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• A recipe for converting the spatially varying strain pro-
duced by isotropic defects, such as vacancies in cubic met-
als, into the defect concentration.

• The spatially varying dilatation produced by defects in an
elastically isotropic material is local in the concentration
of the defects.
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Abstract

Measurements of lattice strain at high spatial resolution are becoming accessible and routine, owing to advances in imaging tech-
niques such as 4D Scanning Transmission Electron Microscopy. This has the potential to enhance materials characterisation, but
the data are difficult to interpret. We present a procedure for extracting local concentrations of isotropic defects, such as vacan-
cies, from a spatially fluctuating strain field. The local dilatation is related to the defect concentration at the same point; strain
fluctuations are directly proportional to concentration fluctuations by a factor determined by the Poisson ratio of the material. The
inversion of strains to isotropic defect concentrations is demonstrated in molecular dynamics and finite element simulations of
vacancy distributions in bcc W and fcc Au.
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Many material properties are sensitive to their structural de-
fects: high densities of dislocations lead to hardening and dif-
fusional creep is mediated by vacancies. Defects are nearly
always created, often deliberately, during manufacturing pro-
cesses and further evolve in service. During the operation of
a nuclear reactor, the atoms in structural components are re-
peatedly displaced by irradiating particles, injecting large pop-
ulations of defects into the matrix. This produces localised in-
ternal, ‘residual’, stresses that may be detrimental to material
performance. Accurate characterisation methods are required
to identify defect populations and subsequently control them.

A defect in a crystalline material alters the otherwise regular
and periodic arrangement of atoms. The change in atomic coor-
dination produces long range elastic strain fields; that is, atoms
far away from the defect are displaced from their lattice sites.
For a point defect, the displacement field decays as the inverse
square distance from the defect centre [1, 2]. By measuring
strains one may be able to infer the underlying distribution of
defects that produce them. Various methods exist for evaluating
defect concentrations from strain measurements. Simmons and
Balluffi [3, 4, 5, 6] pioneered techniques for determining the
concentration of vacancies in quenched metals by comparing
dimensional and lattice parameter changes in a sample.

Recently, high spatial resolution techniques such as 4D Scan-
ning Transmission Electron Microscopy (4D-STEM) have been
able to detect strain variations at nanometer length scales. Mills
et al. [7] produced detailed maps of local changes in lattice pa-
rameter in heated Au and irradiated Al. Inspired by the method
of Simmons and Balluffi, local vacancy concentrations in Au
were determined from changes in dimensions of selected re-
gions and variations of the local lattice parameter. For the ir-
radiated Al samples, local compressive and tensile strains were
correlated with an excess of either interstitial or vacancy type

point defects.
The general problem of inferring defect concentrations from

a given dataset of strain measurements is complex [8, 9]. On the
one hand, it is relatively straightforward to predict the strains
produced by a known distribution of defects by, for exam-
ple, molecular dynamics simulations or finite element meth-
ods. However, different distributions and species of defects
can produce the same strain field, making the inverse prob-
lem non-trivial. Korsunsky et al. developed an ‘eigenstrain
reconstruction method’ that, given a set of residual stress mea-
surements, can produce a map of the stress state throughout an
entire component [10, 11]. The method involved inferring the
full distribution of permanent strains produced by defects from
residual stresses via a least squares optimization procedure, in
effect yielding a solution for the inverse problem, although the
link between the observed strain and the underlying defect dis-
tribution was not explored. Below, we present a solution to the
inverse problem for an ensemble of point defects such as vacan-
cies and/or interstitials, determining the spatially varying defect
population from the field of measured strains.

Long range elastic fields are produced by lattice defects
through structural relaxation. In tungsten, a single vacancy
reduces the volume of a stress free material by ∼ 30% of an
atomic volume Ωat and a ⟨111⟩ dumbbell produces both the
overall swelling of 1.7Ωat and shear deformation [12, 13]. A
distribution of defects produces in general tensorial misfitting
strains. This may be characterised by a field of relaxation vol-
ume tensors ωi j(x), a symmetric second rank tensor that varies
with position x over the material volume [14], which is the same
as the field of eigenstrain [15, 16].

