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by Wiera Bielajewa

Digital Twinning (DT) technology is in the process of becoming an essential instrument

for optimising efficiency, ensuring safety, and enhancing research productivity of the

fusion energy experimental facilities. A digital twin represents a virtual counterpart of

a physical system that maintains real-time synchronisation through the sensor-derived

data. Within fusion energy experimental facilities, DT technology enables enhanced

information extraction from the experimental data and facilitates optimal control. This

work presents two distinct methodologies facilitating DT control of a sample.

The first DT approach, Finite Element-based Digital Twinning (FE DT) is a dual-

component control system comprising of a full-solution construction from limited data

and a control mechanism. The solution reconstruction operates in near-real-time for

small scale problems through a novel Finite Element (FE)-based data integration ap-

proach that transforms sparse measurements into comprehensive solutions for non-linear

systems. This method integrates FE discretisation with a loss function minimisation to

generate complete solutions from limited measurement data. Jacobian matrices are

computed analytically rather than through Automatic Differentiation (AD). The con-

trol component consists of a digital (discrete) Proportional–Integral–Derivative (PID)

controller that regulates the cooling water temperature of the test specimens. The mod-

ification of the solution construction approach involves its coupling with the thermal

eigenvalue-based Reduced Order Modelling (ROM). This allows for the speed-up of the

solution construction process whilst keeping the overall procedure the same.

The second DT approach, Physics-Driven Machine Learning-based Digital Twinning

(PD-ML DT), is rooted in Machine Learning (ML). It involves training two Neural

Network (NN) using steady-state data. A two-part NN system is employed, forming

a control loop. The first part, the heat flux NN, addresses the challenge of estimat-

ing thermal conditions. Its aim is to construct a steady-state equivalent of the heat

flux based on the provided temperature measurements. The second part, the coolant

https://www.swansea.ac.uk/
https://www.swansea.ac.uk/science-and-engineering/
https://www.swansea.ac.uk/science-and-engineering/aerospace-civil-electrical-mechanical-engineering/
wiera.bielajewa@swansea.ac.uk


iii

NN, provides a solution for active thermal management. In this work, it determines

the necessary coolant velocity to maintain the maximum sample temperature below a

specified threshold. The additional adjustments are made to ensure the system’s effec-

tiveness and robustness when dealing with dynamic system. These include extrapolating

the constructed heat flux and selecting the maximum value from a range of past and

extrapolated data points. These adjustments are critical as they account for the fact

that both NNs are trained on steady-state data, allowing them to operate effectively

in non-steady-state conditions. This combined approach enables real-time temperature

monitoring and control addressing a challenge in thermal system management.

The performance of two DT systems is demonstrated through the cooling control analysis

of samples which were previously evaluated in a fusion energy experimental facility.

Various system responses are generated under their control, and they are compared

based on the accuracy, speed, and the resistance to measurement noise. The results

show that they display advantages and disadvantages based on the information which

could be provided during the experiment. Primarily, FE DT requires more measurements

than PD-ML DT in the presence of noise; however, it has the ability to provide more

information compared with PD-ML DT in the form of the full temperature field. As

opposed with PD-ML DT, FE DT does not have instantaneous inference time; however,

by employing ROM as part of the workflow it could be reduced.

The reported development of DT process for thermal systems, powered by FE combined

with PID controller or a dual NN control loop, holds significant implications for the

future of fusion energy research and beyond. By enabling real-time monitoring and ac-

tive thermal management, it provides a crucial tool for optimising the performance and

ensuring the safety of experimental fusion facilities. This approach moves the progress

closer to autonomous, self-correcting systems that can operate with greater efficiency

and reliability. The methodology’s application extends beyond fusion, offering a tem-

plate for managing thermal systems in a wide range of engineering fields where sparse

measurements are involved.
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Chapter 1

Introduction

1.1 Fusion energy

Sustainable and dependable energy sources are fundamental to the world’s continued

advancement. Addressing the dual challenges of the increased energy demand and cli-

mate change, exacerbated by fossil fuel usage, requires a diverse mixture of strategies.

Controlled thermonuclear fusion offers several critical benefits on the way to addressing

these challenges. It could contribute towards sustainability, safety, and energy security,

and it could become a stable electricity provider, contributing reliably to other energy

systems [1].

Fusion energy differs significantly from nuclear fission, which is the technology used in

current nuclear power plants. Fission relies on a self-sustaining chain reaction that can

lead to runaway scenarios if not carefully controlled. In contrast, fusion does not involve

chain reactions. Continuous external input is required in order to maintain the conditions

for fusion, and deviations from the optimal conditions causes the plasma to cool and the

reaction to halt naturally. Furthermore, fusion reactions produce significantly less lasting

radioactive waste and do not involve materials bearing resemblance to the military-grade

ones (e.g. Plutonium and low-enriched Uranium), thus enhancing both its environmental

and safety profiles. Finally, its fuel sources are abundant and effectively inexhaustible.

Unlike fission process which is based on the splitting of heavy atomic nucleus into two

lighter ones, fusion energy is produced by fusing two light nuclei into one heavier nu-

cleus [8]. Typically, in a fusion reactor hydrogen isotope, deuterium D, reacts with

1
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tritium T , which is a heavier hydrogen isotope, to produce a neutron n, helium He, and

approximately 14.1 MeV of energy from the neutron [1, 9]:

D + T → He4 (3.5MeV ) + n (14.1MeV ) (1.1)

The isotopes are combined under conditions of extreme temperature to form a heavier

nucleus. The majority of the produced energy is carried away by the neutron. The

energy of these neutrons is then absorbed by the blanket material surrounding the

plasma, where it is converted to heat and subsequently used to generate electricity via

standard thermodynamic cycles [1].

A fusion reactor is an integrated system designed to achieve and sustain thermonuclear

conditions conducive to net energy gain. The most mature concept is the tokamak. It is a

toroidal magnetic confinement device that employs strong toroidal and poloidal magnetic

fields used to confine and stabilise a plasma with temperatures exceeding 108 ◦C [9]. The

alternative for the traditional toroidal arrangement is spherical tokamak, which has a

lower aspect ratio and could lead to improved stability [10].

Figure 1.1 show the example of future fusion plant configuration. A deuterium-tritium

fuel mixture is injected into a vacuum chamber in gaseous form or as frozen pellets, where

confinement and heating systems bring it to the plasma state and sustain continuous

fusion reactions [11]. The plasma produces energy in the form of energetic particles,

radiation, and high-energy neutrons, as well as helium ash, which is extracted and

processed outside the reactor. Charged particles and radiation deposit their energy in

the first wall surrounding the plasma, while neutrons travel beyond the first wall into the

blanket. Most of the neutron energy is deposited in the blanket, where it is converted

into thermal power and removed by a coolant circulating within the structure. This heat

is transferred to steam generators to produce steam that drives a conventional turbine-

generator system for electricity production. A fraction of the generated electrical power

is recirculated to sustain plasma operation and supply auxiliary systems. The first wall,

blanket, and vacuum vessel are actively cooled by the heat extraction system to enable

steady-state operation under fusion-relevant conditions.

A fusion reactor consists of several key systems that work together to achieve and sustain

nuclear fusion. The plasma confinement system uses strong toroidal magnetic fields

produced by superconducting magnets to contain the hot plasma and prevent it from
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Figure 1.1: Fusion power plant example configuration depicted with some auxiliary
systems.

coming into contact with the reactor walls. This system ensures that the plasma remains

at the high pressures and temperatures needed for fusion. To heat the plasma to the

necessary fusion conditions, dedicated heating systems such as neutral-beam injectors

are employed. These systems raise the energy of the particles and enable collisions

strong enough to overcome the Coulomb barrier. Meanwhile, the fuel injection system

introduces deuterium and tritium into the plasma, keeping the fuel supply steady and the

plasma density within optimal limits. Deuterium and lithium are abundant resources.

Deuterium can be extracted from any type of water and is regularly manufactured for

use in scientific and industrial fields.

Other components include the blanket and shielding, which capture high-energy neutrons

produced during fusion. Deuterium and tritium fuel undergo nuclear fusion at extremely

high temperatures, releasing energy in the form of charged particles, neutrons, X-rays,

and ultraviolet radiation. These neutrons interact with lithium within the blanket to

breed more tritium, sustaining the fuel cycle. The blanket also absorbs the energy from

the neutrons, converting it into heat that can be used to generate electricity. The divertor

is positioned at the bottom of the vacuum vessel. It defines the outer boundary of the

confined plasma, or plasma edge, and serves several essential functions. Chief among

these is the removal of waste products, particularly helium ash produced during fusion,
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as well as other impurities that can accumulate in the plasma. By maintaining plasma

purity and regulating excess heat, the divertor ensures continuous and stable fusion

conditions. The area allocated for the divertor cavity also accommodates other in-vessel

systems not covered by the blanket. Lastly, the cooling system regulates the intense heat

generated by the fusion process through coolant loops and heat exchangers. This system

not only facilitates the transfer of thermal energy to electricity-generating systems but

also helps maintain the reactor’s structural integrity and efficiency by cooling magnets

and other key components.

Figure 1.2 shows the distribution and management of heat loads within the fusion re-

actor, using EFDA DEMO 2050 as an example [1]. The reactor is designed to produce

2GW of fusion power. An additional 50MW is supplied by external heating systems,

bringing the total power that should be exhausted as heat by the reactor systems to

2.05GW. Of this, 78% (1.6 GW) comes from the kinetic energy of neutrons that leave

the plasma core without interacting further. This neutron energy is split between the

reactor’s blanket structures, which absorb 80% of it, and the divertor region, which

receives the remaining 20%. The other 22% (0.45GW) of the total power is associated

with the energy of alpha particles (400MW) and the power supplied by external heating

systems (50MW). This energy eventually exhausts from the plasma. 240MW is released

as radiation in the form of high-energy photons, while the rest is carried by the plasma

flow to the Scrape-Off Layer (SOL). Specifically, 210MW transported by the high-energy

protons are absorbed by Plasma-Facing Componentss (PFCs), resulting in an average

heat flux of 0.175 MW per square meter. The remaining energy interacts with localised

areas of the first wall or is deposited onto the divertor, which is designed to handle

concentrated heat and impurities.

The development of the commercial fusion reactor capable of producing a net energy

gain requires extensive validation of its components, plasma control techniques, and ma-

terials capable of withstanding extreme thermal loads. Several large-scale experimental

facilities have been constructed or are under development to advance this goal. The

Joint European Torus (JET) in the United Kingdom (UK) has achieved a record for

the highest energy output from a controlled fusion reaction during its final experiments

in 2024 [12]. The Spherical Tokamak for Energy Production (STEP) seeks to develop

a UK prototype fusion power plant and establish a pathway toward the fusion energy’s

commercialisation [13]. Its goals include demonstrating net energy gain, self-sufficiency
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Figure 1.2: Heat load distribution within the fusion reactor based on EFDA DEMO
2050 [1].

of fuel, and practical approaches to plant maintenance. International Thermonuclear

Experimental Reactor (ITER), under construction in France, is the largest fusion ex-

periment to date. It aims to demonstrate a gain factor of at least 10, meaning it should

produce ten times more fusion power than the power used to keep the plasma in a steady

state [14]. In parallel, inertial confinement is being explored at the National Ignition

Facility (NIF) in the United States, which achieved energy gain in 2022 [15]. Experi-

mental Advanced Superconducting Tokamak (EAST) was established in China [16], and

Burning Plasma Experimental Tokamak (BEST) is under development [17]. Finally,

companies such as Tokamak Energy and First Light Fusion are rapidly developing in

the UK private sector.

1.2 Fusion energy experimental facilities and Digital Twin-

ning

The research into fusion energy technology depends on various fusion energy experimen-

tal facilities. While large-scale projects like ITER and JET focus on plasma confinement
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and energy production, a number of facilities aim to address the engineering and material

performance challenges associated with operating a fusion power plant. Among these,

HIVE [18–20] and Combined Heating and Magnetic Research Apparatus (CHIMERA)

[21] facilities are designed to investigate the reactor component prototypes, particularly

the ones designed to perform a plasma-facing function (such as divertor components).

HIVE is capable of subjecting the sample to high heat fluxes and temperatures in vac-

uum conditions. While CHIMERA will be able to subject the samples to high heat

fluxes combined with magnetic loads under air, vacuum, or inert gas environments.

DT has emerged as a vital tool aiming to maximise the efficiency, safety, and research

output of such facilities. A digital twin is a virtual replica of a physical system with

a real-time synchronisation achieved through the data collected from the sensors [22].

In the context of fusion energy experimental facilities, DT can be used to extract more

information from the experimental measurements and control the physical asset in an

optimal manner. Furthermore, DT might help operators regulate test conditions and

observe safety constraints.

1.3 HIVE facility and samples

The HIVE facility is a high heat flux experimental system developed at the UKAEA site

in Culham, Oxfordshire to support research and development of plasma-facing compo-

nents. It operates under vacuum and uses induction heating generated by an induction

coil to reproduce the thermal conditions experienced during steady-state fusion reactor

operation. Surface heat fluxes of up to 20MW/m2 are applied to the sample. Excess

heat is removed via an actively cooled, pressurised water loop connected to the test

sample.

