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Abstract

Digital twinning is gaining widespread popularity across various areas of
engineering, and indeed it offers a capability of effective real-time monitoring
and control, which are vital for cost-intensive experimental facilities,
particularly the ones where extreme conditions exist. Sparse experimental
measurements collected by various diagnostic sensors are usually the only
source of information available during the course of a physical experiment.
Consequently, in order to enable monitoring and control of the experiment
(digital twinning), the ability to perform inverse analysis, facilitating the
full field solution reconstruction from the sparse experimental data in real
time, is crucial. Such solution reconstruction might be necessary to control
a system, if a parameter to be controlled cannot be directly derived from the
sparse measurements alone, as oftentimes is the case, for instance maximum
temperature within a test piece.

This paper shows for the first time that it is possible to directly
solve inverse problems, such as solution reconstruction, where some or all
boundary conditions (BCs) are unknown, by purely using a finite-element
(FE) approach, without needing to employ any traditional inverse analysis
techniques or any machine learning models, as is normally done in the
field. This novel and efficient FE-based inverse analysis framework employs
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a conventional FE discretisation, splits the loading vector into two parts
corresponding to the known and unknown BCs, and then defines a loss
function based on that split. In spite of the loading vector split, the loss
function preserves the element connectivity. This function is minimised
using a gradient-based optimisation; and the near real-time operation for
heat conduction in a stainless steel plate is achieved.

Furthermore, this paper presents a novel modification of the
aforementioned approach, which allows it to generate a range of different
solutions satisfying given requirements in a controlled manner. Controlled
multiple solution generation in the context of inverse problems and their
intrinsic ill-posedness is a novel notion, which has not been explored before.
This is done in order to potentially introduce the capability of semi-
autonomous system control with intermittent human intervention to the
workflow. Having access to a variety of feasible alternatives during the
experiment can augment the human decision-making process and assist the
operator in evaluating and selecting the most suitable course of action.

Keywords:
Solution reconstruction, inverse analysis, multiple choices, sparse data,
digital twinning, finite element method

1. Introduction

Digital twins and digital twinning are becoming increasingly popular in
various engineering fields, which is a trend driven by the desire to have a
dynamic virtual representation of a physical system in order to extract as
much useful real-time information as possible from the physical asset. A
digital twin is a dynamic virtual representation of a physical system, which
is continuously updated from real-time data in order to fully and accurately
simulate the current behaviour of its physical counterpart [1]. Whereas,
digital twinning refers to the process of creating and maintaining digital
twins, which becomes important when the dynamic control of the physical
system is introduced. When applied to the experimental facilities, digital
twinning broadly aims to enhance the sparse experimental measurements
collected from the various diagnostic sensors, i.e. provide system monitoring.
It also aims to ensure the ability to reach the required experimental conditions
within the optimal time frame, i.e. maintain system control. Therefore, the
first step towards having a fully-fledged digital twinning process capable of
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fulfilling these two objectives involves developing an efficient inverse analysis
framework, which would be able to directly integrate the experimental data
into the simulation in real time in order to obtain a full solution. Full
solution might be necessary to achieve desired system control, in cases
when a parameter to be controlled cannot be directly derived from the
sparse measurements alone, for example maximum temperature within a test
piece. This paper presents an inverse analysis framework based on the Finite
Element Method (FEM) as a compelling alternative to existing approaches.

In general, a forward problem can be defined as using the applicable model
of a system to ascertain the effects of the given causes. Specifically, for the
transient problems, the boundary conditions (BCs), the initial conditions
(ICs), the material properties, and possibly other system parameters should
be established to solve the forward problem. Contrarily, inverse problems
can be classified into two categories:

(i) Deriving the system parameters from the observed causes and effects.

(ii) Deriving the causes from the observed effects.

The first category is a traditional definition of an inverse problem [2];
whereas, fundamentally, the second category is an inverse reconstruction
of the full solutions using the available sparse data within a domain, i.e.
measurements, with system parameters assumed to be known. The physical
experiments represent the most common source of the sparse data observed
within a domain. The main focus of this paper is on an inverse thermal
field reconstruction, which is a task belonging to the second category. Such
reconstruction is an important and often an essential part of digital twinning.

