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Abstract. A novel approach for efficient representation of three-dimensional (3D)
tokamak equilibria is investigated, where a set of helical current filaments occupying
the plasma region are employed to resolve deviations from the two-dimensional (2D)
axi-symmetric state. A discrete set of 3D filaments, located at rational surfaces for a
given toroidal mode number n and following the 2D equilibrium field lines (thus forming
closed current loops), are found to provide a surrogate model of 3D equilibria with
reasonable accuracy. Specifically, application of the filament model to 3D perturbed
equilibria, due to the resonant magnetic perturbation (RMP) in DIII-D and MAST-U
discharges, reveals that (1) a single helical filament per rational surface is sufficient;
(2) 21 such helical filaments are capable of representing the n = 2 3D response field
in MAST-U with less than 10% relative error as compared to that computed by a
full magnetohydrodynamic (MHD) code; (3) optimizing currents (both amplitude and
phase) flowing in 3D filaments with fixed geometry, the highest accuracy fitting is found
to depend on the characteristics of the 3D equilibria such as the coil current phasing
of the RMP coils in our case studies. This filament approach is also applicable for
generating surrogate models of other type of 3D tokamak equilibria, including those
during the initial phase of the plasma disruption.



1. Introduction

Equilibrium reconstructions are crucial for understanding the internal plasma state which
then impacts real-time plasma control as well as downstream physics analysis such as
transport codes [155]. These reconstructions are obtained by solving the axisymmetric
magnetohydrodynamic (MHD) force balance equation [6,7]. Traditionally, the computed
equilibrium constructions from codes such as EFIT [8,9] are two-dimensional (2D),
assuming toroidal symmetry. The original development of equilibrium reconstruction
codes started with reduced models that represented the toroidal current density with a
series of axisymmetric filaments [10,/11]|. This is equivalent to representing the current
density as a multi-pole expansion where the finite number of filaments represents a
truncation of the expansion at lower order terms. The resulting equilibrium quantities
computed from these filament models were accurate representations of the original
equilibrium they were approximating [11]. These filament models became the foundations
that later led to 2D axisymmetric equilibrium reconstruction codes such as EFIT [§]
which have been used extensively in understanding tokamak plasma physics since the
codes’ widespread adoption [1].

In present-day tokamak operation, it is known that the axisymmetric assumption of
2D equilibrium reconstruction codes is not fully satisfied. Indeed, some examples such
as the routine application of resonant magnetic perturbations (RMPs) for edge-localized
mode (ELM) suppression and /or mitigation [12], as well as toroidally distributed magnetic
measurements indicate that the plasma does not strictly follow toroidal symmetry. In
general, these three-dimensional (3D, i.e., toroidally asymmetric) magnetic field responses
have been small compared to the underlying 2D axisymmetric equilibrium and therefore
have been regarded as perturbations. However, given the significance of these 3D
magnetic response perturbations insofar as being used for ELM suppression as well as
other instances such as 3D precursors to plasma disruption, 3D error fields, and more,
it is important to better understand the 3D effects that are not contained within the
traditional 2D axisymmetric equilibrium reconstruction algorithm. Furthermore, it is
known that several tokamak discharges show increasing deviation from the axisymmetric
equilibrium (as measured by increasing x?) as the discharge approaches a disruption.

Originally motivated by the needs of the stellerator community which itself produces
plasmas without toroidal symmetry in their equilibrium reconstructions, there have been
several recent advances in 3D equilibrium reconstruction codes. Some of the codes used
in present-day work include VMEC [13|, HINT2 |14, amongst many others (see |15]
and references therein for more details). The study presented in this paper is not a
first-principles 3D equilibrium reconstruction code such as the aforementioned. Instead, it
is a surrogate model that follows the original motivation of the 2D axisymmetric filament
models. Here, we develop and present a methodology of using 3D helical filaments
as a surrogate model for a 3D non-axisymmetric plasma equilibrium reconstruction,
constrained by magnetic field values outside of the plasma. This is a fundamentally
physics-motivated surrogate model which is complementary to neural-network based



surrogate models such as in [16].