Elastic strain ei j(x) is related to a stress tensor field by
Hooke’s law σi j(x) = Ci jklekl(x) for elastic constants Ci jkl. In
mechanical equilibrium, the stress field is divergence-free [17].
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Figure 1: Schematic of the distribution of vacancies in simulation cell. Top left
is a vacancy number map with [001] pointing out of the screen. Bottom left is
the corresponding simulation cell. The circled column oriented along [001] is
magnified on the right, containing nine vacancies as indicated by the color of
the column and the colormap.

The total strain field, which is the superposition of elastic strain
and the field of relaxation volume density tensor

εi j(x) = ei j(x) + ωi j(x), (1)

equals the symmetrized derivative of displacements ui(x) [2].
The displacements are related to ωi j(x) via [16]

Ci jkluk,l j(x) = Ci jklωkl, j(x). (2)

The inverse problem is to find a relaxation volume density ten-
sor producing a given measured total strain profile, subject to
the appropriate boundary conditions. Elastic strain fields are
long ranged and thus strain may be observed where there is in
fact no defect. Hence, it is not immediately obvious how to
determine the spatial variation of defect populations.

For isotropic defect populations, for example vacancies [14,
12, 13] or even solute atoms in alloys [18], the tensor relaxation
volume density is

ωi j(x) =
1
3
ω(x)δi j, (3)

where δi j is the Kronecker delta tensor. Function ω(x) is related
to the vacancy concentration cVac(x) by

ω(x) = cVac(x)
ΩVac

Ωat
. (4)

where ΩVac is the relaxation volume of a vacancy [19].
We seek solutions to Eq. 2 subject to periodic boundary con-

ditions (PBC). In isotropic elasticity, the field of displacements
produced directly by the source ω(x) satisfies

∇ · u(x) =
1
3

1 + ν
1 − ν

δω(x) + ⟨ω⟩, (5)

where ν is Poisson’s ratio, ⟨·⟩ denotes a volume average over
the periodically translated simulation cell and the fluctuation
field δω(x) := ω(x) − ⟨ω⟩. A derivation of Eq. 5 is given in the
supplementary material S1. There is a clear analogy with the
Maxwell equation [20] ∇ · E(x) = 4πρ(x) for electric field E
and charge density ρ(x). Under PBC, no sensible solution ex-
ists unless the charge neutrality condition is imposed. For the
elasticity problem this is equivalent to imposing the condition
of vanishing average stress, or, equivalently, vanishing average
elastic strain [21]. Noting that ∇ · u(x) = εii(x), vanishing stress
implies uniform total dilatation ⟨εii⟩ = ⟨ω⟩. Furthermore, for
reference temperature T , thermal eigenstrains in cubic metals
adopt the isotropic form αTδi j [15, §1] for thermal expansion
coefficient α. At thin-film length scales, the temperature is ho-
mogeneous [22, §10.1.2] and thus the thermal lattice strain may
be removed from the mean dilatation.

The solution of the inverse problem is now

cVac(x) =
Ωat

ΩVac

[
3

1 − ν
1 + ν

δεii(x) + ⟨εii⟩ − 3αT
]
, (6)

where δεii(x) = εii(x) − ⟨εii⟩.
It is striking that, according to Eq. 6, the spatially varying

strain is related to the volume density of defects at the same
point. Furthermore, δεii(x) enters the equation with a prefactor
3(1−ν)/(1+ν), unlike the volume averaged strain ⟨εii⟩where no
such prefactor appears [3]. In bcc W, the elastic properties are
well approximated by isotropic elasticity and at room tempera-
ture the Poisson’s ratio ν = 0.28 [23] implies that the fluctua-
tions in the observed local dilatations contribute ∼ 169% to the
variation of the local defect concentration. The result is mate-
rial dependent as, for example, the more elastically anisotropic
fcc Au has the Voigt averaged Poisson ratio ν = 0.42 at room
temperature [24, 25], yielding the prefactor of ∼ 122% instead.