Consequently, the focus of this paper is twofold:

a. Developing a framework for inversely reconstructing the full temperature
field from the sparse experimental measurements with speed as close to
real time as possible.

b. Understanding how to generate multiple viable options satisfying given
requirements, which could be used for semi-autonomous system control
with a human-in-the-loop (HuIL) element [3].

These two points are discussed in some detail below.
From a historical perspective inverse problems focused largely on

parameter estimation for differential equations [4, 5, 6], with some of the
conventional methods being functional analytic regularisation as well as
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statistical regularisation [2, 4]. Possibly the most notable example of
statistical regularisation is Bayesian inversion [4]. Another way to solve
such inverse problems is to use a search-and-optimisation-based approach,
for example the Particle Swarm Optimisation (PSO) algorithm [7]. More
comprehensive reviews of the various methods to solve inverse problems are
provided by Tamaddon-Jahromi et al. [8] and Arridge et al. [4]. However, the
aforementioned methods tend to quickly become computationally intractable
and generally lack sufficient flexibility.

Increasingly in many engineering fields, machine learning (ML) is being
applied to everything with problems ranging from manufacturing [9, 10] to
aerospace [11, 12]; and, indeed, it offers a combination of unique benefits,
such as accuracy, efficiency, flexibility, and scalability [13], all of which are
desirable in many engineering applications. Nevertheless, in the context
of inverse analysis and digital twinning, ML models tend to have a few
drawbacks.

Data-driven ML models usually require a significant amount of training
data in order to provide sufficient accuracy and wide enough applicability.
Although some ML model types, such as Gaussian Process Regression (GPR)
[14], generally require far less training data than other ML models such as
Neural Networks (NNs) [15, 16], Long Short-Term Memory (LSTM) [17],
and Transformers [18, 19], still a significant amount of data is needed.
Collecting significant amounts of data poses a considerable challenge for
complex engineering applications. This issue can be resolved in two ways:
(1) Use the experimental data for the training or (2) Run a high number
of standard forward simulations, FEM simulations for instance, to generate
the necessary training data [8, 18, 20, 21, 22]. The former is rarely possible
in engineering, as the experimental data is usually sparse and there is not
enough to be able to effectively train a data-driven ML model. The latter
seems to be more promising on the surface; however, it assumes the possession
of a completely accurate, verified, and trustworthy FEM model, which is
also a complicated problem of its own to develop and verify, especially when
dealing with extreme environments. Additionally, training ML model on
selected cases of the forward simulations could bias the ML model to predict
certain solutions, which might not necessarily match the physical experiment.

On the other hand, there are physics-based ML models, such as Physics-
Informed Neural Networks (PINNs), which do not rely on training data, as
they are trained using relevant partial differential equations (PDEs) [23, 24].
This resolves the issue of potential solution bias which data-driven models are
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susceptible to, but creates another issue. One of the primary reasons why ML
is such an attractive option for digital twinning is its high inference speed
after the model is trained, which could potentially allow it to function in
real time. However, PINNs require the continuous training to be performed
as the sensor measurements are inputted, which slows the model down
considerably. Furthermore, the integration of such physics-based ML models
within existing industry simulation workflows, which are typically developed
using the conventional simulation software, is not a straightforward process.

It is generally accepted that it is very challenging to directly apply FEM
to inverse problems, where some or all BCs are unknown, which traditionally
limit its application to forward problems only. However, the developed FEM-
based inverse analysis framework demonstrate that it is possible to modify
the FE workflow in such a way as to allow it solve an inverse problem and
accurately reconstruct a solution.

The secondary focus of the present work is to generate multiple viable
solutions in a controlled manner. The challenge of inverse problems is that
they are ill-posed, meaning that the solution is non-unique [2]. However, this
difficulty can be harnessed and transformed into an advantage, as this ill-
posedness is surprisingly desirable when it comes to the second objective of
achieving control: it can be exploited to generate multiple options (solutions)
for the user.