When developing this type of reduced order surrogate model, we considered two
different applications. First, we focused on RMPs which are typically used by modern
day tokamaks for ELM suppression and mitigation [17]. Future generation machines will
also need ELM mitigation and suppression with plans to implement RMPs so therefore
this model is applicable to next-generation devices as well [18]. The RMPs create 3D
perturbations on the plasma boundary and the resulting magnetic field response. The
efficacy of RMPs on ELM suppression is related to this boundary perturbation [19]
and thus having a proper way to estimate this perturbed plasma boundary would be
helpful in evaluation and feedback of the applied RMP for its design purpose of ELM
suppression. Second, this model can be used in plasma operation by assisting with
disruption prediction and avoidance. In plasma operation, a disruption occurs when
the plasma is sufficiently unstable and loses plasma confinement [20-22]. One typical
indicator of imminent disruption is the appearance of 3D distortions in the plasma as
a potential seed for further non-axisymmetric behavior and therefore eventual loss of
confinement [23,24]. These two applications provide burning plasma relevant modeling
tools with the goal of deployment on next-generation machines.

The work in this paper is outlined as follows. In Section 2, we provide a detailed
description of the concept of the 3D helical filament surrogate model for non-axisymmetric
plasma equilibrium reconstructions. In Section 3, we apply the surrogate model to
one particulate application: the RMP. This application is performed for two different
discharges - one from DIII-D and one from MAST-U, both with applied RMP but with
different toroidal mode numbers. The perturbed 3D equilibrium response that is used for
comparison is taken from MARS-F, a linear, resistive MHD simulation [25]26]. Finally,
in Section 4, we conclude by describing the process to date, key takeaways from our
early development of this algorithm, and a detailed description of the future direction in
which we plan to develop this surrogate model.

2. 3D helical filament model

In this section, we describe the algorithm that produces the 3D helical filament model. As
described in the Introduction, the motivation for using this type of surrogate model is to
build upon the initial work of the 2D axisymmetric equilibrium reconstruction’s historical
development by constructing 3D filaments that can reconstruct a non-axisymmetric
equilibrium. It is important to note that tokamak is mostly axisymmetric. We therefore
use 3D filaments to represent 3D deviations from the 2D equilibrium. The latter is still
associated with axisymmetric plasma currents which can be represented by axisymmetric
filaments, if necessary.

There are, in principle, many different methodologies for choosing 3D helical filaments
that would break toroidal symmetry. Our method is largely motivated by the fact that,
according to the ideal MHD theory, the 3D plasma current perturbation is located at the
mode rational surfaces forming current sheets [27]. Moreover, the most important current
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component is the one parallel to the equilibrium field lines. It thus makes sense to choose
helical filaments that follow the equilibrium field lines at certain rational surfaces. As an
obvious advantage of such a choice, these helical filaments form closed loop geometries
thus significantly reducing the complexity of the eventual surrogate model. For a given
toroidal mode number n, the number of rational surfaces is finite (assuming equilibria
with truncated plasma separatrix if the latter does exist). For each filament, the resulting
B-field has a toroidal mode number n distribution but for this work, to compare with
MARS-F results, we use only a single selected toroidal mode number field component
for comparison. An interesting question, which we will answer with the present study, is
the number of filaments needed per rational surface.

We point out that the radial location of 3D current perturbations is often more
complicated than the ideal MHD prediction. For instance, (i) finite plasma resistivity
results in volumetric current distribution near the rational surface instead of the surface
current sheet in the ideal case; (ii) when a rotating plasma responds to a static RMP
field or a MHD instability occurring in a rotating plasma is locked to the resistive wall,
multiple current sheets form near but not exactly at the mode rational surface due to
the so-called resonant splitting effect [27]. All these higher-order effects are neglected in
our 3D filament model.

The set-up of this 3D helical filament model is described as follows and each step is
expanded upon further below:

(i) Plasma equilibrium: Obtain the 2D axisymmetric plasma equilibrium which
determines the magnetic flux surfaces.

(ii) Start filament trace: Determine one or multiple filaments set at each rational ¢-
surface. Multiple filaments are distributed uniformly along the poloidal coordinate
0 for a given g-surface.

(iii) Determine filament geometry: Field-line tracing code gives closed helical filaments
when initiating the filament on a rational g-surface.