The experimental setup is housed within a cylindrical vacuum vessel approximately

500mm in height and diameter, featuring multiple ports for vacuum pumping, diag-

nostics, and optical access. The sample is mechanically clamped at the centre of the

vessel. A range of sample materials has been tested, including tungsten-copper and

stainless steel configurations. Sample length is 50mm, while the height is 25mm for the

tungsten-copper sample and 35mm for the stainless steel one.
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Heating is achieved through electromagnetic induction. An alternating current in the

coil generates a time-varying magnetic field, inducing eddy currents within the electri-

cally conductive sample. Resistive losses associated with these currents lead to Joule

heating. Although induction heating is volumetric in principle, the induced currents are

concentrated near the surface of the conductor due to the skin effect. The characteristic

skin depth depends on the material resistivity, magnetic permeability, and excitation

frequency, and decreases with increasing frequency.

HIVE typically operates in the 50-150 kHz range, around 100 kHz, corresponding to a

skin depth of less than 0.5mm. As a result, the thermal loading can be approximated as

a surface heat flux, closely replicating fusion-relevant conditions. The induction system

can draw up to 45kW of electrical power. Although, the actual heat transferred to the

sample depends on the coupling efficiency between the coil and the conductor, which

decreases with increasing coil-sample separation.

The HIVE facility was selected as a representative platform for developing and assessing

DT workflows due to its ability to reproduce key thermal conditions relevant to PFCs,

such as those found in divertors. The application of high heat fluxes combined with

active cooling to the samples closely mirrors the operational environment and material

challenges encountered in fusion systems. Moreover, these extreme thermal conditions

make HIVE particularly well suited for DT approaches. Experimental measurements

in such environments are often spatially and temporally limited, while direct access to

the sample is constrained. A DT enables the extraction of additional information from

available measurements, improving state estimation, interpretation of experimental data,

and ultimately control of the heating process. This makes HIVE an ideal test-bed for

demonstrating the value of DT in fusion-relevant thermal experiments.

1.4 Aims and objectives

The primary aim of this thesis is to develop and evaluate DT methodologies for mon-

itoring and controlling the behaviour of samples under experimental conditions within

the HIVE facility.

The objectives of this thesis are as follows:
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1. To construct and demonstrate operation of a FE DT of a representative compo-

nent prototype, capturing thermal responses under various loading scenarios and

enabling physics-based temperature monitoring and control.

2. To develop and demonstrate operation of a PD-ML DT of a representative com-

ponent prototype, enabling data-driven temperature monitoring and control.

3. To compare the performance of both DT approaches with respect to accuracy

(control error), computational efficiency (real-time or near real-time operational

speed), and robustness to uncertainties (sensitivity to noise).

1.5 Thesis outline

This thesis is structured into six chapters, including this introduction. They aim to

provide a logical progression from the theoretical foundations to the implementation

and evaluation of aforementioned DT methodologies.

Chapter 2: Background information and literature review

This chapter provides the necessary background on inverse modelling and reviews

various available DT techniques.

2.1 Inverse modelling methods: A review of approaches for constructing

system states from measurements and inverse material properties derivation,

with emphasis on thermal problems.

2.2 DT methods for thermal systems: A survey of existing DT frame-

works, with comparison between physics-based and data-driven approaches.

The focus of the review is on various thermal systems.

Chapter 3: FE and ML-based DT

This chapter outlines the two DT frameworks developed in this work. It describes

the mathematical formulations and workflows allowing for temperature control

within the sample.

3.1 FEM: Theory behind FEM for thermal simulations.

3.2 FE DT: Construction of a physics-based DT model using FE analysis

and a PID controller.
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3.3 PD-ML DT: An approach using two ML models trained on FE data.

Chapter 4: Solution and thermal conductivity construction using FE-based approach

This chapter focuses on the implementation and validation of the FE-based con-

struction process.

4.1 Forward model: Description of the forward FE model used to test the

solution and thermal conductivity construction process, the calibrated DT

control loops, and to generate training and validation datasets for PD-ML

DT.

4.2 Solution construction using computational data: Testing and anal-

ysis of the FE-based solution construction process using computational data.

4.3 Thermal conductivity construction using computational data:

Testing and analysis of the FE-based thermal conductivity construction pro-

cess using computational data.

4.4 Solution construction using experimental data: Testing and anal-

ysis of the FE-based solution construction process using experimental data.

Chapter 5: Temperature monitoring and control

This chapter focuses on the calibration and testing of two DT control loops. It also

presents the application of both DT control loops in the context of temperature

monitoring and control. It evaluates their accuracy, computational performance,

and sensitivity to noise. Comparative results between the FE DT and PD-ML DT

approaches are discussed in detail.

5.1 Finite Element-based Digital Twinning control loop tuning: Cal-

ibration process of FE DT. It employs two methods, ZN and AH.

5.2 Physics-Driven Machine Learning-based Digital Twinning con-

trol loop: Training and calibration processes for PD-ML DT. It includes

the training of two NNs and the tuning of two hyperparameters used in the

assembled PD-ML DT.
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5.3 Testing parameters for Digital Twinning control loops: Descrip-

tion of the testing parameters used to generate the control results. It includes

the various noise and applied heat flux settings.

5.4 Temperature control results analysis: The analysis of the results

achieved using the testing parameters defined in the previous section.

Chapter 6: Conclusions and future work

This final chapter draws conclusions and discusses future work.
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Background information and

literature review

Digital twins and the process of DT are gaining widespread adoption across many en-

gineering disciplines. This growth is driven by the need to develop responsive virtual

models of physical systems that can extract valuable real-time insights from physical

assets. A DT refers to a dynamic, continuously updated virtual model that mirrors the

behaviour of its real-world counterpart using real-time data [22]. In contrast, DT en-

compasses the broader methodology of creating and maintaining these models, especially

important when active control of the physical system is involved.

In the context of experimental facilities, DT serves two primary roles: enhancing the

limited measurements obtained from diagnostic sensors (i.e., system monitoring) and

supporting the control of experiments to reach desired conditions efficiently (i.e., system

control). Achieving both of these goals requires a robust inverse analysis framework

capable of integrating experimental data into simulations in real time to reconstruct

a system state representation. This is particularly critical in scenarios where essential

quantities, such as the maximum temperature within a test sample, cannot be directly

measured from sparse data alone.

This chapter presents an overview of inverse modelling techniques and DT approaches.

11
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2.1 Inverse modelling methods

In general terms, a forward problem involves applying a known physical model to de-

termine the outcomes resulting from specified inputs or causes. In the case of transient

problems, solving the forward problem requires specifying BCs, Initial Conditions (ICs),

material properties, and potentially other system parameters. In contrast, inverse prob-

lems generally fall into two main categories: (1) identifying system parameters based

on observed inputs and outputs, and (2) reconstructing system causes from observed

outcomes or effects.

The first category reflects the classical definition of inverse problems, where unknown

parameters are inferred [23]. The second category, on the other hand, focuses on re-

constructing BCs and thus the complete solution field within a domain using limited or

sparse measurements, assuming that the system parameters are already known. This

type of inverse problem often arises in physical experiments, which are the primary

source of sparse observational data. Historically, inverse problems have primarily cen-

tred on parameter estimation within the context of Partial Differential Equations (PDEs)

[24–26].

From an engineering standpoint, data assimilation and inverse modelling, specifically of

the second type, are closely related processes. Both involve integrating sparse observa-

tional or experimental data into a numerical model to enhance the available information

using established physical laws. These observed data may consist of material properties

or measurable variables such as velocity, pressure, displacement, or temperature. The

objective may be to determine unknown material parameters and/or reconstruct the

complete spatial field of a physical variable. Direct measurement of material properties

is uncommon, with the exception of certain cases like mechanical deformation, where

stress–strain data can be directly used to infer material characteristics. More typically,

measurable physical variables are recorded, and the goal is to infer the associated un-

known or uncertain properties of the material. Data assimilation and inverse modelling

may differ slightly in terms of their underlying assumptions. Inverse modelling often

presumes parameters are completely unknown, and data assimilation may treat them

as uncertain but partially known. Data assimilation could be aimed at reducing uncer-

tainty by refining model parameters with measurement data. In this work, the terms

data assimilation and inverse modelling are used interchangeably.
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The primary challenge of inverse problems lies in their ill-posedness, meaning that so-

lutions may not be unique. This ill-posedness necessitates the use of regularisation

techniques and careful selection of inversion methods. Given that there are often mul-

tiple possible ways for incorporating data into a model, some form of regularisation or

prior information is typically necessary to constrain the solution space. Regularisation

can be explicit, such as by introducing assumptions about the unknown parameters in

the form of prior, or it could be implicit. Implicit regularisation may be due to using,

for example, a set of carefully selected forward simulation cases as training data for a

ML model. Some authors argue that purely data-driven methods relying solely on data

without explicit assumptions eliminate the need for prior knowledge [27]. However, this

viewpoint overlooks the fact that large volumes of high-quality data can themselves act

as a form of regularisation. In effect, the data implicitly encode prior information by

constraining the solution space and filtering out implausible outcomes.

2.1.1 Methods without Machine Learning usage

Classical approaches to solving these problems include functional analytic and statis-

tical regularisation techniques [23, 24], with Bayesian inversion being one of the most

prominent examples of statistical regularisation [24]. The posterior distribution over

the unknown parameters is found through the process of updating the prior distribu-

tion with the measured data. Since the posterior distribution can rarely be calculated

explicitly, posterior sampling techniques based on the repeated forward evaluations are

usually used, such as Markov Chain Monte Carlo (MCMC) [28], Hamiltonian Monte

Carlo (HMC) [29], Variational Inference (VI) [30], and Normalising Flows (NFs) [30].

Girolami et al. [31] adopt a Bayesian view of the inverse problem with MCMC being

used to sample the posterior distributions. The parametrised probabilities, associated

with the uncertainties present in the model definition and measured data, are derived.

Then the measured data can be used to determine or learn the values of parameters

defining these probabilities.

Kalman Filter together with its variations could be used for data assimilation as well.

Duffin et al. [32] attempted to reduce the computational complexity of the method in-

troduced by Girolami et al. [31]. It was done by utilising some approximations and
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applying the extended Kalman filter instead of more computationally demanding algo-

rithms such as MCMC. Habibi et al. [33] employs a combination of sequential Kalman

filter and Dynamic Mode Decomposition (DMD) ROM technique to assimilate blood

flow data into the computational model.

Another category of solutions involves search and optimisation algorithms, such as Parti-

cle Swarm Optimisation (PSO) method [34]. Comprehensive reviews of inverse problem-

solving strategies can be found in the works of Tamaddon-Jahromi et al. [35] and Arridge

et al. [24]. However, many of these traditional methods tend to be computationally in-

tensive and often lack the flexibility required for modern engineering applications.

Optimising a Discrete Loss (ODIL) approach [36, 37] proved to be much more efficient

than Physics-Informed Neural Networkss (PINNss) which are described in the subse-

quent sub-section. ODIL combines discretisation methods like finite volume (FV) with

ML optimisation. It uses AD for Jacobian matrices and represents unknown material

properties with NNs. This work, therefore, modifies ODIL for the FEM to be applied

as a component for FE DT. A new, FEM-specific regularisation term is introduced into

the loss function, which is used alongside Neumann BCs. The loss function gradients

are derived analytically, and the material properties are modelled as a piecewise linear

function.

2.1.2 Methods with Machine Learning usage

ML has gained significant traction across a range of engineering disciplines, from

aerospace [38, 39] to manufacturing [40, 41]. ML techniques offer several advantages

over the approaches described in the previous sub-section, with efficiency, scalability,

and accuracy being among them [42]. These benefits make them attractive for a wide

variety of problems.

Purely data-driven ML models typically require large datasets to achieve acceptable

accuracy and sufficient generalisation. While models such as Gaussian Process Re-

gression (GPR) [43] can perform well with less data compared to NNs [44, 45], Long

Short-Term Memory (LSTM) networks [5], or Transformers [46, 47], the data require-

ments for complex engineering problems still remain high. Appendices A and B compare

Transformer-based ML models with LSTM for transient thermal solution construction.
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Data acquisition in such contexts is often difficult, and experimental data tend to be

sparse and insufficient for robust training. One workaround involves using numerical

simulations, such as FE models, to generate synthetic training data [19, 35, 46, 48, 49].

Pawar et al. [50] and Kim et al. [51] used Autoencoder (AE) - Generative Adversarial

Network (GAN) combination [50] and Gappy AE [51], respectively, to directly perform a

solution reconstruction utilising purely data-driven ML. However, this approach hinges

on performing a high number of simulations, which could be time-consuming. Moreover,

training ML models on selective simulation results may inadvertently introduce bias,

potentially leading to discrepancies between predictions and real-world measurements.

To address some of these issues, physics-based and hybrid ML approaches have been

developed.

PINNs [52, 53] do not rely on pre-existing datasets but are instead trained using the

governing PDEs. This helps avoid the bias associated with purely data-driven models.

However, PINNs come with their own drawbacks. One of the key advantages of ML

in DT is fast inference once the model is trained, making it suitable for real-time appli-

cations. PINNs, on the other hand, require continuous training as new sensor data are

introduced, which significantly slows down real-time performance. Integrating PINNs

into traditional industrial simulation pipelines, which are often based on conventional

FEM software, is also not straightforward and presents a practical challenge. Never-

theless, significant progress is being achieved in this realm. Gao et al. [54] develop a

discrete PINNs by performing conventional FE discretisation, merging it with Graph

Convolutional Network (GCN), and then minimising the objective function similarly to

the standard PINNs. Wang et al. [55] present another variation of discretised PINNs.

The domain is discretised using a FE mesh ensuring that the predicted values align

to the FEM constraints; the objective function limited by the FE mesh and the NN

parameters are obtained.