The remainder of the paper is organised into following sections. Section 2
details the method derivations for linear transient problem; moreover, it
describes the extension of the method allowing the generation of multiple
solution options fitting certain total energy criterion. Section 3 presents
and interprets the results for several thermal field reconstruction cases;
furthermore, several solution options are produced and analysed in order
to demonstrate the application of the multiple solution generation process.
Finally, Section 4 summarises the significance of the results in the context of
the objectives set in Section 1, and also provides the main advantages of the
presented framework.

2. Methodology

This section provides a description of the methodology. The framework
introduced in the present work is based upon the ODIL (Optimizing
a DIscrete Loss) approach, which was successfully applied to fluid flow
problems [25] and glioma radiotherapy planning [26] and has undergone
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substantial adaptations for this paper. Additionally, the framework is
adapted to ensure compatibility with the measurements from the physical
experiments. Figure 1 outlines a general workflow with the details provided
in the relevant sub-sections.

Figure 1: Summary of the workflow for the solution reconstruction and multiple solution
generation. For the steady-state problem only [K] global matrix and {f}h global vector
are computed, and the whole procedure is repeated only once; whereas for the transient
problem, it is repeated every time step and then {T }final refers to the solution at one time
step. For solution reconstruction the initial temperature distribution {T }init is a uniform
temperature equal to the average measurement value for steady state; {T }init used for each
time step is a uniform temperature equal to the average time-step measurement value.

2.1. Linear transient problem

The general linear 3D transient heat conduction equation without a heat
source and with isotropic material properties is given as [27]:
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where x, y, and z are the spatial coordinates, T is the temperature, k
is the thermal conductivity, while ρ and cp are density and specific heat,
respectively, which are assumed to be temperature-independent; t is time.
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Additionally, general expressions describing Neumann BCs are:

k
∂T

∂x
l + k
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∂y
m+ k

∂T

∂z
n+ q = 0 on Γq

k
∂T

∂x
l + k

∂T

∂y
m+ k

∂T

∂z
n+ h(T − Ta) = 0 on Γh (2)

where l, m, and n are the direction cosines of the surface normals, q is the
time-dependent heat flux, while h is a convection heat transfer coefficient, Ta

is ambient temperature, and Γq and Γh are the boundary surfaces where these
BCs are applied. Dirichlet BCs are omitted in the present paper, since they
are not physically representative of the experimental setting. Nonetheless,
this approach can be used in conjunction with Dirichlet BCs.

The standard Galerkin weighted residual method is employed to discretise
Eq. 1 and Eq. 2 in space [27]; and fully implicit time discretisation scheme
is used. Consequently, the following global system of equations is obtained:

[C]

{
{T }n+1 − {T }n

∆t

}
+ [K] {T }n+1 = {f}n+1 (3)

with

[K] =

∫
Ω

[B]T [D] [B] dΩ +

∫
Γh

h [N ]T [N ] dΓ (4)

[C] =

∫
Ω

ρcp [N ]T [N ] dΩ (5)

{f} = −
∫
Γq

q [N ]T dΓ +

∫
Γh

hTa [N ]T dΓ (6)

where {T } and {N} are the temperature and shape function vectors,
respectively. [C] and [K] are the global mass and stiffness matrices,
respectively, and {f} is a global loading vector. Superscript n signifies the
nth time step; Ω is the discretised domain.

The loading term {f} can be split into two following terms corresponding
to the known (convection) and unknown (applied heat flux) BCs - global
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convection {f}h and applied heat flux loading vectors {f}q, respectively:

{f} = {f}q + {f}h

{f}q = −
∫
Γq

q [N ]T dΓ

{f}h =

∫
Γh

hTa [N ]T dΓ (7)

Eq 7 represents a start of the novel deviation of the developed inverse analysis
approach from the standard FEM workflow used for forward problems. The
global applied heat flux vector {f}q is assumed be unknown.

2.2. Inverse analysis

The following assumptions are made for the inverse analysis:

• The temperature values are known at points belonging to the
measurement set M ∈ Ω.

• The materials properties are known; they include the general thermal
conductivity matrix [D] and the convection heat transfer coefficient h.

• The ambient temperature Ta is known.

• The exact locations of Γh and Γq on the boundary are known, and
Γ = Γh ∪ Γq, where Γ is domain (Ω) boundary.