(iv) Compute basis filament response: Give each 3D helical filament 1 kA of current and
compute their magnetic field response at desired locations. These are used as basis
responses with (complex) coefficients that are fitted to the (synthetic) data.

(v) Optimize filament currents: Using reference data at the magnetic field response
locations, construct a system of equations and optimize (i.e. x* minimization) the
(complex) currents flowing in the 3D helical filaments.

In the first step, (i) we obtain a 2D axisymmetric plasma equilibrium which we use
in determining the filament geometry. For this work, a kinetic equilibrium was used but,
in principle, any equilibrium which can produce flux contours that yield closed geometries
would be sufficient. (ii) In the next step, we determine the filament geometry by choosing
different flux surfaces on which to start a filament. These can be started by indexing a
flux coordinate (i.e. p) and located throughout the poloidal cross-section of the plasma



by giving a poloidal coordinate ff] Either a single filament can be used for each rational
g-surface or multiple filaments which we choose to uniformly distribute along a rational
g-surface, indexed by poloidal angle . The final model procedure uses only a single
filament without loss of generality (see discussion further below). (iii) For the third step,
we determine the filament geometry by using a field-line tracing code which takes the
2D axisymmetric equilibrium as input. For this study, we used a module of the MARS-F
code called REORBIT 28], an extension to MARS-F that simulates the trajectory of
energetic electrons under the influence of the plasma field. A low-energy electron starting
on a rational g-surface is used to approximate our filament geometry. (iv) In the fourth
step, we compute the magnetic field response at pre-determined locations. The magnetic
field response at these locations is computed using a simple Biot-Savart calculation:

Mo Idl x v’
B(I‘) = E/CW (1)

where pi9 is the magnetic vacuum permeability, 1 is a point along the wire, ¥ = r — 1 and
r is the point we want to compute the magnetic field. These magnetic field responses
at the collection of points r; form the response due to the basis filaments and since
the Biot-Savart equation is linear, these field response values can be multiplied by a
complex current in the optimization step. (v) Finally, in the fifth step, we perform
an optimization to determine the value of these complex current coefficients in each
3D helical filament. The optimization employed in this work is a simple least-squares
minimization and defined as follows:

Az =b (2)

where A is a 3N x M matrix and N is the number of probe points we are interested
in computing, M is the number of filaments available, x is a vector of M size, and b
is a vector of 3N size. A is computed by taking the magnetic field response due to all
individual filaments in the 3D helical filament model and computing their magnetic
field response at the probe locations. These form the columns of A. b is the magnetic
field response at those same probe points given by MARS-F, which already removes the
larger axisymmetric component as described in the previous section. z is a vector of the
complex current coefficients and determined by a least-squares fit. The resulting best
fit complex currents yield the best matching magnetic field responses at each position
compared to the data at those same positions. In principle, those data can and should be
magnetic probe measurements during real-time deployment but for this work those data
are the results from a MARS-F 3D magnetic field simulation for ease of interpretation,
development and validation of the algorithm. In experiments, the probes would have to
contain a toroidal distribution in order to identify a distinct toroidal mode number n.

1 In order to calculate the p that corresponds to each rational g-surface, we perform a cubic spline
interpolation where a g-profile is given as input and the desired ¢ values are taken as output from the
interpolation.



However, in the MARS-F simulations, the solutions have a given toroidal mode number
n so such a probe distribution is not necessary.

Once the optimized filament currents are obtained, the residual values can also be
computed. Since each filament is a complex current, the magnetic field response is also
complex at the probe locations. There are multiple ways to define a residual here. Our
formulation is as follows:

1
N

(Bfil,i - Bmars,i)2
B2

mars,i

Res =

AR (3)
Where By;; represents the magnetic field response from the filament model for the
ith field component, B, ars.i is the same for the MARS-F magnetic field response, and
i € {real(Byi r),imag(Byi r), real(Byi z),imag(Byy z)}. That is, the field components
are both the real and imaginary contributions from each orthogonal field component,
omitting By. By at this stage is omitted because the initial model development is done
with planar probes and so By is not verified at multiple toroidal locations. Furthermore,
By is determined by the constraint that the magnetic field is divergence free (V- B = 0).
Finally, we note that in our calculations of the residual, we provide the average fractional
residual which normalizes over the number of magnetic field components used in the
residual computation.