Various Low to High Fidelity Modelling (LHFM) and Hybrid Modelling (HM) are an

alternative to the aforementioned methods. LHFM generally means creating a link be-

tween what is considered to be a low fidelity data and what is considered to be a high

fidelity data. For example, low-fidelity data can be simulations, while high-fidelity data

is experimental data. Alternatively, low-fidelity data might be 2D simulations, with

high-fidelity data being 3D simulations. On the other hand, during HM not only the

model parameters related to the material properties or variables are updated based on
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measured data, but the whole model structure is modified. ROM is generally intertwined

with the notions of LHFM as well as HM. Xu et al. [28] created a ROM using Varia-

tional Autoencoder (VAE) and then employed Bayesian inversion coupled with MCMC

sampling to inversely determine material properties. While Wu et al. [30] and Li et al.

[29] created a ROM using Proper Orthogonal Decomposition (POD) combined with

a NN and performed Bayesian inversion using NFs and HMC, respectively. Shahzadi

and Soulaimani [56] created a ROM using NN and then used various optimisation al-

gorithms, such as PSO, genetic algorithm, and differential evolution, to minimise the

objective function related to the measured data. The studies conducted by Xu et al.

[57] and De et al. [58] are examples of ROM, which at the same time is LHFM and HM.

Low-fidelity data is FEM simulations, while high-fidelity data is measured data. One

NN is trained offline using FEM data first; and then the second NN, built on top of the

first one, is trained online using only measured data, while the parameters of the first

NN remain unchanged.

The aforementioned LHFM and HM approaches use FEM simulations to create a training

dataset for supervised ML models. However, there are also several works in which

FEM is used more interactively within the ML framework. Li et al. [59] used a FE

system of equations as a filter after AE. The equivalent load vector outputted by AE is

inputted into FE system of equations which then calculate the deflection. The calculated

deflection can subsequently be compared with the measured data during unsupervised

learning process. The study by Askari et al. [60] is an example of HM that is not a ROM

at the same time as well. Similar to Li et al. [59], the FE system of equations acts as a

filter for the output of NN or recurrent NN. The difference is that in this case the ML

model predicts the values for some unknown material property as well as some unknown

physics, which makes it HM. The authors state that the training process is supervised;

however, similar to Li et al. [59], it perhaps can also be classified as unsupervised as only

the measured data is used during the training. Analogous to the works by Li et al. [59]

and Askari et al. [60], Meethal et al. [61] introduce a ROM workflow where FE system of

equations acts as a filter for a NN output, and the model is also trained in essentially an

unsupervised manner. This approach can also be described as HM, as various unknowns

apart from material properties can be parametrised and incorporated into the training

process.

FEM has conventionally been limited to forward problems, where all BCs are known.
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It is often regarded as difficult to apply directly to inverse problems due to missing

or unknown boundary information. However, the FE-based inverse analysis framework

developed in this work demonstrates that the standard FE workflow can be adapted

to handle inverse tasks effectively, allowing for accurate reconstruction of system states

even in the absence of complete input data.

2.2 Digital Twinning methods for thermal systems

What primarily sets a DT apart from a stand-alone simulation running alongside a phys-

ical process is the ongoing exchange of information between the virtual model and the

physical asset. This interaction occurs through measurement data collected by sensors,

enabling the digital twin to accurately reflect the current state of the physical system.

This real-time feedback not only improves the fidelity of the model but also supports

more effective system control. Given its capacity to continuously mirror the behaviour

of a physical asset, a digital twin can be particularly valuable for monitoring and man-

aging complex thermal systems. These may include experimental platforms designed

to investigate heat transfer under extreme conditions or complete energy systems like

power plants. In practical applications, the ability to track and regulate factors such

as peak temperatures, mechanical strain, or cooling rates is crucial to prevent material

degradation and ensure safe, efficient operation. Various inverse modelling and ROM ap-

proaches described in the previous section play a significant role in enabling the creation

of the DT process.

The concept of DT has been established for several decades and has been widely im-

plemented in fields such as healthcare [62, 63], as well as manufacturing [64, 65] and

aerospace [66, 67] engineering. However, the use of DT technology in heat transfer

problems is a much more recent advancement. This field is still in its early stages, with

many technical and methodological challenges yet to be resolved [68]. In several stud-

ies, a heat transfer digital twin is not conceived as a fully integrated system involving

continuous data exchange between the physical asset and its virtual counterpart, which

is a central requirement of the definition adopted in this work. Instead, these studies

focus on numerical simulations that emulate experimental conditions without establish-

ing a bidirectional or continuous connection with the physical system. Moreover, the
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simulations are not designed to operate at real-time or near real-time speeds, which fur-

ther differentiates them from the digital twin framework considered here. This is shown

further down in this section. The DT framework proposed in this work also enables the

virtual model to exert control over the physical system, thereby forming a closed-loop

interaction, a capability that is not addressed in a lot of the previously reported studies.

Spateri et al. [70] proposed an electrothermal digital twin for radiation-based thermo-

forming processes. It integrates lumped-parameter heater modelling, a FDM thermal

diffusion model of the polymer sheet, and data-driven identification of radiation view

factors. The method decomposes the heating process into electric power generation,

radiative transfer, and through-thickness heat diffusion. It then couples physics-based

models with experimentally calibrated parameters obtained via constrained optimisa-

tion. Validation on a laboratory thermoforming test bench demonstrates good agreement

between predicted and measured surface temperatures, while also enabling the estima-

tion of internal bulk temperatures. This DT offers reduced computational complexity

and modularity, potentially allowing it to function in real time. However, real-time exe-

cution was not demonstrated bySpateri et al. [70]. The model parameters (e.g. radiation

view factors) were identified using experimental measurements, but this was performed

offline during calibration rather than continuously during operation. Spateri et al. [70]

discussed control of the physical system only as a future application.

Chen et al. [69] presented two segmented algorithms (a linear equations method and an

iterative method) for modelling 1D temperature and pressure fields of a plate heat ex-

changer within a digital twin context. By accounting for spatial variations in fluid prop-

erties along the flow direction, their approach improved accuracy over non-segmented

models while maintaining low computational cost. Their model predicts key thermal and

hydraulic quantities, including heat transfer rates, wall temperatures, and fluid temper-

ature, and pressure distributions, given known BCs. Validation against the commercial

software showed sufficient agreement under multiple test conditions. Chen et al. [69]

did not demonstrate continuous measurement integration, as the proposed digital twin

relied on predefined BCs and physics-based algorithms rather than real-time sensor data

or online model updating. The method exhibits fast convergence and reduced computa-

tional cost indicating potential suitability for near-real-time applications. Furthermore,

Chen et al. [69] did not implement control over the physical system. Instead, they fo-

cused on accurate calculation of temperature and pressure fields, without incorporating
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feedback mechanisms, control strategies, or actuation based on the model outputs.

Cui et al. [71] proposed a data-driven digital twin framework for early detection of

metal temperature anomalies in a 600MW supercritical coal-fired boiler operating un-

der flexible load conditions. The authors developed a PSO-optimised extreme gradient

boosting ML model to predict tube metal temperature using selected operational vari-

ables identified via grey relational analysis. To improve robustness and reduce false or

missed alarms, predicted temperatures are transformed into confidence-interval-based

ranges derived from statistical distributions. The load-dependent anomaly benchmarks

are established using histogram analysis and sliding window detection. Validated with

plant data, Cui et al. [71] showed that this framework significantly reduced prediction

error and successfully detected overheating events in advance. It demonstrated practi-

cal applicability for real-time anomaly detection and boiler tube protection. Cui et al.

[71] demonstrated continuous measurement integration by acquiring real-time opera-

tional data from the plant’s system, indicating ongoing data-stream integration rather

than offline batch analysis. This framework was designed to operate in near real time.

The prediction and anomaly detection computations require only a few seconds, and

the model forecasts metal temperature 6min ahead, providing actionable early warn-

ings during operation. However, control is not directly exerted autonomously on the

physical system. Instead, the digital twin issues warnings and visual alerts to oper-

ators, who should then manually implement corrective actions (e.g., adjusting spray

attemperation). This means that this framework supports decision-making rather than

closed-loop automatic control.

A number of works [72, 73] focused on optimising pseudo-steady thermal systems using a

Reinforcement Learning (RL) open loop. Renault et al. [72] investigated the application

of RL to optimise gas furnace control using high-fidelity Computational Fluid Dynamics

(CFD) simulations of conjugate heat transfer governed by the coupled Navier–Stokes

and heat equations. The authors implemented a single-step (open-loop) variant of Prox-

imal Policy Optimisation (PPO) to optimise control parameters. The control parameters

included burner flow distribution, workpiece position, and orientation in both 2D and

3D furnace configurations. Virtual temperature sensors are used to define reward func-

tions targeting heating homogeneity and efficiency, including multi-objective trade-offs.

Results demonstrated that RL could effectively explore high-dimensional control spaces,
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achieving significant improvement in temperature homogeneity without additional en-

ergy input. Continuous measurement integration was not demonstrated. Renault et al.

[72] used CFD simulations with virtual sensors, and control was applied in a single-step

(open-loop) manner per episode rather than through continuous feedback from real-time

measurements. The approach does not operate in real time or near real time, as each

training campaign requires numerous high-fidelity CFD simulations, making it suitable

for offline optimisation rather than live deployment.

Similar problem was addressed byHachem et al. [73]. Their work investigated the

use of RL for controlling conjugate heat transfer problems governed by the coupled

Navier–Stokes and heat equations. A modified PPO algorithm was introduced for open-

loop optimisation and is coupled with a high-fidelity CFD framework. Through multiple

2D and 3D natural and forced convection test cases, the method is shown to effectively

reduce heat transfer enhancement and improve temperature uniformity. Hachem et al.

[73] did not demonstrate continuous measurement integration, as the control strategy is

formulated in an open-loop optimisation setting rather than relying on real-time state

feedback.

In their study, Meglio et al. [74] investigated two methods for controlling heat transfer

systems through the use of digital twins, focusing particularly on transient thermal sys-

tems. The research involved creating a digital model of a physical system, specifically a

2D square subject to an inward, transient heat flux. The goal was to keep the maximum

temperature within a set limit by adjusting the convective cooling. One method used a

NN trained on steady-state data, while the other applied an interactive RL algorithm.

The findings showed that both approaches effectively controlled the system’s thermal

behaviour. However, the RL-based method provided greater adaptability to new scenar-

ios, though it came with the trade-off of higher computational requirements. This was

due to the need for interactive learning combined with unsteady FE simulations during

the training, validation, and testing stages. Similar to the studies by Hachem et al. [73]

and Renault et al. [72], this approach did not include sensor measurement integration

during the system’s online operation.

The current body of research on DT for thermal systems reveals a significant gap in

the integration of continuous real-time measurements and the closed-loop control of

physical systems. While several studies have explored the use of digital twins in thermal



Chapter 2 21

applications, many rely on offline model calibration or simulations that do not support

real-time data exchange between the virtual and physical counterparts. Some models

also lack the capability to operate in real-time or near real-time, while others fail to

exert control over the physical system. For example, anomaly detection frameworks

show promise in providing actionable insights but rely on operator intervention based

on alerts, rather than offering autonomous control. The novelty of the current work

lies in its development of a digital twin framework that addresses these limitations

by enabling continuous real-time sensor data integration, operating in near real-time,

and implementing closed-loop control to directly influence the physical thermal system.

This approach offers a more dynamic and comprehensive method for managing thermal

systems, paving the way for enhanced performance, reliability, and efficiency, particularly

in complex, high-stakes environments such as fusion energy experimental facilities.
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Finite Element- and Machine

Learning-based Digital Twinning

3.1 Finite Element Method

The strong form of the non-linear 3D transient heat conduction equation is as follows

[75]:

∂
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(3.1)

where kx, ky, and kz are the temperature-dependent thermal conductivities in x, y, and

z directions, respectively. ρ and cp are temperature-dependent density and specific heat,

respectively, while T is the temperature. Finally, G is a heat source, and t is time.

The expressions describing Neumann BCs are:
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nc + h(T − Ta) = 0 on Γh (3.2)

where Γq and Γh are the boundary surfaces where these heat flux and convection BCs

are applied. h is a convection heat transfer coefficient, Ta is ambient temperature, and

q is the time-dependent heat flux. lc, mc, and nc are the direction cosines of the surface

normals.

22
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Eqs. 3.1 and 3.2 are discretised in space by employing the Galerkin weighted residual

method [75]:
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Temperature T could be approximated in space and time as:

T (x, y, z, t) =

nn∑
i=1

Ni(x, y, z, t)Ti (3.4)

where Ω is the whole problem domain, Ni are the shape (interpolation) functions, and

nn is the number of nodes. Ti are the temperature values at the nodes of a mesh.

Eq. 3.3 is integrated by parts:
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Eq. 3.2 is integrated as:

∫
Γq

Ni

[(
kx

∂T

∂x
lc

)
+

(
ky

∂T

∂y
mc

)
+

(
kz

∂T

∂z
nc

)]
dΓ = −

∫
Γq

NiqdΓ∫
Γh

Ni

[(
kx

∂T

∂x
lc

)
+

(
ky

∂T

∂y
mc

)
+

(
kz

∂T

∂z
nc

)]
dΓ = −

∫
Γh

Nih(T − Ta)dΓ (3.6)

Eqs. 3.4 and 3.6 is substituted into Eq. 3.5 to obtain the global system of equations:
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Eq. 3.7 can be re-written as:

[M ]

{
d {T }
dt

}
+ [K] {T } = {f} (3.8)



Chapter 3 24

where {T } is the temperature vector. Global capacitance matrix [M ], stiffness matrix

[K], and loading vector {f} being equal to:

[M ] =

∫
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ρcp [N ]T [N ] dΩ (3.9)
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where {N} is the shape function vector. The absence of a heat source G transforms

Eq. 3.11 into the following:

{f} = −
∫
Γq

q [N ]T dΓ +

∫
Γh

hTa [N ]T dΓ (3.13)

FDM is used for time discretisation, which is derived using Taylor series. Temperature

can be expanded at the (n + 1)th time instance:

Tn+1 = Tn + ∆t
dTn

dt
+

∆t2

2

d2Tn

dt2
+ . . . (3.14)
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where ∆t is a time step size. When the higher-order terms are removed, the following

forward difference approximation can be achieved:

dTn

dt
≈ Tn+1 − Tn

∆t
+ O(∆t) (3.15)

The parameter θ is introduced:

{T }n+θ = θ {T }n+1 + (1 − θ) {T }n (3.16)

where superscript n denotes the nth time step. θ varies from 0 to 1: 1 corresponds to

the fully implicit scheme, 0 to fully explicit one, and 0.5 to the semi-implicit one.