Given that M number of temperatures {T }M are known from
measurements and the heat flux value on the boundary Γq is unknown, the
next step is to define a scalar loss function L of {T }n+1. The dependency of
{f}q on the temperature distribution {T } is as follows (Eqs. 3 and 7):

{f}n+1
q = [C]

{
{T }n+1 − {T }n

∆t

}
+ [K] {T }n+1 − {f}n+1

h (8)

Then L ({T n+1}) is a sum of three terms:

(a) Residual term

c1
∑

i∈Ω\Γq

(
[C]i

{
{T }n+1−{T }n

∆t

}
+ [K]i {T }n+1 − {f}n+1

hi

)2

where [C]i and [K]i are the i
th rows of the global [C] and [K] matrices,
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respectively, which correspond to the ith node in the domain; while {f}hi
is the ith element in the global {f}h vector. This term enforces the fact
that, in the absence of the volumetric heating, the elements of loading
vector {f}q corresponding to the nodes inside the domain and the nodes
where only the convection is applied should be zero (see Appendix A).

(b) Measurement term c2
∑

i∈M
(
{T }n+1

i − {T }n+1
Mi

)2
This term directly incorporates the temperature measurements into the
simulation.

(c) Regularisation (smoothing) term

c3

[∑
i∈Γq\Γedge

(
{f}n+1

qi −
∑

i∈Γq\Γedge
{f}n+1

qi

|Γq\Γedge|

)2

+

+
∑

i∈Γedge\Γcorners

(
{f}n+1

qi −
∑

i∈Γedge\Γcorners
{f}n+1

qi

|Γedge\Γcorners|

)2

+

+
∑

i∈Γcorners

(
{f}n+1

qi −
∑

i∈Γcorners
{f}n+1

qi

|Γcorners|

)2
]

{f}n+1
q is calculated using Eq. 8. Γedge represents the 3D edge of the

surface where the heat flux q is applied, i.e. it is ∂Γq and also, referring
to the last point in the aforementioned assumptions list, it is equal to
Γq ∩ Γh. Γcorners represents sharp features on Γedge if such features exist
and if they are discretised using one element, i.e the node on a corner
belongs only to one element. An example of Γedge and Γcorners is given in
Table 2. This term ensures that there is a smooth temperature transition
on the boundary of the domain where the heat flux q is applied.

In the above equations, c1, c2, and c3 are weighting coefficients signifying
the relative importance of each term; the selection of the appropriate values
is discussed in Section 3. Mesh, as well as [C], [K], and {f}h can be obtained
using virtually any commercial or open-source FEM software, such as ANSYS
[28] or Code Aster [29]; the latter is used in this paper. The component in
the form of [C]

{(
{T }n+1 − {T }n

)
/∆t

}
, which signifies heat accumulation

over time, becomes zero for steady-state problems.
The regularisation (smoothing) term prevents unphysically large and

abrupt temperature variations on the surface from appearing. It does so
through indirectly ensuring the smooth spatial variation of temperature’s
first derivative normal to the surface. The first derivative of temperature
in the direction normal to the boundary directly correlates with the heat
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flux through the boundary q = −k(∂T/∂n) [27], which in turn defines the
applied heat flux loading vector {f}q. The regularisation term limits the
deviation of each element of {f}q from the mean value of all {f}q elements.
It is necessary to apply the regularisation term only to Γq, where the implicit
degrees of freedom in the form of the unknown applied heat flux are situated.

The regularisation term is split into three parts: the first one
corresponding to the nodes on Γq \ Γedge, the second one corresponding to
Γedge \ Γcorners, and the third one to Γcorners. When the applied heat flux
varies gradually on Γq relative to the finite element size, a rapid change in
the loading vector {f}q values usually occurs between the nodes belonging
to Γq \ Γedge, the nodes belonging to Γedge \ Γcorners and Γcorners if such
nodes exist. Therefore, in order to avoid the complications related to this
sudden transition, it is beneficial to separate the regularisation term into
aforementioned groups. Four-node quadrilateral (linear) elements on Γq are
used in conjunction with the regularisation term defined above; however,
a slightly different node grouping within this loss function term might be
necessary if three-point (linear) triangles, particularly unstructured ones, are
to be used for Γq surface discretisation. Additionally, certain adjustments
would need to be made for the meshes with mesh refinement on Γq in order
to account for the potential presence of varying element size.