For the spatially homogeneously distributed vacancies [3],
the role of the elastic prefactor is negligible, but for the fluctu-
ating distributions of defects produced by irradiation [7], elas-
ticity has a striking effect on the relation between the spatially
varying strain and the spatially varying concentration of de-
fects.

We have tested the relationship in Eq. 6 in atomistic sim-
ulations of W and Au thin films containing vacancies. The
strain data extracted from simulations are compared to lin-
ear elastic finite element modelling (FEM). We employed the
LAMMPS [26] program to relax 100nm×100nm×50nm boxes
of 32,373,068 bcc W or 36,544,848 fcc Au atoms, comparable
to the dimensions of a scanned region and foil thicknesses pre-
sented by Mills et al. [7]. Interatomic forces in W and Au were
modelled by the Mason et al. [27] and Sheng et al. [28] EAM
potentials respectively. The lattice parameter, Voigt averaged
Poisson’s ratio and vacancy relaxation volume for each poten-
tial are given in the supplementary material S2. Forces were
reduced to less than 10−4 eV/Å on any given atom and the cell
shape was relaxed to zero stress conditions via the conjugate
gradient and FIRE [29] algorithms. The simulations were run at
temperature T = 0, removing the corresponding uniform field
in Eq. 6 from the following analyses. This simplification does
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Figure 2: (a) Left heatmap: x3 ([001]) averaged vacancy concentration field ⟨cVac⟩x3 (x). Middle heatmap: an estimate from atomistic total dilatations for average
vacancy concentration ⟨c̃MD

Vac⟩x3 (x) according to Eq. 6. ⟨cVac⟩x3 (x) was drawn from a Gaussian random field with mean vacancy concentration ⟨cVac⟩ = 0.1% and
exponential correlation function given by Eq. 7 with standard deviation σcVac = 0.02% and correlation length l = 20 nm. Right heatmap: vacancy concentration
based on finite element dilatation, ⟨c̃FEM

Vac ⟩x3 (x), is shown for validation. (b) Line plot along the dashed path in (a) comparing true and atomistic estimated vacancy
concentrations. (c) Inverting ⟨c̃MD

Vac⟩x3 (x) into vacancy number shows that ⟨c̃MD
Vac⟩x3 (x) fluctuates about the linear elastic result, enabling the number of vacancies to

be predicted with a standard deviation of ∼ 2 vacancies.

not affect the validity of the analysis so long as the temperature
is low enough that vacancies are immobile on the timescale of
interest. The elastic fields given by the same vacancy distri-
butions were calculated by FEM, using the Abaqus software,
on a mesh of 50,000 hexahedral elements. The materials were
assigned anisotropic stiffness tensors. PBC were enforced by
assigning identical displacements on nodes that were periodic
images of one another.

Thin-foil measurements of strain via 4D-STEM produce
depth-averaged values. Therefore, two-dimensional (2D) con-
centration profiles of vacancies were generated for the atom-
istic simulations, as shown in Figure 1. The x1-x2 face of a
given simulation cell was partitioned into an evenly spaced grid
of columns and, for a given vacancy concentration profile, a
corresponding number of atoms in a column were randomly re-
moved. Values for cVac(x) were drawn from a homogeneous
and isotropic Gaussian random field with an exponential co-
variance function

C(r) = σ2
cVac

e−r/l, (7)

where σcVac is the standard deviation and the correlation length
l controls the distance over which two points separated by dis-
tance r in the random field are significantly correlated [30].
For both W and Au, the random field was parameterised
by ⟨cVac⟩ = 0.1%, σcVac = ⟨cVac⟩/5. A correlation length of
l = 20 nm was chosen for W and a range of correlation lengths
between 1 nm and 68 nm are presented for Au. Vacancies were
distributed amongst columns with ∼ 3 nm2 cross sectional area
to allow for smoothly varying concentration profiles: consider
that for a column of atoms with 1 nm2 cross sectional area in
a 50 nm thick foil, similar to a single pixel in the heatmaps
presented in [7], the local concentration of a single vacancy is
already on the order of 0.1%. The random fields were generated
by the Python package GSTools version 1.5.1 [31].