The system of equations is transformed by substituting Eqs. 3.16 and 3.15 into Eq. 3.8:

[M ]

{
{T }n+1 − {T }n

∆t

}
+ [K] {T }n+θ = {f}n+θ (3.17)

[M ]

{
{T }n+1 − {T }n

∆t

}
+ [K]

{
θ {T }n+1 + (1 − θ) {T }n

}
=

= θ {f}n+1 + (1 − θ) {f}n (3.18)

With θ equal to 1, Eq. 3.18 becomes:

[M ]

{
{T }n+1 − {T }n

∆t

}
+ [K] {T }n+1 = {f}n+1 (3.19)

3.2 HIVE sample

The HIVE facility was developed to support the research and development of PFCs and

is situated at the UKAEA site in Culham, Oxfordshire, UK [18]. It is a High Heat Flux

(HHF) experimental setup designed to simulate the thermal conditions experienced by

components during steady-state operation of a fusion reactor. Operating under vacuum,

it employs induction heating to apply heat fluxes of up to 20MW/m2 to test samples,

while a pressurised coolant system removes the excess thermal energy.
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Figure 3.1 presents the HIVE’s vacuum vessel. It measures 500mm in both height and

diameter and features six ports arranged around its circumference. Two of these ports

are dedicated to vacuum pumping and system monitoring, while the remaining four are

equipped with viewing windows that offer multiple observational angles.

Figure 3.1: HIVE’s vacuum vessel (photo courtesy of UKAEA).

Figure 3.2 shows the test setup used in the HIVE facility, illustrating the main compo-

nents. At the centre is the test sample, clamped in place and surrounded by an induction

heating coil that delivers thermal loads. The sample is connected to a pressurised water

feed loop, allowing active water cooling during testing. The entire assembly is held se-

curely within a support frame, which ensures proper alignment and mechanical stability

throughout the experiment.

Figures 3.3 and 3.4 show two HIVE samples: Sample 1 consisting of tungsten and copper

and Sample 2 consisting of stainless steel. Figure 3.5 shows the sample dimensions.

Induction heating involves raising the temperature of electrically conductive materi-

als using Electromagnetics (EM) induction. When an Alternating Current (AC) flows

through a coil, it creates a rapidly fluctuating magnetic field. This changing field induces

circulating electric currents within any nearby conductive object, such as the sample in

HIVE. These electric currents are know as eddy currents. As eddy currents flow through

the material, they encounter electrical resistance, which causes the energy to dissipate

as heat. This mechanism is known as Joule (or resistive) heating.

Electrical resistivity is a property that describes how much a material resists the flow

of electric current. Higher resistivity results in more heat being produced when eddy
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Figure 3.2: HIVE’s setup inside the vacuum vessel (photo courtesy of UKAEA).

Figure 3.3: Sample 1 for HIVE (photo courtesy of UKAEA).

currents are induced. Although electromagnetic induction generates heat throughout

the volume of a material (volumetric heating), components in fusion devices primarily

experience heat as a surface flux. The induced currents are concentrated near the surface

of the conductor. Specifically to HIVE, they are concentrated between the surface closest
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Figure 3.4: Sample 2 for HIVE (photo courtesy of UKAEA).

(a) Sample 1 (b) Sample 2

Figure 3.5: The dimensions for Samples 1 and 2 (Figures 3.3 and 3.4).

to the coil and a depth known as the skin depth d, which is defined as [76]:

d =

√
ρ

πfµ0µr

µ0 = 4π × 10−7NA−2 (3.20)

where µ0 and µr are vacuum’s and conductor’s relative magnetic permeabilities, respec-

tively. f and ρ are the electric current’s frequency and conductor’s electrical resistivity,
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respectively. The intensity of eddy currents diminishes exponentially with distance from

the surface facing the coil. Additionally, because skin depth decreases as f increases, op-

erating at higher frequencies results in heating that is concentrated closer to the surface

of the sample. HIVE operates within a frequency range of 50kHz to 150kHz, typically

around 100kHz. At this frequency, the skin depth is expected to be less than 0.5mm,

which enables the induced heating to be approximated as a heat flux applied to the

surface. The HIVE’s induction system could deliver up to 45kW of power. This upper

limit refers to the electrical power drawn from the power supply, not the thermal power

transferred to the sample. The amount of heat delivered to the component depends on

the coupling efficiency of the induction coil. This efficiency decreases with increasing

distance between the coil and the conductor, being inversely proportional to the square

root of that distance.

The effect of the coolant on the sample’s temperature is approximated using a 1D coolant

model, which is described in Sub-section 4.1.2.

3.3 Finite Element-based Digital Twinning

3.3.1 Workflow

Figure 3.6 shows the assembled FE DT control loop. The rest of this section describes

each component in detail.

This control loop combines solution construction using FEM and ROM with a digital

PID controller. The main goal of this framework is to monitor and regulate the maxi-

mum temperature within the HIVE sample by adjusting the coolant flow rate based on

a limited number of temperature measurements. The framework comprises three main

components: (1) the digital PID controller, (2) a FE model that imitates the physical

experiment, and (3) the FE-based solution reconstruction module with eigenvalue-based

ROM. These components work in an integrated manner to enable near real-time tem-

perature control and monitoring.

The process begins with a user-defined temperature set point Tsp n, which corresponds

to the desired maximum temperature within the HIVE sample at the current control

step n. This set point is compared against the actual maximum temperature Tmax n
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Figure 3.6: FE DT loop combining FE-based solution construction with digital
PID controller. The temperature measurements shown here are pseudo-measurements
generated using the forward FE model rather than experimental data. These synthetic
measurements are used to validate the proposed methodology. In future applications,

the same framework aims to process experimentally measured temperature data.

estimated by the FE-based solution construction process. The difference between these

two values constitutes the control error en, which is passed to the digital PID controller.

The PID controller uses three tuned parameters: proportional gain KC , integral time

τI , and derivative time τD. It computes the appropriate control signal. Sub-section 3.3.4

provides more information about PID controller. In this application, the control output

is the coolant velocity vcn, which is adjusted to minimise the temperature deviation from

the set point.

The updated coolant velocity vcn serves as an input to the FE model, which simulates

the thermal response of the HIVE sample under the given cooling condition. This model

represents the physical system in a virtual environment and provides synthetic tempera-

ture measurements at selected measurement locations. These simulated measurements,

denoted by {̃T}n+1
M , represent the temperature values obtained at a sparse set of sensor

locations on the domain boundary.

The next stage involves reconstructing the full temperature field {̃T}n+1 across the

entire domain using these measurements. This is achieved using a reduced-order FE-

based solution construction method. The construction process starts with an initial
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guess {̃T}init, calculated as the measurements’ average.

Using this initial guess, a reduced scalar loss function L
(
{̃T}n+1

)
is evaluated, which

quantifies the discrepancy between the current estimate and the measured data together

with selected FE equations. To evaluate this loss function efficiently, the method uses

global reduced FE matrices and vectors: a reduced stiffness matrix [̃K], a reduced

capacity matrix [̃M], and a reduced convective loading vector {̃f}h. These matrices are

derived from the full global FE matrices and vectors based on the material properties

and mesh, which are known a priori. Sub-section 3.3.3 provides more information about

system reduction used in this work. The minimisation of the loss function is carried out

iteratively using the Gauss–Newton algorithm. At each iteration, the Jacobian matrix

∇L
(
{̃T}n+1

)
is computed. The Gauss–Newton method uses this Jacobian to update

the estimate of the temperature field and converge toward the reduced temperature

distribution {̃T}n+1.

Once the full temperature distribution is reconstructed, the maximum temperature value

within the HIVE sample is extracted from the result. This value is then fed back to the

digital PID controller to form the control loop.

3.3.2 Solution and material property construction

For convenience, Eq. 3.19 is written as:

[M ]

{
∆T

∆t

}
+ [K] {T }n+1 = {f}n+1 (3.21)

where ∆T = {T }n+1 − {T }n. The decomposition of the global loading vector {f} into

{f}q and {f}g−q is performed. Vector {f}q denotes the elements of {f} corresponding

to the applied heat flux q, and vector {f}g−q corresponds to the rest of {f} including

the convection. It is assumed that the heat flux BC is unknown.

Then Eq. 3.21 could be re-arranged into two groups as follows:

 [M ]q

[M ]g−q

{∆T

∆t

}
+

 [K]q

[K]g−q

 {T }n+1 −

 {f}q
{f}g−q


n+1

= 0 (3.22)
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Subscript q refers to the set of equations in Eq. 3.21 associated with the nodes located

on Γq. The subscript g − q denotes the equations corresponding to nodes located in

Ω \ Γq, that is, the whole computational domain except for nodes on Γq where the heat

flux BC is imposed.

The second group of Eq. 3.22 encompasses all known BCs, such as convection. This

formulation enables the determination of temperature throughout the domain, including

on boundaries where heat fluxes are unknown.

The heat flux applied at each time step is not imposed directly but reconstructed from

the estimated temperature field. The temperature distribution {T }con is obtained by

constructing the full spatial field from sparse temperature measurements using the FE-

based solution construction method described in this sub-section. The corresponding

heat flux on Γq is then computed as:

qncon =

∫
Γq

{n} k(T )∇Tn
con∫

Γq
1

(3.23)

where qcon denotes the heat flux on Γq constructed or inferred from {T }con, {T }con is

the reconstructed temperature field at time step n, and {n} is the outward unit normal

vector to Γq.

If temperature measurements are available at selected locations and certain BCs are

not specified, the problem transforms into a minimisation task involving the points with

known temperature values along with the second group in Eq. 3.22. This procedure is

commonly referred to as the inverse estimation of BCs. In such an inverse formulation,

it is assumed that the ambient temperature is known, as well as the temperature values

{T }M at points that are part of the measurement set M . The applied heat flux q is

treated as an unknown. Under these assumptions, Eq. 3.22 can be re-formulated as

follows: {f}q
{R}g−q


n+1

=

 [M ]q

[M ]g−q

{∆T

∆t

}
+

 [K]q

[K]g−q

 {T }n+1 −

 0

{f}g−q


n+1

(3.24)

Prior to evaluating the heat flux Γq, it is essential to determine the vector containing

the unknown nodal temperatures and material properties. These unknown quantities

are collectively represented by the vector {v}. In order to obtain {v}, the magnitude of



Chapter 3 33

a loss vector {L}, which is a function of {v} should be minimised. The definition of the

loss vector is:

{L} =


{L}R
{L}M
{L}REG

 (3.25)

The residual component introduced in Eq. 3.25 is computed using Eq. 3.24 as:

{L}R = {R}g−q (3.26)

The measurement component is:

{L}M = {s}M ⊙ ({T }i − {T }Mi)

{s}Mi =


1, if i ∈ M

0, if i /∈ M

(3.27)

where ⊙ represents Hadamard (element-wise) product. For two matrices (or vectors),

A and B, of the same dimensions, their Hadamard product C = A ⊙ B is defined

component-wise as:

Cij = AijBij (3.28)
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At each iteration, the regularisation component, used for smoothing, is computed using

the first group of equations (related to {f}q) in Eq. 3.24 as:

{L}REG =


{s}1 ⊙

(
{f}q −

∑
i∈Γq\Γedge

{f}qi
|Γq\Γedge|

)
{s}2 ⊙

(
{f}q −

∑
i∈Γedge\Γcorners

{f}qi
|Γedge\Γcorners|

)
{s}3 ⊙

(
{f}q −

∑
i∈Γcorners

{f}qi
|Γcorners|

)


{s}1i =


1, if i ∈ Γq \ Γedge

0, if i /∈ Γq \ Γedge

{s}2i =


1, if i ∈ Γedge \ Γcorners

0, if i /∈ Γedge \ Γcorners

{s}3i =


1, if i ∈ Γcorners

0, if i /∈ Γcorners

(3.29)

Γedge denotes the three-dimensional edge of the surface on which the heat flux q is

applied. Sharp geometrical features along Γedge that are captured using a single finite

element are denoted by Γcorners. For the steady-state solution, the time-dependent terms

in Eqs. 3.21, 3.22, and 3.23 can be neglected.

The magnitude of {L}, ∥{L}∥, could be minimised using various gradient-based op-

timisation approaches. In particular, Gauss-Newton method is employed in this work

[77, 78]. Gauss-Newton method is well suited to this optimisation problem because each

iteration reduces to the solution of a linearised system, allowing efficient use of vari-

ous solvers or preconditioners. Previous work has shown that Gauss-Newton method

converges significantly faster than gradient-based approaches, such as Adam optimiser,

provided the linearised system remains sufficiently sparse [36]. The latter exhibit slower

convergence due to their local update nature, where parameter updates rely primarily

on first-order gradient information and limited history.