Lastly, it should be noted that such regularisation term definition
might not necessarily be an optimal choice for all potential heat flux
distributions. However, considering a specific experimental arrangement,
reasonable assumptions usually can be made regarding a general shape of the
heat flux distribution produced by a given heat-generating element; meaning
that some knowledge can be derived regarding the relative magnitudes of
heat fluxes without knowing their specific values. For example, if the heat
flux is produced by an induction coil of known geometry located at a certain
position relative to a test piece, then some plausible assumptions can be made
regarding the approximate locations of regions of the maximum and minimum
heat fluxes. This information can subsequently be used to customise the
regularisation term.

In order to select the correct distribution out of the infinite number
of possible distributions fitting the residual term, the measurement and
regularisation terms are employed in conjunction, thus making the inverse
problem approximately well-posed. The heat flux associated with a particular
temperature distribution is implicitly calculated within the regularisation
term using the node equations excluded from the residual term (part (a)
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of the loss function and Appendix A) to obtain the loading vector values
corresponding to the nodes on Γq.

While the current paper utilises only linear analysis, the extension of
this framework to nonlinear material properties naturally follows. It is
slightly simplified by the fact that unlike stress-strain curve, thermal material
properties, k, ρcp, and h, tend to steadily increase with temperature without
displaying a softening region. Therefore, the potential additional solution
non-uniqueness stemming purely from the nonlinear material properties [30]
might be avoided.

2.3. Minimisation

After the loss function L
(
{T }n+1) is defined, the main objective becomes

the minimisation of L, and {T } corresponding to the minimum of L would be
the solution for the n+ 1 time step, i.e. the reconstructed temperature field
at this time step. It should be emphasised that the minimum of L might not
be necessarily zero, as, depending on its definition, the regularisation term
might not be required to be exactly zero for the correct solution. The function
minimisation is a common optimisation problem, but it is a cornerstone in
the ML training process, and hence it is advantageous to borrow some of the
methods frequently used in ML to minimise L.

Figure 1 summarises a general workflow for the solution reconstruction
for each time step. In this paper two iterative gradient-based optimisation
algorithms are used consecutively: the first one is nonlinear conjugate
gradient method (Stage 1) for sncg iterations [31] and the second one is
Gauss–Newton method (Stage 2) for sgn iterations [32, 33]. The output
from the nonlinear conjugate gradient method {T }ncg out is an input to
Gauss–Newton method. The nonlinear conjugate gradient method utilises
a first-order derivative matrix (Jacobian matrix) ∇L ({T }), whilst the
Gauss–Newton method makes use of the approximation of the second-order
derivative matrix (Hessian matrix)∇2L ({T }) based on∇L ({T }). Similar to
the ML training process, Automatic Differentiation (AD) is employed in order
to efficiently calculate the exact Jacobian matrix at each iteration [25, 34].
The initial temperature distributions used for each time step is chosen to be
a uniform temperature equal to the average time-step measurement value.
At the beginning of each iteration L ({T }s) and ∇L ({T }s) are calculated for
the temperature distribution outputted by the previous iteration {T }s, then
∆ {T } is computed using either nonlinear conjugate gradient method (during
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Stage 1) or Gauss–Newton method (during Stage 2). Finally, the temperature
distribution for the next iteration becomes {T }s+1 = {T }s +∆ {T }.

An iterative minimisation of the residual term combined with the
measured temperature values and the regularisation term will provide a
temperature distribution over the entire domain including boundaries. The
temperature distribution along the heat flux boundary Γq can now be used
to compute the heat flux.

To ensure a high computational speed the majority of matrix additions,
multiplications, as well as AD are performed on Graphical Processing Unit
(GPU) with the help of PyTorch, which is a highly optimised ML library
[35].

