crystallographic structure that was 



considered is BCC, and hence the goal is to understand in what compositional regions the system 

decomposes in different BCC phases. We used OpenCALPHAD [37] to calculate the common tangent 

on a four-dimensional compositional space. The TDB file includes the Gibbs free energy of each 

composition [37, 38],  

𝐺𝑡𝑜𝑡 = 𝐺𝑟𝑒𝑓 + 𝐺𝑖𝑑𝑒𝑎𝑙 + 𝐺𝑥𝑠 . (13) 

𝐺𝑟𝑒𝑓 is the reference energy of the pure elements present in the alloy, in this study we used the energy 

from first principles, 𝐺𝑖𝑑𝑒𝑎𝑙  is the contribution from the ideal entropy of mixing [61], equal to 

−𝑇𝑆𝑖𝑑𝑒𝑎𝑙,  

𝑆𝑖𝑑𝑒𝑎𝑙 = −𝑘𝐵∑𝑥𝑖 ln 𝑥𝑖

𝐾

𝑖=1

(14) 

where 𝑘𝐵 is the Boltzmann constant, K is the total number of elements, and 𝑥𝑖 is the atomic fraction 

of the ith element. In this study, to have a more precise configurational entropy, we use the TDI results 

from MC simulations instead of the ideal configurational entropy. 

𝐺𝑥𝑠  is the excess Gibbs free energy, which includes the non-ideal interactions between different 

elements. We obtain 𝐺𝑥𝑠 from our MC simulations for each composition and temperature [37]: 

𝐺𝑥𝑠
𝑀𝐶 = 𝐻𝑚𝑖𝑥 − 𝐺𝑟𝑒𝑓 − 𝑇(𝑆𝑚𝑖𝑥 − 𝑆𝑖𝑑𝑒𝑎𝑙) (15) 

We employed the sqs2tdb fitting command in ATAT [57] to calculate the excess Gibbs free energy as a 

sum of different polynomials. In this study, the fitting result for the quaternary polynomial contributions 

𝐿𝐴,𝐵,𝐶,𝐷 equals to 0, hence we only have the binary and ternary contributions as shown in equations (16) 

and (17) [57]. 

𝐺𝑥𝑠
𝑏𝑖𝑛𝑎𝑟𝑦

= 𝑥𝐴𝑥𝐵∑𝐿𝐴,𝐵(𝑥𝐴 − 𝑥𝐵)
𝑣

𝑛

𝑣=0

, (16) 

𝐺𝑥𝑠
𝑇𝑒𝑟𝑛𝑎𝑟𝑦

= 𝐿𝐴,𝐵,𝐶𝑥𝐴𝑥𝐵𝑥𝑐(𝑉𝐴𝑥𝐴 + 𝑉𝐵𝑥𝐵 + 𝑉𝐶𝑥𝐶). (17) 

𝑣 is the level of the polynomial expansion, and we have used levels from 1 to 3 to analyze its effect on 

the accuracy of the fitting. 𝑥𝑖 is the concentration of element i, and 𝑉𝑖 = 𝑥𝑖 + (1 − 𝑥𝐴 − 𝑥𝐵 − 𝑥𝐶)/3. 

sqs2tdb fits the L parameters to the excess free energies and stores the values in a TDB file.  



 

Figure 6. 𝐺𝑚𝑖𝑥  of different pseudo-binary compositions calculated from cluster expansion and 

CALPHAD method with different levels of binary polynomials on excess 𝐺𝑚𝑖𝑥 at 2000 K 

To validate our calculation on the phase stability map, we compute the 𝐺𝑚𝑖𝑥 from cluster expansion 

and the CALPHAD approach for different pseudo-binary compositions, Cr𝑥(TaVW)1−𝑥 , 

Ta𝑥(CrVW)1−𝑥, V𝑥(CrTaW)1−𝑥, and W𝑥(CrTaV)1−𝑥, with an increment of 10 at%. The results are 

shown in Fig. 6, and it should be noted that, for those CE data points, only A0.7(BCD)0.1,

A0.4(BCD)0.2,   A0.1(BCD)0.3  and equiatomic compositions are used to fit the L coefficients and 

generate the TDB files. The difference between the CE and CALPHAD methods is small enough to 

consider the simulation results reliable, with the coefficient of determination (R2) and mean absolute 

error (MAE) between OpenCALPHAD and CE shown in the figure.  