The term ∥{L}∥2 represents the sum of the squared components of the loss vector,

specifically ∥{L}∥2 =
∑

l2i . In each iteration of the minimization process, it is necessary

to compute the Jacobian matrix [J ]ij = ∂li/∂ {v}j , which contains the partial deriva-

tives of each loss term with respect to the unknown parameters. When the loss vector

originates from the FE equations, the Jacobian [J ] can be determined analytically. The
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norm ∥{L}∥ reduced by evaluating both [J ] and {L}s at each iteration s, and then

solving the following system of equations to update the temperature increment ∆ {T }:

[J ]T [J ] ∆ {T } = − [J ]T {L}s

{T }s+1 = {T }s + ∆ {T } (3.30)

 {f}q
{R}g−q

 is annotated as {r}. This vector is derived from the heat conduction equa-

tion as shown in Eq. 3.24. Then, for the FE equations, [J ] can be calculated analytically

following the steps:

1. Jacobian matrix of {r}, [J ]r, can be analytically calculated for a given vector {v}.

2. Jacobian matrix of the residual term is

[J ]R = {[J ]ri : i ∈ Ω \ Γq} (3.31)

3. Jacobian matrix of the measurement term is

[J ]M = {[In]i : i ∈ M} (3.32)

4. Jacobian matrix of the regularisation term is

[J ]REG = {[J ]ri : i ∈ Γq \ Γedge} − µΓq\Γedge
+

+ {[J ]ri : i ∈ Γedge \ Γcorners} − µΓedge\Γcorners
+

+ {[J ]ri : i ∈ Γcorners} − µΓcorners (3.33)

where µΓq\Γedge
are expressed by Eq. 3.34

5. [J ] is obtained by vertically concatenating [J ]R, [J ]M , and [J ]REG.

Subscripts i and j denote the ith row and jth column of the matrix, respectively; [I] is

the identity matrix of size equal to the number of nodes in a mesh (subscript n).
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µΓq\Γedge
=

1

|Γq \ Γedge|

 ∑
i∈Γq\Γedge

[J ]ri1 ,
∑

i∈Γq\Γedge

[J ]ri2 , · · · ,
∑

i∈Γq\Γedge

[J ]rin


µΓedge\Γcorners

=
1

|Γedge \ Γcorners|

 ∑
i∈Γedge\Γcorners

[J ]ri1 , · · · ,
∑

i∈Γedge\Γcorners

[J ]rin


µΓcorners =

1

|Γcorners|

[ ∑
i∈Γcorners

[J ]ri1 ,
∑

i∈Γcorners

[J ]ri2 , · · · ,
∑

i∈Γcorners

[J ]rin

]
(3.34)

3.3.2.1 Solution construction

When reconstructing the solution using sparse temperature measurements under the

assumption that the material properties are known, the set of unknowns is represented

by the following vector:

{v} = {T } = [T1, T2, . . . , TN ]T (3.35)

For this case, [J ] is equal to [K] at every Gauss-Newton iteration.

3.3.2.2 Linear material properties

This subsection outlines the procedure for determining linear material properties using

limited temperature measurements within the domain. Under the assumption that the

domain is composed of a single linear material characterized by thermal conductivity k,

the resulting vector of unknowns is defined as follows:

{v} = [T1, T2, . . . , Tn, k]T (3.36)

Additional column is added to [J ], it corresponds to ∂li/∂k, as it is shown in Figure 3.7.

[K] is calculated for the values of {v} at every Gauss-Newton iteration. The derivative

of the residual with respect to the thermal conductivity is obtained using an analytical

sensitivity approach, exploiting the linear dependence of the conductivity matrix on k.

Since the stiffness matrix can be written as [K] (k) = k [K]conn, its derivative is constant,

∂ [K] /∂k = [K]conn, which leads directly to the expression illustrated in Figure 3.7.
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Stiffness connectivity matrix [K]conn is calculated as the stiffness matrix when k is equal

to 1.

Figure 3.7: Calculation of Jacobian (tangent) matrix of {r}, [J ]r, for a given vector
{v} for one material and temperature-independent thermal conductivity.

In cases where the domain is made up of two distinct materials with thermal conductiv-

ities k1 and k2, the corresponding vector of unknown variables is expressed as:

{v} = [T1, T2, . . . , Tn, k1, k2]
T (3.37)

Two additional columns are added to [J ], they correspond to ∂li/∂k1 and ∂li/∂k2, as it

is shown in Figure 3.8. Stiffness connectivity matrix [K]conn1
for k1 is calculated as the

stiffness matrix when k1 is equal to 1 and k2 is equal to 0. Stiffness connectivity matrix

[K]conn2
for k2 is calculated as the stiffness matrix when k1 is equal to 0 and k2 is equal

to 1.

3.3.2.3 Nonlinear material properties

A similar approach could be used to construct the non-linear material properties from

the temperature measurements.
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Figure 3.8: Calculation of Jacobian (tangent) matrix of {r}, [J ]r, for a given vector
{v} for two materials and temperature-independent thermal conductivity.

Firstly, the domain is assumed to be made of a single material, with the thermal con-

ductivity exhibiting a linear dependence on temperature as expressed by the following

relationship:

k(T ) = aT + b (3.38)

Additionally, it is assumed that the thermal conductivity is known to be kknown at a

specific temperature Tknown. As a result, Eq. 3.38 can be re-formulated as follows:

k(T ) = aT + (kknown − aTknown) (3.39)
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Consequently, the unknowns vector transforms to the following:

{v} = [T1, T2, . . . , Tn, a]T (3.40)

Additional column is added to [J ]. It relates to ∂li/∂a and is calculated as:

∂k

∂a
= T − Tknown (3.41)

Eq 3.41 follows from Eq 3.39. Figure 3.9 shows the Jacobian calculation process. [K] is

calculated for the values of {v} at every Gauss-Newton iteration. Furthermore, temper-

ature values at Gauss points {T }itergp are calculated at every iteration from {T }. Then,

the stiffness connectivity matrix [K]conn is calculated as the stiffness matrix for when

the temperature values at Gauss points are equal to {T }itergp − Tknown.

Figure 3.9: Calculation of Jacobian (tangent) matrix of {r}, [J ]r, for a given vector
{v} for one material, linear k(T ), and k equal to kknown at Tknown. {T }gp is a vector

of temperature values at Gauss points.
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If the thermal conductivity k(T ) is known for all temperatures less than or equal to Tr,

then Eq.3.41 can be employed to describe k(T ) for temperatures greater than Tr:

k(T ) = aT + (kr − aTr) (3.42)

Since k(T ) is already defined for T ≤ Tr, the corresponding conductivity value kr at tem-

perature Tr is known. This allows for the determination of the parameter a, which can

then be used to estimate k(T ) for T > Tr using Eq.3.42. This process is demonstrated

in Figure 3.10.

Figure 3.10: Linear k(T ) construction for T ≤ Tr with known k(T ).

Figure 3.11 shows the Jacobian calculation process. [K] is calculated for the values

of {v} at every Gauss-Newton iteration. Temperature values at Gauss points {T }itergp

are calculated at every iteration. Then, the stiffness connectivity matrix [K]conn is

calculated by employing a Heaviside step function H. It is a stiffness matrix for when

the temperature values at Gauss points are equal to H
(
{T}itergp − Tr

)(
{T}itergp − Tr

)
.

To summarise, two methods for constructing a linear thermal conductivity profile k(T )

were discussed: one using a single known point (Tknown, kknown), and the other based on

known values of k(T ) for T ≤ Tr. These two methods can be integrated into a unified

approach. This allows for the derivation of a piecewise linear relationship between k and

T , originating from just one known reference point (Tknown, kknown). The procedure,

illustrated in Figures 3.12, 3.13, and 3.14, can be applied dynamically as the test piece

is subjected to increasing temperatures. The non-linear thermal conductivity k(T ) is

defined as a series of linear segments, with transition temperatures denoted as Tr1, Tr2,

Tr3, and so on. Each linear segment covers a temperature interval between consecutive

reference points, such as segment 1 spanning Tr1 to Tr2, and segment 2 covering the

range from Tr2 to Tr3.
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Figure 3.11: Calculation of Jacobian (tangent) matrix of {r}, [J ]r, for a given vector
{v} for one material, linear k(T ), and known k(T ) for T ≤ Tknown. H represents
Heaviside step function, while {T }gp is a vector of temperature values at Gauss points.

Figure 3.12: Step 1: Known point (Tknown, kknown).

3.3.3 Thermal eigenvalue Reduced Order Modelling

The aim of ROM in this sub-section is to convert the full set of equations represented

by Eq. 3.21 into a set with the smaller number of Degrees of Freedom (DOFs). This

is achieved by producing a reduction matrix [R], so that the following relationship is

fulfilled:

{T } ≈ [R] {̃T } (3.43)
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Figure 3.13: Step 2: Tr1 and Tr2 are start and end temperatures for the first linear
piece, respectively. They are pre-defined. The first linear piece k1(T ) is constructed

using (Tknown, kknown) is used to construct the first linear piece.

Figure 3.14: Step 3: Tr2 and Tr3 are the start and end temperatures for the second
linear piece, respectively. They are pre-defined. k1(T ) is used to construct the second

linear piece k2(T ).

Then the reduced system is obtained by multiplying Eq. 3.21 by a matrix [P ]:

(
[P ]T [M ] [P ]

){∆T

∆t

}
+
(

[P ]T [K] [P ]
)
{T }n+1 = [P ]T {f}n+1 (3.44)

There are various way to define [R] and [P ] [79]. The Craig–Bampton (CB) reduction

technique is employed for the present work [80]. CB falls into the category of com-

ponent mode synthesis methods. These methods approximate the system’s response

within a subspace spanned by selected linear eigenmodes, which, in the heat conduction

context, correspond to the eigenfunctions of the linear heat conduction operator. These

thermal eigenmodes represent independent spatial temperature distribution patterns,

each associated with a characteristic decay rate governing the transient heat transfer

behaviour.

In particular, CB is known for its ability to maintain the system’s stability character-

istics throughout the reduction process, as well as for its numerical robustness [80]. CB

involves classifying the DOFs into internal and boundary categories. The internal DOFs



Chapter 3 43

are approximated using a chosen set of mode shapes [R], whereas the boundary DOFs

are retained directly in the transformation in Eq. 3.43.

Eq. 3.21 is re-arranged as:

[M ]bb [M ]bi

[M ]ib [M ]ii

{∆T /∆t}b
{∆T /∆t}i

+

[K]bb [K]bi

[K]ib [K]ii

{T }b
{T }i


n+1

=

{f}b
{f}i


n+1

(3.45)

where internal DOFs are notated by subscript i, and boundary DOFs by subscript b.

The following eigenproblem is solved to calculate fixed-boundary eigenmodes:

(λ [M ]ii + [K]ii)ϕ = 0 (3.46)

Then a matrix [Φ]im containing eigenmodes correlated with a set of lowest eigenvalues

is assembled.

The reduction matrix also incorporates the static response of the full system to specified

boundary loads in the form of Guyan static constraint modes. They account for the

quasi-static response of the internal DOFs induced by prescribed boundary tempera-

tures. Each Guyan mode represents the steady-state temperature distribution of the

internal DOFs resulting from a unit temperature applied at a single boundary Degree

of Freedom (DOF), while all other boundary DOFss are held fixed. These modes are

obtained by statically condensing the internal DOFs and ensure that the reduced model

accurately reproduces the static heat conduction behaviour associated with boundary

loading. The ith Guyan mode describes how the internal DOFs respond when a unit

temperature is applied at the ith boundary node, while all other boundary nodes are

held at zero temperature.

Finally, the reduction matrix could be constructed as follows:

[R] =
[
[Φ]static [Φ]dynamic

]
=

 [I]bb [0]bm

− [K]−1
ii [K]ib [Φ]im

 (3.47)

where [I] is the identity matrix. In Eq. 3.44 [P ] is set to be equal to [R]. Following

from Eq. 3.44, the reduced global capacitance and stiffness matrices and loading vector
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are equal to:

[̃M ] = [R]T [M ] [R]

[̃K] = [R]T [K] [R]

{̃f} = [R]T {f} (3.48)

This separation of the nodes into boundary and internal ones becomes especially im-

portant in problems involving contact, for example. CB ensures that the contact forces

act directly on the boundary DOFs of the reduced system. Similarly, this feature of

the reduction approach benefits the solution constriction process introduced in Sub-

section 3.3.2.1, as it allows the process to stay unchanged. The nodes used in the regu-

larisation component as well as the measurement nodes are grouped into the boundary

node set and thus stay unreduced.

The reduced loss vector is defined as:

{̃L} =


{̃L}R
{̃L}M
{̃L}REG

 (3.49)

The reduced components of {̃L} are:

{̃L}R = {̃R}g−q

{̃L}M = {s}M ⊙
(
{̃T }i − {̃T }Mi

)

{̃L}REG =



{s}1 ⊙

(
{̃f}q −

∑
i∈Γq\Γedge

{̃f}qi
|Γq\Γedge|

)

{s}2 ⊙

(
{̃f}q −

∑
i∈Γedge\Γcorners

{̃f}qi
|Γedge\Γcorners|

)
{s}3 ⊙

(
{̃f}q −

∑
i∈Γcorners

{̃f}qi
|Γcorners|

)


(3.50)

Overall, the reduction in computational time stems from the system reduction, i.e.,

calculating only a limited number of eigenvectors. The time can be further decreased

by updating the matrices and vectors corresponding to coolant convection not at every

iteration and time step, but only at every second time step, using the temperature

distribution from the preceding step.
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3.3.4 Proportional–Integral–Derivative controller

PID control is a widely used and well-established feedback control strategy commonly

used in various dynamic systems in engineering. Its popularity stems from its relative

simplicity and straightforwardness of implementation, as well as its remarkable effec-

tiveness in a broad range of applications [81, 82]. They range from motor speed control

and robotics [83] to chemical process regulation [84].