2.4. Multiple choice generation

In the previous sub-sections, the regularisation term is used to overcome
the inherent ill-posedness of the inverse problem ensuring that the loss
function converges to the correct solution; whereas this section demonstrates
how ill-posedness can be exploited in order to generate multiple solutions
fitting certain predefined requirements. A scenario can be considered where
some desired values of the time-dependent total heat Qgoal(t) should be
achieved, which can be done by applying the heat flux on Γq in various
ways. It is assumed that the measurements are not available, as the aim of
this procedure is to produce potential future options which can be used for
control, rather than to reconstruct the correct solution from the obtained
measurements.

For the transient problem, the loss function is defined as a sum of the
following three terms, two of which have been used previously for the solution
reconstruction:

1. Residuals term

c1
∑

i∈Ω\Γq

(
[C]i

{
{T }n+1−{T }n

∆t

}
+ [K]i {T }n+1 − {f}n+1

hi

)2

.

2. Regularisation (smoothing) term

c3

[∑
i∈Γq\Γedge

(
{f}n+1

qi −
∑

i∈Γq\Γedge
{f}n+1

qi

|Γq\Γedge|

)2

+

+
∑

i∈Γedge\Γcorners

(
{f}n+1

qi −
∑

i∈Γedge\Γcorners
{f}n+1

qi

|Γedge\Γcorners|

)2

+

+
∑

i∈Γcorners

(
{f}n+1

qi −
∑

i∈Γcorners
{f}n+1

qi

|Γcorners|

)2

+
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+

(∑
i∈Γedge\Γcorners

{f}n+1
qi

|Γedge\Γcorners| − 2 ·
∑

i∈Γcorners
{f}n+1

qi

|Γcorners|

)]
.

The dependency of {f}n+1
q on the temperature distribution {T } is is

given by Eq. 8.

3. Total heat term

c4

(∑
i∈Γ

(
[C]i

{
{T }n+1−{T }n

∆t

}
+ [K]base i {T }n+1

)
−Qn+1

goal

)2

where

[K]base =

∫
Ω

[B]T [D] [B] dΩ (9)

and [K]base i is the ith row of the [K]base matrix.
The total heat term serves to enforce the required total heat values for the

solution as it progresses through time. c4 represents the relative importance
of the total heat specification; a lower c4 value means the generated solution is
allowed to deviate from the desired total heat values more, and vice versa. It
can be used to control the type of the solution generated. The randomisation
of the initial temperature values allows the generation of different solutions
for the same c4 value, which is explained in greater detail in this section.

The regularisation term includes an additional fourth component, which
limits the magnitude of the deviation between the average value of {f}q
elements on Γedge \ Γcorners and the average value of {f}q elements on
Γcorners. The separation of the regularisation term into three parts, which
is beneficial for the solution reconstruction, becomes less effective when
generating multiple solutions, as there is no measurement term creating a
connection between the three regions. Therefore, if the fourth component is
absent from the regularisation term, the generated solutions tend to exhibit
sharp temperature variations between the corners and the rest of Γq. The
fourth component serves to constrain the applied heat flux on the corners
without overly constraining the problem overall, so that it becomes well-
posed.

Figure 1 summarises a general workflow for generating multiple solutions,
here the total heat term replaces the measurement term used for the
solution reconstruction. A similar approach of combining two gradient-
based optimisation algorithms, conjugate gradient and Gauss–Newton (Sub-
section 2.3), is adopted for the loss function minimisation. The only
difference with the solution reconstruction process is the initial temperature
distributions used for each time step. In theory, any gradient-free
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optimisation algorithm can be used as a wrapper for the two aforementioned
gradient-based algorithms in order to find multiple local minima of the
loss function landscape, and basin-hopping [36] was initially trialled for
this purpose. Nevertheless, just randomised assignment of the temperature
values at each node works well while keeping the adherence to the runtime
specification for the digital twinning. The random initial temperature values
are produced using probability density function of the uniform distribution
over the half-open interval [Tmin, Tmax) [37]. A new random set of values for
the initial guess vector {T }init is produced for every time step using the same
Tmin and Tmax values for the whole run; the random {T }init corresponding to
each time step are generated prior to the run. It should be noted that Tmin

and Tmax values limit only the initial guess, and they do not limit the final
converged temperature distribution.

Finally, while only the total heat requirement is considered in the present
work, it is easy enough to create a loss function term enforcing any other
given requirement, such as the required maximum temperature on Γq.