With the choice of level 3 polynomials for binary terms, we calculated the phase stability map at 2000 

K shown in Fig. 7, where the number of phases for each composition is shown as obtained from 

OpenCALPHAD and the generated TDB database. The total number of compositions in the tetrahedral 

plot is 1771, with concentration increments set at 5 at% to explore a larger composition space without 

running the comparably expensive Monte Carlo simulations. While this diagram does not represent a 



full equilibrium phase diagram accounting for all possible crystal structures, it provides 

thermodynamically meaningful phase stability information constrained within the BCC lattice 

framework.  

Figure 7. One- and two-phase regions at 2000 K in the quaternary WTaCrV phase stability map. 

In compositions with two phases, we mainly see a phase rich in W and Ta and another one rich in Cr 

and V, including for the equatomic composition (phase 1 with a fraction of 0.805: 21%at W, 20%at Ta, 

30%at Cr, 29%at V; phase 2 with a fraction of 0.195: 41%at W, 45%at Ta, 7%at Cr, 7%at V) and the 

W38Ta36Cr15V11 (phase 1 with a fraction of 0.28: 20%at W, 16%at Ta, 37%at Cr, 27%at V; phase 2 with 

a fraction of 0.72: 45%at W, 44 %at Ta, 6%at Cr, 5%at V), tested experimentally observing similar 

phase decomposition of rich Cr-V and rich W-Ta. 

4. Discussion 

4.1 Experimental Design 

Precipitation hardening is commonly observed in HEAs, where finer lamellae, and/or small particles, 

act as obstacles to dislocation motion, enhancing strength but often resulting in reduced ductility [58, 

59, 60]. Therefore, studying the order-disorder transition is a viable approach for guiding future 

manufacturing, such as deciding composition, annealing temperature, or heating and cooling rates. The 

crystal structure of the phases and their composition also affect the mechanical properties as dislocations 

interact with precipitates and hinder dislocation glide. Our simulations offer insights that can guide 

experiments in determining optimal compositions. Based on the desired hardness and ductility, they can 

select the most favorable composition by using the predictions of the ODTT and the atomic fraction of 

intermetallic phases. Also, after synthesis and measurement, once we obtain the specific composition, 

we can validate the theoretical model comparing to experimental results, as it has been done with atomic 

structures as obtained with CE-MC and atom probe tomography [33]. 

4.2 Experimental observations 

To experimentally validate the ODTT approach as a design parameter, three samples were compared 



with a broad range of ODTT values. Three WTaVCr ingots were arc cast in an ultra-high purity argon 

(99.999%) environment. Elemental W, Ta, and Cr (99.95%) and V (99.9%) were melted together on a 

water-cooled copper crucible. To prepare the environment for arc melting, the chamber was evacuated 

with a roughing pump to 2x10-3 torr and back-filled with Ar three times to reduce the partial pressure 

of oxygen and nitrogen. A titanium getter button was melted before the WTaVCr to reduce residue 

levels of oxygen and nitrogen. The ingots were 10-15 grams and were melted four times. 

The samples were heat-treated at 1400 oC for 24 hours in slight positive pressure, ultra-high purity Ar 

flowing environment. The samples were wrapped in Ta foil (99.95%) and placed in an alumina boat. 

The tube furnace was evacuated and purged similar to the arc-casting process, and the samples were 

furnace cooled. 

Samples were cross-sectioned into minimum ~3 mm thick wafers and mounted in conductive filled 

phenolic mounting compound using a hot-press. Samples were then ground flat using 320 to 600 grit 

silicon carbide polishing paper and polished with 9 µm, 3 µm and 1 µm diamond suspensions and 

finished using vibratory polishing with 0.05 µm colloidal silica suspension. 

After polishing, samples were imaged on the Hitachi S3400N SEM with BSE. EDS was done using an 

Oxford Instruments X-act with AZtec spectrum analysis. EDS detection was done at 20 kV at a ~10 

mm working distance with ~25-40% deadtime and sum peaks removed. EDS was done over a ~260x195 

µm2 area, where W, and Ta were measured using the L-𝛼  characteristic peak, and Cr and V were 

measured using the K-𝛼 characteristic peak. It should be noted that there is an overlap in the V K-𝛽 

(5.428 KeV) and Cr K-𝛼 (5.415 KeV), so the measured values of Cr may have a wider margin of error. 

The measured compositions of each sample are listed in table 1. 

 

Predicted ODTT Measured composition (at %) 
 

W Ta Cr V 

489 K 46.9 43.5 0.4 9.2 

1408 K 10.1 38.4 14.6 36.9 

1628 K 18.7 24.2 33.8 23.3 

Table 1. Composition and ODTT of 3 samples 

Finally, X-ray Diffraction (XRD) patterns were obtained using Cu Ka radiation at 50 KeV and 1000 µA. 