There are multiple valid definitions of strain at atomic length
scale. Here, displacements of every atom from initial to relaxed
configurations were voxelized, and then derivatives were com-
puted via central differences. The strains were subsequently av-
eraged along [001]. In the FEM simulations, for a given node
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Figure 3: Relaxation volume of a box of 11,664 W atoms containing different
concentrations of uniformly distributed vacancies. Each vacancy concentration
was drawn and relaxed ten times with the average and standard deviation of
resulting relaxation volume Ωrel plotted. The orange curve is a least squares fit
according to the quadratic given in Eq. 8.

of the hexahedral mesh with volume VNode, the number of va-
cancies nearest to that node was computed and subsequently
assigned a relaxation volume density according to Eq. (4).
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Figure 4: Atomistic (denoted ‘MD’) x3-averaged total strain components
⟨ε11⟩x3 (x) (left) and ⟨ε22⟩x3 (x) (right) for the random field vacancy distribu-
tion in bcc W presented in Figure 2. Corresponding FEM strain components
are shown in the inset.

The [001] averaged relaxation volume density and total di-
latations for a random field of vacancies in bcc W are shown
in Figure 2. The x1, x2 and x3 directions are parallel to
[100], [010] and [001] respectively. Estimations ⟨c̃MD

Vac⟩x3 (x)
and ⟨c̃FEM

Vac ⟩x3 (x) of the x3-averaged vacancy concentration
⟨cVac⟩x3 (x) were computed from atomistic and FEM total di-
latations respectively via Eq. 6. In Figure 2a the heatmaps of
the vacancy concentration in W together with the atomistic and
FEM estimates of cVac(x) demonstrate the accuracy of applying
Eq. 6 for the extraction of vacancy concentrations. A line plot
of ⟨cVac⟩x3 (x) and ⟨c̃MD

Vac⟩x3 (x) is shown in Fig. 2b. The FEM
simulation confirms the linear elastic relationship described by
Eq. 6, with small differences arising from the slight deviation
of W from isotropic elasticity.

Eq. 6 also enables estimating the number of vacancies N̄Vac

in a column. The density plot of the absolute error N̄Vac − NVac

in Figure 2 follows a normal distributionN(µ, s) for mean µ ∼ 0
and standard deviation s ∼ 2. The distribution suggests that the
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Figure 5: x3 ([001]) averaged vacancy concentration (top row) in Au with the
corresponding x3 averaged estimate of vacancy concentration from atomistic
dilatation (bottom row) as computed by MD ⟨c̃MD

Vac⟩x3 (x). Insets in the bottom
row show the FEM estimates ⟨c̃FEM

Vac ⟩x3 (x). Mean concentration ⟨cVac⟩ = 0.1%
and standard deviation σcVac = 0.02%. Across different correlation lengths l
for the correlation function in Eq. 7, increasing from left to right, we observe
that Eq. 6 remains a good approximation to the inverse problem.

number of vacancies can be accurately estimated within a stan-
dard deviation of ∼ 2 vacancies; even at spatial resolutions on
the order of a lattice parameter, the local vacancy population
can be calculated with reasonable accuracy. The role of vacancy
clustering was assessed by relaxing boxes of 11, 664 atoms con-
taining different concentrations of uniformly distributed vacan-
cies. The overall relaxation volume of the boxes Ωrel as a func-
tion of vacancy concentration is expected to follow

Ωrel(⟨cVac⟩) = k1⟨cVac⟩ + k2⟨cVac⟩
2, (8)

where the coefficients k1 and k2 arise from monovacancy and
divacancy contributions. Figure 3 shows the variation of Ωrel

with ⟨cVac⟩. The average of Ωrel over all ten runs is plotted with
error bars indicating the standard deviation. Eq. 8 was fitted via
a least squares procedure with the values of k1 and k2 given in
the plot. The fitted coefficients indicate that at ⟨cVac⟩ = 0.1%
the quadratic term is a non-negligible 1% of the linear term.