3. Results and discussion

The example considered in this paper is an air-cooled stainless steel plate
subjected to the linearly increasing uniform surface heating given by:

q(t) =
600000

180
t (10)

Figure 2 shows a general schematic of the plate with the applied BCs
described in Tables 1 and 2, while Table 3 provides the material properties.
This particular geometry and BC types are selected as they represent a
generally realistic experimental setup. The simulation is run for 180s; the
initial conditions represent a steady state, room temperature of 20◦C. For
this case Γedge is ABCD edge shown in Figure 2 and also equal to Γq ∩ Γh;
Γcorners consists of the nodes A, B, C, and D (Table 2).

3.1. Thermal field reconstruction

The reference solutions, to which the inversely reconstructed solutions
are compared, are generated in Code Aster [29] by applying the BCs
shown in Table 1. In order to inversely reconstruct the solution from the
sparse measurements, the steady-state loss function is firstly defined (Sub-
section 2.2) and used to reconstruct the steady-state solution, which is
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Figure 2: Labels for the applied BCs (Table 1).

Table 1: Applied BCs; Figure 2 shows the
labels.

Surface BC

ABCD Uniform heat flux

BFGC

Plate-air convection
BFEA
AEHD
DHGC
EFGH

Table 2: Defined sets; Figure 2 shows the
labels.

Set Location

Γq Surface ABCD
Γedge Edge ABCD
Γcorners Nodes A, B, C, D
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utilised as a starting point for the subsequent transient calculations. Then,
the transient loss function can be defined (Sub-section 2.2) and used to
reconstruct the solution at each time step.

Table 4 gives the descriptions of the six cases considered in the present
sub-section. ∆tref and ∆trec are time step sizes used for generating the
reference solution in Code Aster and for the solution reconstruction process,
respectively.

Parameters c1, c2 are equal to 1.0 for the solution reconstruction;
conversely, c3 might need a separate adjustment, the process of which is
detailed in Appendix B. The locations of c3 value regions resulting in the
lowest relative errors seem to be dependent on the number of measurements
as well as on ∆trec; consequently, it can be calibrated prior to the experiment.
Moreover, the only meaningful values c3 might adopt are between 0.0 and
1.0, as any value above 1.0 means that c1 and c2 can be adjusted in order to
keep c1, c2, and c3 below 1.0. Generally, values of c3 above 0.5 seem to yield
acceptable errors.

One structured mesh consisting of 5,196 linear quadrilateral and
hexahedral elements (for surface and volume discretisation, respectively) is
used for the reference solutions as well as for all six cases of the solution
reconstruction. During the calculation of elemental matrices and vectors,
four Gauss (integration) points are used for the surface integration of
quadrilaterals, and eight Gauss points are used for the volume integration of
hexahedrals. No mesh refinement is used in the present paper. Two options
for the measurement placement are considered: 15 and 9 measurements;
Figure 3 shows the locations for each one. Furthermore, these measurements
are experimentally attainable when thermocouple (TC) measurements and

Table 3: Material properties.

Parameter Value Unit

Thermal conductivity k (stainless steel Grade 91) 25.84 W/(m ◦C)
Air-steel convection heat transfer coefficient h 135.00 W/(m2 ◦C)
Density ρ (stainless steel Grade 91) 7760.00 kg/(m3)
Specific heat cp (stainless steel Grade 91) 416.80 J/(kg ◦C)
Atmospheric temperature Ta 20.00 ◦C

* All values are given for the room temperature of 20◦C.
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possibly infrared (IR) camera surface recordings are available [38, 39]. None
of the measurements are located directly on Γq \ Γedge, as it is generally not
possible to place any diagnostic sensors directly under the heat-generating
element, for example an induction coil [38]. Furthermore, none of the
measurements are placed close to EFGH side (Figure 2), since, with the
location of the heating element being known, this region would not provide
any useful information for a significant part of the simulation in the beginning
as the temperatures measured there would simply remain nearly constant.