The Bruker D8 Discovery X-ray diffractometer was operated with 2θ angles from 20o to 100o at 10o 

increments and 60 s dwell times. 

 



 

Figure 8. XRD patterns of arc cast and heat-treated samples from highest to lowest ODTTs. The 

higher ODTT samples (1628 K: W19Ta24Cr34V23, 1408 K: W10Ta38Cr15V37) exhibit a large volume 

fraction of an ordered intermetallic Laves phase, while the lower calculated ODTT sample (489 K: 

W47Ta43.5Cr0.5V9) was mostly BCC. 

The XRD pattern comparison shown in Fig. 8 demonstrates that a significant amount of a second, 

ordered phase is prevalent in the sample composition with a high predicted ODTT of 1408 and 1628 K. 

In contrast, the sample with a low ODTT (489 K) was predominantly a single BCC phase. Although 

more experiments and samples could further detail the accuracy of the calculations, the methodology 

certainly indicates a consistency between the calculations and experimental observations. Hence, this 

demonstrates the use of the ODTT as a design parameter to inform experiments on compositions with 

high or low propensity to phase decompose at the temperatures of interest.  

  



4.3 ODTT calculation details 

The calculations of the ODTT in this study consider both H𝑚𝑖𝑥 and SRO parameters. The need for the 

cross validation arises from the fact that sometimes the second derivative of H𝑚𝑖𝑥 produces several 

inflection points due to noise in the data and becomes hard to just select one temperature as the ODTT. 

As for the SRO, a cutoff must be defined which adds uncertainty. Combining insight from both 

parameters results in the most accurate approach.  

The ODTTs of WTa binary alloys in our simulations are about 300 K, which is significantly lower 

compared to phase diagrams reported in the literature, with transition temperatures between B2 and A2 

phases above 500 K [62]. The reason for this discrepancy is that, at low temperatures, WTa binary alloys 

exhibit numerous competing phases, such as W15Ta, W7Ta, W4Ta, W2Ta, W5Ta3, W6Ta6, W5Ta7, W4Ta9 

and W4Ta12, with the ODTTs of these phases ranging from 140 to 600 K [63]. The most dominant phases 

are W2Ta, W5Ta3 and W6Ta6 which have comparably low H𝑚𝑖𝑥 at 0 K, around -0.11 eV/atom. The 

ODTTs of these three phases range from 550 to 600 K [63]. As an example, the configurations of WTa 

equiatomic alloy at 200 and 400 K are shown in Figure 9 (a). At 200 K, we can clearly observe 

intermetallic phases while at 400 K, there are some clustered domains, but it is difficult to definitively 

identify them as ordered phases. Since different intermetallic phases are significantly different in the 

first nearest neighbor (1NN) and second nearest neighbor (2NN) arrangements, we have plotted the 

WTa 1NN and 2NN SRO parameters in Figure 9 (b). The SRO parameters are relatively small (from -

0.5 to 0.3) and decrease rapidly in magnitude from around 270 K. Furthermore, Hmix does not show any 

inflection point for temperatures higher than 270 K (Figure 9 (c)). It is important to note that in this 

study, even at temperatures higher than the ODTT, clustering is still present, though their fraction is 

smaller than that of the disordered regions. 



 

Figure 9. Configuration and SRO of WTa equiatomic alloy 

4.4 Limitations on the fitting of thermodynamic databases from cluster expansion results 

Since the Monte Carlo calculations aim to find the atomic structure with the lowest Gibbs free energy, 

a composition located between two minima of the Gibbs free energy will undergo phase decomposition, 

resulting in a decrease of the free energy and leading to the formation of a miscibility gap, i.e., a straight 

line in the Gibbs free energy. However, the CALPHAD model predicts the free energy of mixing as a 

polynomial of high order in the composition. This has proven accurate for solid solution phases, but it 

will not reproduce the alloy free energy inside a miscibility gap, as it is given by the CE, which is the 

equilibrium free energy. Instead of fitting with the CE data in the whole composition range, 