This particular algorithm for developing the 3D helical filament model contains some
advantages, one of which we highlight here. That is, the linearity of each step in the
model development. Since the Biot-Savart calculation is linear and the filament geometry
is pre-determined at this step, the entire process is maximally parallelizable. Namely,
each filament current segment can compute its individual contribution to the magnetic
field response with known geometry independently and in parallel. This implies that this
algorithm has a lot of upside when implementing this model for distributed computing
systems with GPU parallelization and potentially performing real-time modeling to assist
with plasma operations and control. In this work, we performed the initial development of
the algorithm and model on a personal laptop using a 11th Generation Intel i7 core CPU.
Therefore, we did not have any considerations for optimizing the run-time. However,
we note that in future use cases, the algorithm lends itself to highly optimized parallel
computations.

When developing this type of reduced order surrogate model, we considered a few
different applications such as the RMP and 3D precursors to disruption, as discussed
in the Introduction. The RMP was the majority of the focus of this work and the
surrogate model presented in this study aims to reconstruct 3D equilibria in the presence
of distributed magnetic probe measurements§l The procedure developed here would
also be able to determine fast reconstructions of 3D equilibria which, coupled with the
computational speed-ups described previously, could be used as a tool to assist with
§ In practice, we use a planar distribution of simulated magnetic measurements taken from MARS-F

because the toroidal dependence of the solution for a given toroidal mode number n is analytically
assumed.



plasma operations. In the initial stages of developing the surrogate model algorithm,
we focused on the magnetic field response and run-time simplicity in order to better
generalize to existing MARS-F simulations and leave room for further development into
different use cases.

3. Application of filament model to perturbed 3D equilibria due to RMPs

As a first application of this 3D helical filament model, we validate against the computed
perturbed 3D field that has an RMP. The perturbed equilibrium response was obtained
with MARS-F. We perform this validation for two different discharges from two different
tokamaks: DIII-D with conventional aspect ratio and MAST-U with tight aspect ratio.
The toroidal mode number of the solution is fixed which then leaves a finite number of
rational g-surfaces. For DIII-D the toroidal mode number n was 1 and for MAST-U the
toroidal mode number n was 2.

3.1. DIII-D discharge with n=1 RMP

The DIII-D tokamak is a conventional aspect ratio tokamak located in San Diego,
California, USA. It has a rich history in plasma physics contributions and has been
described extensively in [29-31] (and reference therein). For the purposes of this work,
we mainly consider DIII-D discharges with applied resonant magnetic perturbations
which are done by driving current through window-frame coils in the upper and lower
plane of the tokamak. These are called the I-coils and are conventionally used for RMPs
for ELM suppression and mitigation on DIII-D [12]|. For DIII-D, discharge 153485 was
used [32]. This discharge has applied RMP for ELM mitigation and MARS-F simuation
results for this discharge have previously been validated [26).

In order to build the 3D helical filament model, we follow the procedure described
in Section [2 For this DIII-D discharge, the equilibrium reconstruction and profile
information was obtained using the kineticEFITtime module contained within the
OMFIT framework [33]. The resulting equilibrium flux contours and relevant profiles
are shown in Figure [l Using the flux contours from this equilibrium reconstruction,
we can start field-line traces from different rational g-surfaces. REORBIT, a module
in MARS-F, is used for this field-line tracing. A single filament corresponding to each
rational g-surface is used in the 3D helical filament model. We note that multiple
filaments for each rational g-surface was also investigated but, for reasons elaborated on
below, ultimately were not used in the final surrogate model.