The accuracy is judged by calculating the errors of the reconstructed
solution relative to the reference solution, while the computational speed
is evaluated by recording the time it takes to reconstruct the temperature
field at each time step, i.e. the time step runtime. Table 5 summarises the
overall relative and absolute errors averaged in space and time as well as the
overall maximum relative and absolute errors for each case, whereas Figure 4
compares the average time step runtime for local GPU (NVIDIA GeForce
RTX 3060) and supercomputer GPU (NVIDIA A100) with the time step size
∆trec for each case. Table 5 also provides relative and absolute differences
between two reference solutions used in this paper, the first one with ∆tref
equal to 1s and the second one with ∆tref equal to 0.1s. Moreover, Figures 5

Table 4: Description of six cases considered for the stainless steel plate.

Case
No.

∆tref
[s] a

∆trec
[s] b

No. of
measurements

sncg
c sgn

d c1 c2 c3

1 1.0 1.0 15 2 1 1.0 1.0 1.0
2 1.0 1.0 9 2 1 1.0 1.0 1.0

3 0.1 1.0 15 2 1 1.0 1.0 1.0
4 0.1 1.0 9 2 1 1.0 1.0 1.0

5 0.1 2.0 15 2 1 1.0 1.0 1.0
6 0.1 2.0 9 2 1 1.0 1.0 0.5

a ∆tref is a time step size used for generating the reference solution in
Code Aster.

b ∆trec is a time step size used for the solution reconstruction process.
c sncg is a number of nonlinear conjugate gradient algorithm iterations
(Figure 1).

d sgn is a number of Gauss–Newton algorithm iterations (Figure 1).
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Figure 3: Two options for the measurement placement considered: 15 (left) and 9 (right)
measurements.

and 6 provide a more detailed view of the relative and absolute errors as
they develop with time for Cases No. 1 and 2, respectively; the errors on
these figures are averaged in space only. Similar figures for Cases No. 3-6
can be found in Appendix C. Since all calculations are performed on the
same mesh, the space averaging is simply done using the corresponding nodal
temperature values.

3.1.1. Number of measurements and errors

Firstly, the correlation between the number of measurements and the
error distribution is considered. The six cases can be divided into three
pairs, in which all parameters are the same apart from the number of
measurements, excluding c3 in some cases as it is calibrated based on the
number of measurements and ∆trec (Appendix B): Cases No. 1 and 2,
Cases No. 3 and 4, and Cases No. 5 and 6 (Table 4). Unsurprisingly, the
overall maximum relative errors increase with the decrease in the number of
measurements for Cases No. 1 and 2, Cases No. 3 and 4 (Table 5); on the
other hand, for Cases No. 5 and 6 the maximum relative error decreased by
0.08% with the decrease in the number of measurements.

Figures 7 and 8 display the spatial relative error distributions for the
time instance with the maximum overall relative error for Cases No. 1 and 2,
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respectively; the time instance is 63s for both of them. It can be seen that the
areas with the highest errors are around Γq \Γedge (Figure 2, Table 2), which
is to be expected as no measurements are available there and no relationship
between T and q is known a priori. However, it can be observed that the
errors are still within the 2% range, and Figures 7 and 8 show an excellent
match between the reconstructed and reference solutions.

As shown in Figures 5 and 6, as well as in Figures C.17 and C.18, and
Figures C.19 and C.20 in Appendix C, the average and maximum relative
errors do not increase continuously with time, but in fact peak at the time
instance between 0 and 180s and then start to gradually decline. This signifies
that the measurements do provide a limiting effect on the error accumulation
in time.

Table 5: Average and maximum relative and absolute solution reconstruction errors for
six cases considered for the stainless steel plate.

Case
No.

Average
relative error
[%]

Maximum
relative error
[%]

Average absolute
error [◦C]

Maximum
absolute error
[◦C]

1 0.09 1.84 0.05 2.56
2 0.09 2.01 0.05 2.78

3 0.14 1.77 0.06 2.54
4 0.14 1.98 0.06 2.83

5 0.21 1.75 0.08 1.88
6 0.21 1.67 0.09 2.58

Ref.
diff.
a

0.15 1.33 0.07 1.0

a Reference difference row - this row corresponds to the relative and absolute
difference between the two reference solutions, the first one with ∆tref equal
to 1s and the second one with ∆tref equal to 0.1s.
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