It should be emphasized that only the total dilatation, and not
individual components of lattice strain, is strongly correlated
with the local vacancy concentration. Therefore, if dilatation is
measured by relative changes in the lattice parameter then it is
important to average such lattice strains over all directions e.g.
by averaging {100} peak shifts in a diffraction pattern. Indeed,
as predicted by the anisotropic correlation functions derived by
Geslin et al. [32], the x3-averaged atomistic strain components
⟨ε11⟩x3 (x) and ⟨ε22⟩x3 (x) plotted in Figure 4 present significant
qualitative differences to ⟨cVac⟩x3 (x) with FEM simulations also
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shown for validation. Qualitatively similar profiles of strain
components have been observed in thin films of irradiated W
[33] and high entropy alloys where fluctuations in coordination
of the alloying elements provide centres of isotropic expansion
or contraction to a good approximation [34].

Applying Eq. 6 to relaxed random fields of vacancies of dif-
ferent correlation lengths in the elastically anisotropic fcc Au,
as shown in Fig. 5, we find that the Voigt average Poisson’s
ratio ν = 0.42 gives a good fit. Despite the high anisotropy
ratio of the elastic constants, the local volume changes are
strongly correlated with the underlying relaxation volume den-
sity. The effective Poisson ratio for gold renders the prefactor
3(1 − ν)/(1 + ν) close to unity. The anisotropic FEM results in-
dicate that, throughout all the x3 averaged concentration maps
of different correlation lengths in Fig. 5, the absolute error∣∣∣⟨c̃FEM

Vac ⟩x3 (x) − ⟨cVac⟩x3 (x)
∣∣∣ is on average 8 · 10−3% and attains

a maximum of 2 · 10−2%. Since the concentration of a single
vacancy in a column is 7 · 10−3%, the mean absolute error from
applying Eq. 6 is equivalent to 1 vacancy and is off by at most
2 vacancies.

A thin foil suspended in an electron microscope does not
have periodic boundaries. We may model a foil as periodic
in x1 and x2 but with a traction free surface perpendicular to
x3. The mean stress theorem states that in a traction free body
the volume average of stress ⟨σi j⟩ vanishes [17, §15.1]. It fol-
lows that the elastic strain vanishes and therefore according to
Eq. 1 the average strain of the body ⟨εi j⟩ = ⟨ωi j⟩. In earlier
work, we showed that the dilatation in a traction free thin film
is well approximated by Eq. 6 [16]. Deviations from this result
stem from image strains arising from the free surface. In re-
gions sufficiently far away from the surface, the strain fields are
well described by Eq. 6. For example, the bulk of W neutron-
irradiated at 800◦ was found to contain a large concentration of
voids except near grain boundaries in denuded zones approxi-
mately 30 nm thick [35]; such zones will be thinner at lower
temperatures. Indeed, we find that the distribution of absolute
errors in vacancy number was not significantly altered after re-
laxing, i.e. effectively at temperatures below the corresponding
vacancy migration energy, the random field of vacancies in W
with a free (001) surface.

We may extend the preceding analysis to isotropic eigen-
strains that are not comprised solely of vacancies. For some
materials that contain mostly isotropic eigenstrain, it is still
possible to extract the vacancy distribution. As previously dis-
cussed, thermal strains can be readily corrected for. Further-
more, strains arising from solutes may be accounted for via
techniques such as electron energy loss spectroscopy (EELS)
that determine the location and concentration of impurity ele-
ments [35]. With reference to relaxation volume data of solutes
in the given host lattice, e.g. [36], one may correct for their con-
tribution to the local total dilatation.