The FE-based reconstruction approach allows for the determination of the full tem-

perature field within the HIVE sample using only a limited number of temperature

measurements. A key objective of the DT is to facilitate real-time monitoring and reg-

ulation of system parameters, for example ensuring the temperature remains below a

critical threshold. In this work, this objective is accomplished by adjusting the velocity

of the cooling water. Although regulating the applied heat flux is also a viable control

strategy, the focus here is solely on manipulating water flow velocity. The objective of

the feedback control is to minimise a control error, defined as follows:

e(t) = ysp(t) − ym(t) (3.51)

where ysp(t) is a set point or target for the controlled variable and ym(t) is a controlled

variable measurement. The control error can potentially vary with time, but it normally

stays constant for significant time periods. Proportional control mode ensures that the

controller output is proportional to the control error (Eq. 3.51):

u(t) = u + KCe(t) (3.52)

where u(t) and u are controller output and its nominal value, respectively. KC is dimen-

sionless controller gain. There are two fundamental principles of proportional control.

Namely, KC can be tuned to make the controller’s response to differences between ysp(t)

and ym(t) as responsive as needed, and the sign of KC can be selected so that the u(t)

either increases or decreases as e(t) grows.
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Integral control mode ensures that the controller output is dependent on the control

error’s integral over time:

u(t) = u +
1

τI

∫ t

0
e(t∗)dt∗ (3.53)

where τD is integral time (or reset time), and it has units of time.

The integral eliminates steady-state offset, which is a significant benefit. For the process

to reach a steady state, u(t) should remain constant so that ym(t) also stays fixed.

However, Eq. 3.53 shows that u(t) continues to change over time unless the error e(t)

becomes zero. Therefore, with integral action, u(t) gradually adjusts until it reaches a

value that eliminates the steady-state error. This favourable outcome typically occurs

unless u saturated, i.e. when it reaches its operational limit. During saturation u(t) can

no longer influence the system to bring ym(t) back to the desired ysp(t). Such saturation

can happen when a disturbance or the change inysp(t) is too large for the available

control range. Increase in the integral mode after saturation is refereed to as reset (or

integral) windup.

Finally, the derivative control mode is represented as:

u(t) = u + τD
de(t)

dt
(3.54)

where τD is the derivative time, and, similarly to integral mode it has units of time.

Derivative mode works by predicting the future trend of e(t) based on how quickly

it is changing. This predictive capability is something that proportional and integral

modes alone cannot provide. A proportional mode only responds to the current size of

e(t), without accounting for how rapidly e(t) is changing over time. Similarly, integral

control reacts to the duration of e(t), making it slow to respond to sudden changes.

However, when e(t) remains constant, the derivative mode’s output stays unchanged.

For this reason, it is never used by itself. Additionally, by offering anticipatory behaviour,

derivative mode helps stabilise the system, making it particularly effective at offsetting

the destabilising effects of integral mode. Finally, the derivative mode improves the

system’s dynamic performance by reducing the time it takes for the output to settle into

a steady state (settling time).
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Proportional, integral, and derivative control modes are combined to form the PID

controller. Its parallel configuration is defined as follows [81]:

u(t) = u + KC

[
e(t) +

1

τI

∫ t

0
e(t∗)dt∗ + τD

de(t)

dt

]
(3.55)

To convert Eq 3.55 into the Laplace domain, the Laplace transform is applied to each

term. The Laplace transform of e(t) is E(s), where s the complex frequency variable

used in the Laplace transform domain. The Laplace transform of de(t)/dt is sE(s).

Consequently, the Laplace transform of Eq 3.55 is as follows:

U ′(s) = KC

[
E(s) +

1

τI
E(s) + τDsE(s)

]
(3.56)

Then, the transfer function corresponding to Eq. 3.55 is equal to:

U ′(s)

E(s)
= KC

[
1 +

1

τIs
+ τDs

]
(3.57)

Hence, PID controller in its parallel form could be represented as three distinct blocks

functioning in parallel (Figure 3.15).

Figure 3.15: PID controller in its parallel configuration.

Eq. 3.55 could be represented in the expanded form as follows:

u(t) = u + KCe(t) + KI

∫ t

0
e(t∗)dt∗ + KD

de(t)

dt
(3.58)
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where KI and KD are the integral and derivative gains, respectively. This configuration

may seem ideal for controller tuning since each gain affects only a single mode of control

independently. However, the common tuning methods used in this work were specifically

designed for the series and parallel configurations. Consequently, Eq. 3.55 could be used.

Eq. 3.55 and 3.58 considers the controller’s input and output signals to be continuous

over time. However, digital control systems are far more prevalent due to their adapt-

ability, processing capabilities, and cost efficiency. In a digital feedback control setup,

both the input and output signals are discrete (or digital) rather than continuous (ana-

log). To enable this, the analog signal from the sensor or transmitter is sampled and

transformed into a digital signal using an analog-to-digital converter (ADC). A digi-

tal control algorithm then processes this signal to generate a digital output. For this

work the digital controller is necessary since the temperature measurements are gathered

discretely over time.

The parallel PID configuration represented by Eq. 3.55 can be discretised in time using

the rectangular and forward difference approximations:

∫ t

0
e(t∗)dt∗ ≈

k∑
j=1

ej∆t

de(t)

dt
≈ en − en−1

∆t
(3.59)

where the discrete control error is:

en = ysp n − ym n (3.60)

Eq. 3.59 is substituted into Eq. 3.55, and a position form is obtained:

un = u + KC

en +
∆t

τI

n∑
j=1

ej +
τD
∆t

(en − en−1)

 (3.61)

Alternatively, using a velocity form, a change in u(t) could be computed by re-writing

Eq. 3.61 for (n + 1)th time instant:

un−1 = u + KC

en−1 +
∆t

τI

n−1∑
j=1

ej +
τD
∆t

(en−1 − en−2)

 (3.62)
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The velocity form is derived by combining Eq. 3.61 and Eq. 3.62:

∆un = un − un−1 = KC

[
(en − en−1) +

∆t

τI
en +

τD
∆t

(en − 2en−1 + en−2)

]
(3.63)

This form can be beneficial due to the fact that it does not employ the errors’ sum. It

make this for windup resistant.

The parameters Kc, τI , and τD should be adjusted appropriately to ensure effective

control performance. Thus, the procedure for tuning these values is addressed later.

Since the objective is to regulate the maximum temperature within the HIVE sample

(Section 3.2), a discrete, problem-specific control error is calculated as

en = Tsp n − Tmax n (3.64)

where Tsp n denotes the desired maximum temperature (set point) and Tmax n corre-

sponds to the maximum temperature observed in the HIVE sample at the nth time

step.

In this setup, u(t) is assigned to be the coolant velocity vc. During the tuning phase

the position form of the controller (Eq.3.61) is employed. Once tuning is completed,

the system transitions to using the velocity form (Eq.3.63) for normal operation. The

tuning process is described in Section 5.1. A direct-acting controller with Kc < 0 is

selected, as an increase in Tmax k should lead to a corresponding increase in vc.

3.4 Physics-Driven Machine Learning-based Digital Twin-

ning

3.4.1 Workflow

Figure 3.16 shows the assembled PD-ML DT control loop. The rest of this section

describes each component in detail.

This framework is an alternative to the previously introduced FE DT approach (Sub-

section 3.3.1). Its goal is also to regulate and control the maximum temperature within

the HIVE sample during the experiment. While FE DT and PD-ML DT frameworks
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Figure 3.16: PD-ML DT loop combining two ML models.

serve the same thermal management objective, they embody fundamentally different

philosophies. The former is rooted in physics-based modelling with classical control

theory, and the latter is based on data-driven ML. PD-ML DT employs two NNs, which

are referred to as coolant NN and the heat flux NN.

The loop begins with a scaled temperature set point, defined as SF×Tsp n, where SF is a

user-defined safety factor that accounts for prediction margins and operating tolerances.

In previous work [68], SF was chosen to be greater than 1.0 to compensate for the

absence of extrapolation in the process, as discussed further. In this work, however,

SF is set to 1.0, since the use of heat-flux extrapolation already provides predictive

capability, making an additional safety margin unnecessary in this context. Although

SF could also be incorporated into the FE DT framework as well, the aim here is to

evaluate the pure control achieved by the two DT approaches. It should be noted that

an additional safety factor can always be introduced later, depending on the level of

measurement noise or uncertainty in the system.

This scaled set point is passed as an input to the coolant NN, which is trained to predict

the necessary coolant velocity vcn required to maintain system temperatures below the

target threshold. The coolant NN is trained offline using steady-state simulation data,
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and is capable of approximating nonlinear relationships between the desired maximum

temperature and cooling demand.

The updated coolant velocity vcn is then applied to the forward FE model, which simu-

lates the thermal response of the HIVE sample under the given cooling condition. The

forward FE model produces a set of pseudo temperature measurements {T}n+1
M . The

temperature measurements are passed to the heat flux NN, which is trained on the

steady-state simulation data to estimate the surface heat flux qn from them. This NN is

effectively trained to learn the inverse mapping between sparse measurements and the

thermal loading conditions that produced them.

The next part of the process is a heat flux prediction module. This module analyses a

sequence of recently estimated flux values, denoted {q}Nint, over an interpolation time

window Nint. A function ftrend is created by interpolating {q}Nint, then the future heat

flux value qfuture is estimated by evaluating ftrend at extrapolation time step {q}Next.

The maximum heat flux value is selected out of max({q}Nint, qfuture). This module is

necessary to account for the fact that the steady-state data is used to train two NNs. It

should be noted that this extrapolation remains valid as long as the change in heat flux

is not too abrupt relative to the time step size used for control.

The output from the heat flux trend prediction feeds back into the coolant NN, enabling

it to adapt its output coolant velocity based not only on the present estimated heat flux

but also on anticipated future heat loads.

3.4.2 Neural Network

NNs are widely used and highly effective ML tools suitable for addressing a broad range

of engineering tasks. A NN consists of interconnected units known as nodes or neurons,

drawing inspiration from the structure and functionality of biological NNs found in the

brains of humans and animals. The nature and strength of the connections between

these neurons vary depending on the specific type of NN architecture employed.

Among the various types of NNs, the MLP is one of the most commonly used archi-

tectures. MLPs consist of one or more hidden layers situated between the input and

output layers, as shown in Figure 3.17. They are often called Deep Neural Networks

(DNNs) due to the multiple layers that make up their architecture. In contrast to the
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simple perceptron, where inputs are directly connected to outputs, the MLP enables

more complex mappings by utilising these intermediate layers. Each neuron in a given

layer is linked to every neuron in the next layer through weighted connections. These

weights are learned through the training process, allowing the network to adjust and

optimise its predictions based on input-output data relationships.

Each layer in the network is capable of learning and extracting distinct features from

the input data. As the depth of the network increases, the model gains the ability to

recognise increasingly complex and abstract patterns. The input layer contains a number

of neurons equal to the number of input variables i, while the output layer consists of

nodes corresponding to the number of outputs j the model is expected to produce. The

following equations represent the relationship shown in Figure 3.17, i.e. the forward

propagation process:

a1k = g1

(
i∑

l=1

xlW
1
kl

)
, k = 1, . . . , n1 (3.65)

apk = gp

(np−1∑
l=1

ap−1
l W p

kl

)
, k = 1, . . . , np, p = 2, . . . , L (3.66)

yk = go

(
nL∑
l=1

aLl W
L+1
kl

)
, k = 1, . . . , j (3.67)

The process begins with Eq. 3.65, where each neuron a1k in the first hidden layer computes

a weighted sum of the input features xl using weights W 1
kl, and applies a non-linear

activation function g1 to the result. Eq. 3.66 generalises this operation for deeper hidden

layers, where the activation apk of a neuron in layer p is computed from the activations

ap−1
k of the previous layer using weights W p

kl and the activation function gp. Finally,

Eq. 3.67 calculates the network outputs yk by applying the activation function go to the

weighted sum of the last hidden layer’s activations aLl using weights WL+1
kl .

Activation functions play a crucial role in DNNs because they introduce non-linearity

into the network, allowing it to model complex relationships. It is not necessary to apply

the same activation function in every layer, as it is done in Eqs. 3.65-3.67. Popular
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Figure 3.17: MLP NN diagram.

activation functions, tanh, sigmoid, leaky ReLU, and swish, are defined as follows:

gtanh(z) =
(ez − e−z)

(ez + e−z)

gsigmoid(z) =
1

(1 + e−z)

gReLU (z) =


0.01x for x < 0

x for x ≥ 0

gswish(z) =
z

(1 + e−z)
(3.68)

The initial stage in developing a DNN involves selecting its architecture, which includes

determining how many hidden layers the network have and how many neurons are in

each layer. This architectural choice is closely linked to other hyperparameters, meaning

adjustments in one area can influence overall model performance. As a result, there is

no universal rule for selecting an optimal design. A typical strategy is to begin with a

configuration that has worked well for similar tasks. From there, the architecture can

be fine-tuned by modifying the number of layers or neurons, and by experimenting with

different activation functions, until a suitable model is achieved. However, since each
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of these elements can vary widely, the number of possible model combinations becomes

enormous, making the training process potentially very time-consuming, particularly for

larger DNNs.