Using the flux contours from this equilibrium reconstruction, we can start field-line
traces from different rational g-surfaces. REORBIT, a module in MARS-F| is used for
this field-line tracing. A single filament corresponding to each rational g-surface is used
in the 3D helical filament model. We note that multiple filaments for each rational
g-surface was also investigated but, for reasons discussed below, ultimately were not used
in the final surrogate model. Several basis filament geometries for the DIII-D discharge
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Figure 1: Several relevant equilibrium quantities used in this 3D helical filament model
validation using a DIII-D discharge. The panels show (a) the 2D equilibrium flux contours
(blue) with the DIII-D limiter (black) and the upper and lower I-coils (red) overlaid;
(b) the pressure profile; (c¢) the electron density profile; (d) the g-profile; and (e) the
rotation profile as measured by the carbon impurity rotation [34},35]. This equilibrium
comes from discharge 153485 at 850 ms.

are shown in Figure 2l We observe that at high-helicity, the filaments linger and show
more structure at the X-point for this single-null plasma.

In each panel of Figure [2] we show one closed helical loop. The surrogate model
uses a threshold on point-to-point distance to determine when the filament geometry
closes on itself with appropriate thresholding to ensure that the proper helicity in the
filament is observed. The filaments themselves have traces that go close to the limiter
on the low-field side of the tokamak, outlined in black. These near trajectories create
localized hot spots in the B-field response which is located close to the limiter as well
(see below).

Next, we obtain the magnetic field response at a specific set of 3D locations. For
this study, we took 512 probe points distributed uniformly along a surface called the
“resistive wall” in MARS-F, set at toroidal angle ¢ = 0 since the B, component of the
MARS-F solution is analytic. The surrogate model gives each filament 1 kA current for
these magnetic field response calculations. We note that the procedure is generalizable
to 3D probe locations but for ease of comparison to MARS-F simulation results and



Figure 2: 3D visualizations of several of the different basis filaments used in the DIII-D
3D helical filament model. The filament geometry is obtained using REORBIT to
perform a field-line trace, starting from a rational g-surface. In each subfigure, we show
the geometry (red) corresponding to different ¢ values: (a) ¢ =3, (b) ¢ =4, (c) ¢ =6,
and (d) ¢ = 7. The limiter is shown at six different toroidal slices (dashed black).

initial development of the procedure, all the magnetic probe values are taken in the (R,Z)
plane. Future work will investigate comparisons to magnetic probes that are toroidally
distributed to identify individual toroidal n components. For this work, it is sufficient to
select a specific toroidal n number because the MARS-F simulation computes solutions
with a given toroidal n.

The B-field is computed by the surrogate model using Equation [1} Figure [3| shows
the locations and predicted magnetic field response at 76 magnetic probe locations
relevant for the EFIT code [36,37]. The DIII-D inner limiter surface and the MARS-F
resistive wall surfaces are also outlined. The field strength is given with a corresponding
color bar.

As was alluded to earlier, we performed an intermediate study throughout the
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Figure 3: The value of the magnetic field response for the Bgr component at the 76
magnetic probe locations on DIII-D projected onto the coordinate RZ-plane. Similar to
EFIT, the probes are taken in-plane at an arbitrary toroidal angle ¢ (when comparing
with MARS-F). A single filament with 1 kA current produces this magnetic field for
each panel. The filaments are denoted by their corresponding g-surface: (a) ¢ = 3, and
(b) ¢ = 7. The limiter (solid black) and resistive wall (dashed black) are also shown.

course of this work. Initially, our procedure for the 3D helical filament model used
multiple filaments starting from a uniform poloidal distribution along the same g-surface.
Conceptually, each filament should represent an additional degree of freedom that could
be used in the overall optimization. When we examined the resulting magnetic field
response, we found that each basis filament’s response looked identical up to a rotation,
for basis filaments on the same rational g-surface. In Figure 4] we show the 2D heatmap
magnetic field response of multiple different basis filaments (i.e. with a given 1 kA
current). The 2D response is given in toroidal angle (¢) and poloidal angle (0). The
¢ dependence of the field is taken to be analytical with the exponentiated factor ¢™?
where n is the toroidal mode number, following the same form as the MARS-F solution.
To each panel of Figure i we applied a different rotation in the toroidal coordinate
which corresponds to a cyclic translation along the horizontal axis. This yielded visually
identical field responses. This can be intuitively understood since ¢ represents the ratio
of toroidal and poloidal turns of the field-line and therefore different starting locations
have the same behavior around the torus - simply offset by a rotation factor that would
align the poloidal angles of different filaments along the same rational g-surface.

These results have implications for our 3D filament model. Most notably, because
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