Metals that are lightly irradiated to doses ≪ 0.1 dpa, and
have initially low concentrations of defects, develop a combina-
tion of small self interstitial atom (SIA) clusters and vacancies
that produce isotropic eigenstrain. For example, SIAs in fcc Al
coalesce into A15 clusters whose eigenstrain is purely dilata-

tional [37]. However εii(x) is now proportional to the sum of
SIA cluster and vacancy relaxation volume densities, rendering
the inverse problem underdetermined and it is thus unlikely that
concentrations of each type of defect can be known precisely.
Regardless, the relaxation volume density ω(x) in Eq. 5 can al-
ways be extracted in such systems, providing a measure of the
magnitude of compression or tension enforced by the underly-
ing defects on the surrounding lattice. Furthermore, by solving
for the elastic strain with Eqs. 1 and 5 it is straightforward to
estimate the local stress state.
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S1. Displacement divergence

Here we express the divergence of the displacement field ui,i(x),
equal to the total dilatation εii(x), in terms of the relaxation vol-
ume densityω(x) given by Eq. 6 in the isotropic elastic approxi-
mation with periodic boundary conditions. For bulk modulus K
and shear modulus µ, the isotropic elastic constant tensor may
be written as

Ci jkl = Kδi jδkl + µ

(
δikδ jl + δilδ jk −

2
3
δi jδkl

)
. (A.1)

In this form, the elastic constants are diagonal with respect to
the pairs of symmetric indices {i j} and {kl}. Thus, a second rank
tensor ekl transforms as

Ci jklekl = Kekkδi j + 2µẽi j, (A.2)

where ẽi j = ei j −
1
3 ekkδi j is the trace-less deviatoric strain. As

the relaxation volume density tensor fields considered in this
article are purely dilatational with no deviatoric component, it
follows that Ci jklωkl(x) = Kω(x)δi j. From Eq. 2 we find that

Kuk,ki(x) + µ
(
ui, j j(x) −

2
3

uk,ki(x)
)
= Kω,i(x). (A.3)

Taking the divergence with respect to index i yields

∇2

∇ · u(x) −
1

1 +
4
3
µ

K

ω(x)

 = 0. (A.4)

Noting that Poisson’s ratio is related to the bulk and shear mod-
uli via [2, §3.4]

1 − 2ν
1 + ν

=
2
3
µ

K
, (A.5)

we find that in general

∇ · u(x) =
1
3

1 + ν
1 − ν

ω(x) + h(x), (A.6)

where h(x) is some harmonic function ∇2h(x) = 0 that ensures
that the resulting strain and stress satisfy the appropriate bound-
ary conditions, see e.g. section 6 in Ref. [14] .
Bearing in mind the periodic boundary conditions, and noting
that since ∇2eik·x = −k2eik·x = 0∀ x only for k = 0, we find that
the sole Fourier mode that is also a harmonic function, is a
constant. Furthermore, the volume average over the periodic
cell, the k = 0 component, of displacement derivatives, must be
⟨ω⟩ in order to impose the vanishing average elastic strain [21].
Taking the volume average of Eq. A.6 shows that

h(x) = −
1
3

1 + ν
1 − ν

⟨ω⟩ + ⟨ω⟩, (A.7)

from which Eq. 6 follows.

S2. Material parameters

Element a (Å) ν ΩVac (Ωat) ΩDFT
Vac (Ωat)

W 3.1652 0.28 -0.36 -0.32, -0.34, -0.35
Au 4.0626 0.41 -0.42 -0.28, -0.34, -0.43

Table S1: Lattice parameter a, the Voigt averaged zero Kelvin Poisson ratio ν
and vacancy relaxation volume ΩVac computed using the EAM potentials for
bcc W [27] and fcc Au [28]. Ab-initio DFT values for W are from [12, 19] and
for Au are from [13]. The values are given in atomic volume units Ωat . For bcc
and fcc crystals Ωat equals a3/2 and a3/4, respectively.
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