The most widely used loss function used during the training is the Mean Squared Error

(MSE) computed across the training dataset. The standard approach for adjusting

the DNN’s parameters is the backpropagation algorithm [42]. This process begins by

computing the gradient of the loss function with respect to the weights in the output

layer, and then uses these gradients to determine the gradients in the preceding layers,

moving backward through the DNN. Once all the gradients are obtained, the weights are

updated. Because DNNs typically involve a large number of parameters to train, first-

order optimisation methods are commonly employed to carry out the updates efficiently.

Some of the examples include Stochastic Gradient Descent (SGD) and Adam [42, 44].

When the gradients are computed using the whole training dataset, the method is known

as batch gradient descent. In this approach, the gradient of the loss function is computed

using all training samples, and the model parameters are updated once per iteration

based on this global gradient. Although this approach is straightforward, it can be

computationally expensive for large datasets and may lead to suboptimal outcomes

by converging to sharp local minima [85]. A widely adopted alternative is the mini-

batch gradient descent, where gradients are computed using smaller subsets of the data.

After computing the gradients for one mini-batch, the model weights are updated before

proceeding to the subsequent batch. Introducing this randomness into the optimisation

process helps the model avoid sharp minima, thus improving both performance and

generalisation. Typically, mini-batch sizes range from 16 to 512 samples. The method

is called stochastic gradient descent, when only one data point is used per update.

Due to the typically large number of trainable parameters, overfitting can become a

significant concern. Therefore, several strategies have been developed to mitigate this

issue. One widely used method is dropout, which involves randomly setting the output

of certain neurons to zero during the training process. The likelihood of each neuron

being dropped is specified before training begins. This technique can be applied to

multiple layers in the DNN. Dropout helps prevent the model from becoming overly

reliant on specific neurons, thereby enhancing its ability to generalise to unseen data.

Another common approach is to track the DNN’s performance on both the training and
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validation datasets. By monitoring the loss values during training, the process could

be stopped early once the validation loss begins to rise, indicating potential overfitting.

Additionally, because models with many parameters often have complex loss landscapes,

they tend to contain numerous local minima. The final solution reached during training

can therefore depend heavily on the initial random weight configuration.

The architecture of DNNs allows them to produce multiple outputs, making them suit-

able for directly modelling a full-field FE surrogate model. However, building such a

model would necessitate a DNN of considerable size, involving a vast number of train-

able parameters. This increased complexity results in longer training durations and

significantly raises the risk of overfitting, as the abundance of parameters may cause the

model to capture noise in the training data rather than general patterns. Consequently,

the construction of the full-field FE surrogate model is bypassed in this work.

3.4.3 Coolant Neural Network

Figure 3.18 illustrates the training procedure for the coolant NN, which forms a key

component of the broader PD-ML DT framework shown previously in Figure 3.16. This

coolant NN is designed to avoid constructing a full-field surrogate model, which would

require high-dimensional input and output data, such as spatially distributed temper-

atures or heat fluxes across the entire domain. This approach significantly reduces

complexity by focusing only on a few scalar quantities. Specifically, the coolant NN is

trained to predict the coolant velocity vcNN required to maintain a desired maximum

temperature.

During the training process, different combinations of heat flux q and coolant velocity vc

are fed into the steady-state forward FE model to simulate the resulting temperature dis-

tribution. From each simulation, only the maximum temperature max{T} is extracted

and paired with the corresponding coolant velocity. Thus, the training, validation, and

testing datasets are created. The NN receives the maximum temperature value from

the steady-state FEM simulations together with q used to produce it as its inputs. The

output for NN is vcNN , which is compared with vc during the training and validation

processes. These input–output pairs are then used to train the NN to approximate the

inverse mapping going from maximum temperature to coolant velocity.
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Once the NN is trained and tested, it can receive the maximum temperature set point

SF × Tsp n and current estimated heat flux q as its inputs and output coolant velocity

which should be used at the next time step of the DT loop.

This approach greatly simplifies the model by reducing the number of required training

parameters and avoiding the need to model full-field spatial responses. As a result, the

coolant NN can be efficiently integrated into the PD-ML DT loop for real-time inference.

It is able to contribute to the control of the maximum temperature within the HIVE

sample without the computational burden of training or evaluating a full surrogate FE

model.

Figure 3.18: Training process of coolant NN.

3.4.4 Heat flux Neural Network

Figure 3.19 depicts the training workflow for the heat flux NN, which forms another

integral component of the PD-ML DT framework. The goal of this NN is to estimate

the applied heat flux q based on a number of temperature measurements {T}M at

predefined sensor locations. This inverse modelling approach avoids the need to infer

high-resolution thermal fields or detailed boundary conditions and instead focuses on

learning a low-dimensional mapping from sensor data to a scalar heat input.

The training procedure begins by running multiple steady-state FEM simulations using

different values of coolant velocity vc and heat flux q as inputs. For each simulation,

the resulting temperature distribution is sampled at fixed measurement locations to

extract the measurement vector {T}M . It emulates the sensor data available in the

real system. These vectors, paired with their corresponding input heat flux values and

coolant velocities, are used to train the heat flux NN.
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Figure 3.19: Training process of heat flux NN.

In doing so, the model learns to infer the unknown thermal loading conditions from

sparse temperature data, enabling real-time estimation of the heat flux during oper-

ation. As with the coolant NN, this strategy offers a significant reduction in model

dimensionality compared to full-field surrogate models. It enhances computational ef-

ficiency and making the approach well suited for integration into real-time DT control

schemes.
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Solution and thermal

conductivity construction using

FE-based approach

4.1 Forward model

This section describes the forward FE model used in this work. The purpose of this

model is threefold. Firstly, it is used as an imitation of the physical experiment used to

collect the pseudo measurements in order to imitate the DT process. Secondly, it serves

as a reference used to compare with the solution constructed from measurements in the

case of FE DT approach. Thirdly, it is used to calculate the FE matrices and vectors

to perform a FE-based solution construction for FE DT.

4.1.1 Finite Element solver

The VL platform was created for HIVE simulations in previous work [19]. However,

this platform relies on Salome Meca / Code Aster software [7], which has a number of

limitations restricting its application to this work. Primarily, it is challenging to couple

it with the Python code in a manner that is suitable for the simulation of DT process.

In particular, it is not possible apply a temperature distribution array on the mesh

nodes as IC, which is essential when the BC are time-variant and the precise values

58
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are not known a priori before control, step is complete. Furthermore, it was found that

Code Aster is not very well suitable for non-linear FE matrix and vector extraction,

which is crucial for FE DT. Code Aster only allows such extraction for temperature

independent material properties and BC.

Consequently, Netgen/NGSolve, high-performance Python-based open-source FE solver,

was selected to perform FE simulations in this work [86]. It is widely used for various

analysis types, including thermal simulations, CFD, and EM [87–89]. It is highly flexible,

which is evidenced by the ease of FE matrix and vector extraction and IC application

in the form of temperature distribution array. Moreover, parallel computing is fully

developed in NGSolve as opposed to other Python-based FE solvers, such as Sfepy [90],

which have it only partially implemented.

4.1.2 1D coolant model

It is necessary to model the effect pressurised water flow has on the sample’s temperature

(Section 3.2). Fully 3D CFD model of the water pipe is computationally expensive,

impractical, and unnecessary for this application. Previous research into the cooling

pipes have shown that their heat transfer could be simplified and represented using a

1D model [91] defined by a boiling curve. This curve provides the dependency of heat

flux q between the pipe and coolant on the pipe wall temperature, Twall. A typical water

boiling curve is illustrated in Figure 4.1.

Marshall et al. [91] developed a 1D coolant model predicting the divertor thermal be-

haviour in fusion reactors, which included a representation of heat transfer over the full

range of operating conditions. Previous correlations for the boiling curve addressed iso-

lated regimes, such as forced convection, nucleate boiling, or Critical Heat Flux (CHF),

but lacked a unified, physically consistent framework. The work by Marshall et al. [91]

presented an integrated heat transfer model that captured all regimes of the boiling curve

relevant to water-cooled fusion divertor channels. Their coolant model includes pre- and

post- CHF regimes. It combines regime-specific correlations into a comprehensive for-

mulation applicable to fusion-relevant heat fluxes and flow conditions. Furthermore, it

was validated against experimental data. Consequently, it is selected for the present

work.
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Figure 4.1: Example of water boiling curve at the pressure of 1atm, the data points
used to create this figure were taken from the book by Cengel [2]. Here, Ts is the surface

temperature of the heated solid, i.e. the wall in contact with the liquid.

IAPWS97 Python package [92], based on the information provided by the International

Association for the Properties of Water and Steam (IAPWS) [93], is used to calculate

water properties for the defined velocity, temperature, and pressure. This range of water

proprieties is used during the calculations performed at various regimes of the boiling

curve.

For the optimal heat transfer efficiency, the pipe wall temperature Twall should be main-

tained below the CHF threshold. Exceeding this limit pushes the system into transition

(film boiling) stages where a vapour layer blankets the surface. Because vapour acts as

an insulator, it severely inhibits the exchange of thermal energy between the wall and

the fluid. Consequently, the following correlations focus on the convection and nucleate

boiling phases, where heat transfer remains most effective.

When Twall remains below the saturation temperature Tsat of the coolant, the system op-

erates within the single-phase regime. Heat transfer in this state occurs via two primary

mechanisms: natural and forced convection. During the former, the fluid movement

is generated spontaneously by internal forces, such as density gradients and buoyancy.

During the latter, the fluid flow is powered by external hardware such as fans or pumps.

Forced convection is relevant to HIVE.
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The water is in the forced convection regime when Twall is lower than saturation tem-

perature Tsat. During this regime, q is calculated as follows:

q = h(Twall − Twater) (4.1)

where h is the heat transfer coefficient and Twater is the temperature of the water. h

could be estimated as:

h = Nu
kwater

lpipe
(4.2)

where Nu is a Nusselt number, k is the water’s thermal conductivity, and lpipe is the

pipe’s length, which is known. kwater is derived from the aforementioned IAPWS97

package.

Nu could be modelled using Sieder-Tate correlation [91, 94], which is an extension of

Dittus-Boelter correlation [95]:

Nu = 0.027Re
4/5
dpipe

Pr1/3
(
µwater

µwall

)0.14

0.7 ≤ Pr ≤ 16700 , Redpipe ≥ 10, 000 ,
lpipe
dpipe

≥ 10 (4.3)

where Re is the Reynolds number, Pr is the Prandtl number, and dpipe is the pipe’s

diameter. Finally, µwater and µwall are the bulk water and wall water viscosities, respec-

tively. This correlation is adopted due to its strong agreement with prior heat transfer

experiments conducted at Sandia National Laboratories [91].

The water starts to transition into the nucleate boiling regime once it reaches Tsat.

In the nucleate boiling regime, the process begins with fluid evaporation at the pipe’s

surface. When the difference between wall and saturation temperatures ∆Tsat is slightly

above zero, heat transfer still follows the single-phase correlations. As the temperature

rises, steam bubbles begin to form. These bubbles enhance heat transfer efficiency by

physically mixing the fluid as they move. Initially, these bubbles are small and collapse

shortly after leaving the surface. However, as ∆Tsat continues to grow these individual

bubbles merge into continuous vapour jets.

To model nucleate boiling effectively, the specific conditions that trigger it need to

be determined. This threshold, known as the Onset of Nucleate Boiling (ONB), can
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be estimated using Bergles and Rohsenow correlation, which estimates the heat flux

required for ONB [96]:

qONB = 1082(10Pwater)
1.156(1.8(Twall − TONB))

2.16
(10Pwater)

0.0234

0.1 ≤ Pwater ≤ 13.8 (4.4)

where Pwater is the water pressure, and TONB is the temperature during ONB. The

wall temperature necessary for the ONB is determined by setting the ONB correlation

equal to the forced convection correlation. If the wall temperature exceeds this value,

the flow enters the nucleate boiling regime and requires a different modelling approach.

After the water fully transitions into the nucleate boiling regime the following Japan

Atomic Energy Research Institute (JAERI) correlation could be used: [97]:

qNB = 106e
Pwater

8.6

(
Twall − TONB

25.72

)3

30 ≤ Twater < 80 , 0.5 ≤ Pwater ≤ 1.6 (4.5)

An asymptotic model is used in order to ensure a smooth transition between two regimes,

forced convection and nucleate boiling [96]. This model account for heat transfer by

combining the effects of forced convection qFC and nucleate boiling qNB:

q = qFC

(
1 +

qNB

qFC

(
1 − qONB

qNB

)2
)1/2

(4.6)

4.1.3 Forward NGSolve model

The 1D coolant model is used to calculate the temperature-dependent sample-coolant

convection coefficient hc(T ), which is applied as a BC together with the heat flux q.

The problem is non-linear as the material properties are temperature-dependent, hence

Newton’s iterative approach is used to solve the FE system of equations. For each time-

step (or in the beginning of the solution process for a steady-state problem), the initial

guess is given as {T }0. The discretised system of equations could be written as follows:

[A] {T } = {f} (4.7)
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Then for each iteration s, the residual is computed as:

{r}s = [A]s {T }s − {f}s (4.8)

The Jacobian of [A]s is defined and linearised as:

[J ]s = lim
ϵ→0

[A] ({T }s + ϵ {T }) − [A] ({T }s)
ϵ

≈ [A]s (4.9)

The temperature update ∆ {T }s that drives {r}s to zero is found by solving the following

system of equations:

[J ]s ∆ {T }s = −{r}s (4.10)

Eq. 4.10 is solved by using the Conjugate-Gradient (CG) method with the Jacobi pre-

conditioner. CG aims to solve the system of equations by minimising the residual’s

energy norm.