OpenCALPHAD needs the free energy of each phase, i.e., solid solutions and intermetallic compounds 

if present. This fact complicates the calculation of phase diagrams at low temperatures based on CE 

data, accounting for all phases, as it would imply the knowledge of such phases a priori. To overcome 

this challenge, we tried to use the ground state structures predicted by ATAT as the intermetallic 

compounds, but comparing with the results from the Monte Carlo simulations we could not always 

identify the same structures. This implies that one would need to run CE-MC for different compositions 

to identify stable compounds, compute the enthalpy of mixing of those and add to the potential phases 

including solid solutions. Once we have all potential phases, we would need to perform a common 



tangent construction with all of them to obtain the solubility limits, which we have decided to leave for 

a necessary future work. Because of this issue, we focus on the generation of phase diagrams at high 

temperature (2000 K) where the probability of having only solid solution phases is high. Furthermore, 

CE contains a term on the interfacial free energy that is not included in the thermodynamic limit 

described in the CALPHAD approach, which will lead to deviations in the comparison of free energies. 

This issue is still present in the CrW binary system. In the atomic structures shown in Figure 10 (a), we 

can observe some clustering from 20% Cr to 80% Cr compositions at 2000 K. The CrW first and second 

nearest neighbor SRO parameters of Cr40W60 composition in Figure 10 (b) are consistent with this 

conclusion since they are slightly positive (characteristic of repulsive interaction between Cr and W) 

and keep going down to 0 as temperature increases. More importantly, Figure 10 (c) illustrates the 𝐺𝑚𝑖𝑥  

of CrW binary alloys. The blue dots denote the results of the 𝐺𝑚𝑖𝑥 from CE, showing two local minima 

at 20% Cr and 80% Cr, highlighting the presence of a miscibility gap between those compositions. 

Inside this gap, 𝐺𝑚𝑖𝑥 as predicted by CE should be a straight line since, as explained above, the MC 

drives the system to equilibrium. The red line is a fit to the CE points within the miscibility gap. The 

difference between the blue dots and the red line can be explained by both errors in the convergence of 

the Monte Carlo simulations at 2000 K and the interfacial energies mentioned above. To compute the 

final TDB file, points along the red line were used. OpenCALPHAD then predicts the 𝐺𝑚𝑖𝑥, shown as 

green dots, which qualitatively captures the presence of a miscibility gap. However, it fails to 

quantitatively reproduce the linear behavior within the gap indicated by the red line. 

It is worth mentioning that the OpenCALPHAD results were obtained with the model for four elements. 

Resulting from the common tangent construction, we observe a two-phase region at high Cr 

concentration (see Fig. 7), which should be single phase according to the 𝐺𝑚𝑖𝑥 shown in Fig. 10 (c). 

To clarify the origin of this discrepancy, we have fitted a TDB file just for the WCr binary and computed 

𝐺𝑚𝑖𝑥 and the number of phases for the whole composition range (see Fig. 11). In this case we observe 

that the number of phases (Table 2) agrees with the functional form of 𝐺𝑚𝑖𝑥, which seems to lead to 

small errors in the calculation of the common tangent from high-order free energy functionals. 



 

Figure 10. (a) 𝐺𝑚𝑖𝑥  as given by the CE approach and OpenCALPHAD. The red line is a fitting to the 

CE points highlighting the presence of a miscibility gap. (b) Atomic structure for different compositions 

of the CrW binary alloy at 2000 K. (c) 1NN and 2NN SRO evolution with temperature of the Cr60W40 

binary. 

 

Figure 11. TDB fitting of Cr-W binary alloy 

  



 

Cr at% number of phases 

10 1 

20 1 

30 1 

40 1 

50 2 

60 2 

70 2 

80 2 

90 1 

Table 2. Phase counts of CrW binary alloy 

 

5. Conclusions 

We have calculated the thermodynamic properties of a wide range of CrTaVW HEA compositions using 

a cluster expansion methodology combined with Monte Carlo sampling and thermodynamic integration. 

We observe that the entropy of mixing acts as a strong stabilizing factor at high temperatures. For each 

composition, we have computed the short-range order (SRO) parameters and the order–disorder 

transition temperatures (ODTT). The ODTT shows strong compositional dependence, ranging from 

approximately 400 K to 1800 K, with V tending to lower the ODTT and Cr tending to raise it. We 

demonstrate that ODTT can be used as a design parameter to guide experimental identification of 

optimal compositions. 

In addition, we propose a practical method to construct a phase stability map among competing BCC 

phases. A thermodynamic database is obtained combining both the cluster expansion (CE) and 

CALPHAD, enabling equilibrium phase prediction across the composition space by using the common 

tangent method. This work contributes to the development of an experimentally-validated 

computational framework to accelerate HEA design based on thermodynamic modeling. 

. 
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