Finally, the solution is updated:

{T }s+1 = {T }s + ∆ {T }s (4.11)

4.1.4 NGSolve model verification

To ensure the reliability and correctness of the NGSolve simulations performed in this

work, the forward model implemented in NGSolve is verified against solutions generated

using Code Aster. This verification establishes confidence in the NGSolve implementa-

tion before it is used in DT construction and ML modelling.

A copper-tungsten HIVE sample, shown in Figure 3.3, is used for this verification. Its

geometry is presented in Figure 4.2 and Table 4.1. The coolant parameters Tc, pc, and

vc stay at 30◦C, 1atm, and 10m/s, respectively. The uniform heat flux q(t) applied to

the tile’s top surface is equal to 500 × 104W/m2.
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Table 4.1: HIVE sample 1 BCs and materials; the labels are displayed in Figure 4.2.

Surface BC

ABCD Uniform heat flux q(t)

Pipe surface Sample-coolant convection
hc

Set Location

Γq Surface ABCD
Γedge Edge ABCD
Γcorners Nodes A, B, C, D

Volume Material

Tile ABCDHEFG Tungsten
Block IJKLPMNO Copper
Pipe Copper

Figure 4.2: HIVE sample 1 diagram (Figure 3.3 and Table 4.1).

The steady-state solutions are generated using VL and NGSolve. Figures 4.3 and 4.4

show the relative errors between the two solutions. It can be seen that the errors remain

within the order of 10−3% with the highest errors located on the pipe’s surface.

The transient solutions are generated in VL and NGSolve using the time step ∆t equal

to 0.5s with initial temperature distribution being 30◦C everywhere. The solutions are

generated up to a duration of 30s. Figures 4.5 and 4.6 show the relative and absolute

errors for the two solutions. Similar to the steady-state solutions, it can be seen that

the errors stay within the order of 10−3% with the highest errors located on the pipe’s

surface.
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Figure 4.3: Relative error between VL and NGSolve steady-state solutions.

Figure 4.4: Relative error between VL and NGSolve steady-state solutions, showing
the area with the highest error.
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Figure 4.5: Relative error between VL and NGSolve transient solutions.

Figure 4.6: Absolute error between VL and NGSolve transient solutions.

Based on the comparison between the two solutions, the relative error remains consis-

tently low. This level of agreement indicates excellent consistency between the imple-

mentations. Therefore, the solver is considered verified with respect to the reference

solution.
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4.2 Solution construction using computational data

4.2.1 Testing parameters

In this section, the solution construction process is tested by applying a linearly increas-

ing heat flux, represented by Eq. 4.12, to the HIVE Sample 1 (Figure 4.2). The applied

heat flux ramp in Eq. 4.12 is selected to remain within the range of experimentally rel-

evant heat fluxes for the HIVE facility [19]. The maximum imposed value is consistent

with the operational envelope and applicability limits.

q(t) =
21 × 105

80
t = 26250t (4.12)

Figure 4.7 shows 4, 8, 11, and 17 measurement locations used to generate results pre-

sented in this section.

Furthermore, the solution setup is tested with added noise in the temperature measure-

ments to assess the robustness of the process under such conditions. The noise consists

of random values drawn from a zero-mean Gaussian distribution where the standard de-

viation corresponds to the noise level (the measurement precision). The noise level, i.e.

the standard deviation definition for the Gaussian distribution, is stated as a percentage

of the true temperature value. The investigated noise levels are listed in Table 4.2.

Table 4.2: Selected noise settings as a percentage of the true temperature values.

Noise setting No. Noise level (measurement precision) σ [%]

1 0.0
2 0.2
3 1.0
4 σ(T )

The temperature-dependent overall precision characteristic σ(T ) of Type K TC mea-

surements is illustrated in Figure 4.8, displaying values in both ◦C and as percentages

of the actual temperature reading [3].

4.2.2 Solution construction results analysis

The initial temperature field is selected to be a uniform distribution with the temperature

of 30◦C, representing the initial steady state matching the coolant temperature. The
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(a) 4 measurement locations (b) 8 measurement locations

(c) 11 measurement locations (d) 17 measurement locations

Figure 4.7: Measurement locations used for Sample 1.

Figure 4.8: True temperature-dependent precision of a standard type K TC σ(T ) [3].

time step size used to generate the reference solution is equal to 0.4s, where as the

time step size used to construct the solution from the measurements is equal to 2.8s.



Chapter 4 69

Table 4.3 presents the solution construction errors and time step runtimes achieved using

FE-based solution construction process. The average and maximum errors presented in

this table are calculated across the space and time.

Table 4.3: Solution construction errors and time step runtimes
achieved using FE-based solution construction process.

Sol. rec. time Sol. rec. errors

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 2.306e+00 3.038e+00 0.282 2.196
4 0.2 2.347e+00 2.495e+00 0.353 4.55
4 1.0 2.278e+00 2.433e+00 0.734 19.222
4 σ(T ) 2.265e+00 2.376e+00 0.421 8.267

8 0.0 2.297e+00 2.515e+00 0.263 2.423
8 0.2 2.244e+00 2.379e+00 0.303 6.173
8 1.0 2.299e+00 2.411e+00 0.553 21.164
8 σ(T ) 2.276e+00 2.463e+00 0.342 10.433

11 0.0 2.279e+00 2.419e+00 0.177 4.858
11 0.2 2.253e+00 2.441e+00 0.229 5.629
11 1.0 2.261e+00 2.387e+00 0.514 18.008
11 σ(T ) 2.303e+00 2.615e+00 0.277 7.655

17 0.0 2.311e+00 2.452e+00 0.174 5.584
17 0.2 2.259e+00 2.429e+00 0.23 7.321
17 1.0 2.286e+00 2.404e+00 0.522 23.951
17 σ(T ) 2.277e+00 2.432e+00 0.283 9.316

a Times are given for AMD Ryzen 7 5800X 8-Core Central Processing Unit
(CPU).

As anticipated, for a fixed number of measurement locations, the relative construction

errors rise with increasing noise levels. This observation is further supported by Fig-

ures 4.9 and 4.10 showing the dependency of maximum and average relative error on

time. In these figures, the average relative error is calculated at every time instance by

comparing the constructed temperature distribution against the reference forward solu-

tion. The errors increase in the beginning of the simulation reaching the maximum at

the time instance of 8.4s. This can be attributed to the initial transition of the temper-

ature field from the uniform distribution of 30◦C to a profile shaped by the applied heat

flux. Due to the rate of heat flux increase, this initial transition is characterized by rapid

changes in the temperature distribution over both space and time. Consequently, the
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(a) 4 measurement locations

(b) 11 measurement locations

Figure 4.9: The progress of maximum relative errors with time for 4 and 11 measure-
ment locations (Figure 4.7).

larger time step chosen for the solution construction limits its responsiveness, leading to

the initial spike in errors. However, the errors decrease after 20s.

The noise induces an increasingly abrupt fluctuations in the maximum and average rel-

ative errors. This suggests that additional measurement points are required to mitigate

the effect. Indeed, as the number of measurement locations grows, the average relative

construction error generally decreases (Table 4.3 and Figure 4.10), initial temperature

transition period before 20s with the highest errors. In spite of this, the reduction in

maximum relative error does not show a direct correlation with the number of measure-

ment locations. As the time progresses, the maximum relative errors tend to oscillate

around the same value or even increase for some explored measurement locations with

the same noise levels (Figure 4.9).
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(a) 4 measurement locations

(b) 11 measurement locations

Figure 4.10: The progress of average relative errors with time for 4 and 11 measure-
ment locations (Figure 4.7).

.

The analyses of the error distributions in space provides insight into this phenomenon.

Figures 4.11 and 4.12 show the relative error distributions at two time instances, 8.4s

and 50.4s. 8.4s is time instance where maximum spatial relative errors are observed (Fig-

ure 4.9, lines corresponding to the zero-noise scenario), while 50.4s is an example of the

time instance where minimum relative errors are observed Figure 4.9, lines correspond-

ing to the zero-noise scenario). The common tendencies can be noted between these

two figures. When only 4 or 8 measurement locations are used, the error distribution

is relatively uniform and concentrated at low values, with most of the domain showing

small errors. However, as the number of measurement locations increases to 11 and

17, the error patterns change noticeably. In these cases, regions of higher relative error

appear near the top surface of the tile, particularly at corners, while the errors within
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(a) 4 measurement locations (b) 8 measurement locations

(c) 11 measurement locations (d) 17 measurement locations

Figure 4.11: Relative error distributions for t = 8.4s; the measurement locations are
shown in Figure 4.7.

the block, pipe, and the majority of the tile decrease. While increasing measurement

numbers generally reduces average errors, the spatial error distribution does not improve

uniformly across the domain. This suggests that although the average construction error

decreases with additional measurement points, localised regions of higher error may still

persist.

The temperature distribution constructed from the measurements can be used to calcu-

late the constructed heat flux (Eq. 3.23) and compare it with the reference applied heat

flux. Figure 4.13 shows the dependency of the constructed heat flux and the correspond-

ing relative heat flux error on time. The increased average relative errors during the

aforementioned initial transition period cause the spike in the relative heat flux error at
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(a) 4 measurement locations (b) 8 measurement locations

(c) 11 measurement locations (d) 17 measurement locations

Figure 4.12: Relative error distributions for t = 50.4s; the measurement locations are
shown in Figure 4.7.

the beginning of the simulation. However, it rapidly declines as the time approaches 20s.

Figure 4.14 shows the average and maximum relative heat flux error recorded after 20s.

It readily illustrates the benefit more measurement locations and hence lower average

relative solution construction errors can provide, particularly for higher noise scenarios.

Both average and maximum relative heat flux errors tend to decrease as the number

of measurements increase. This trend can also be observed in Figure 4.13, where the

osculation amplitude of the heat flux error markedly decrease for the higher number of

measurement locations.



Chapter 4 74

(a) 4 measurement locations

(b) 11 measurement locations

Figure 4.13: The progress of constructed heat flux with time for 4 and 11 measurement
locations (Figure 4.7).

4.3 Thermal conductivity construction using computational

data

Linear and nonlinear thermal conductivities are constructed from the sparse measure-

ments using a FE-based approach. The geometry of Sample 1 is used as an example.
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(a) Average relative heat flux error (b) Maximum relative heat flux error

Figure 4.14: Relative heat flux errors after 20s.

4.3.1 Linear thermal conductivity construction

Two scenarios are examined. The initial scenario assumes a single-material sample with

thermal conductivity k1; 4 measurements are used for this case. The second scenario

considers a two-material sample with thermal conductivity k1 for the block and k2 for

the tile; 5 measurements are used for this case. The selection of 4 and 5 measurement

locations aligns well with the standard quantity of TCs typically employed for HIVE

samples. For the two-material configuration, an extra measurement location is added to

capture temperature data specifically for the block. The applied heat flux q is established

at 210000 [W/m2]; coolant velocity vc is fixed at 1m/s.

Figure 4.15 demonstrates parameter convergence behaviour. The iteration process ter-

minates when ∆k between consecutive iterations falls below 0.01%. Table 4.4 presents

the outcomes, indicating successful construction of linear thermal conductivity and cor-

responding solutions.

Figure 4.15: Convergence of linear thermal conductivities.
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Table 4.4: Linear thermal conductivity construction results.

Case k1k1k1 error
[%]

k2k2k2 error
[%]

Avg. {T }{T }{T }
error [%]

Max. {T }{T }{T }
error [%]

Number
of itera-
tions

Runtime
[s]

1 ma-
terial

2.13E-03 - 9.7E-05 4.2E-04 13 7.115

2 ma-
terials

2.39E-06 3.33E-05 2.3E-06 4.0E-05 8 4.831

4.3.2 Nonlinear thermal conductivity construction

4.3.2.1 Testing parameters

More detailed analysis is performed for the nonlinear thermal conductivity construc-

tion. This analysis includes exploring the influence of the measurement location number

(Figure 4.7) and noise level (Table 4.2) on the construction process performance. The

goal is to construct the piecewise linear thermal conductivity depicted in Figure 4.16.

Table 4.5 specifies the four linear segments of the temperature-dependent relationship to

be established, it additionally presents the temperature boundaries and BCs employed

for constructing each linear segment. The parameters a and b correspond to the math-

ematical definition of each linear segment as demonstrated in Eq.3.38 and Figure3.10.

Figure 4.16: Piecewise linear thermal conductivity consisting of four sections and
with Tknown and kknown equal to 20.0◦C and 25.8 W/(m◦C), respectively.

Table 4.5: Four linear sections of the temperature dependency to be constructed,
the temperature limits, and BCs used to construct each of the four linear sections
(Figure 4.16).

Section a [W/m◦C2] b [W/m◦C] Limit 1 Limit 2 vc [m/s] q [W/m2]

1 0.09 24.0 Tr1 = 0◦C Tr2 = 50◦C 1.0 33000
2 0.05 26.0 Tr2 = 50◦C Tr3 = 100◦C 2.0 130000
3 0.04 27.0 Tr3 = 100◦C Tr4 = 150◦C 2.0 240000
4 0.03 28.5 Tr4 = 150◦C Tr5 = 230◦C 2.0 422000
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4.3.2.2 Conductivity construction results analysis

Table 4.6 lists the results, from which it can be seen that the non-linear thermal conduc-

tivity and the corresponding solutions are successfully constructed for a certain number

of measurement locations. This table includes the relative errors between the constructed

and reference thermal conductivities k, the average and maximum values for 4 linear

sections are displayed. Moreover, this table shows the relative errors between the con-

structed and reference temperature distributions, the average and maximum values for

four linear sections (Figure 4.16) are also shown.

Table 4.6: Nonlinear thermal conductivity construction results (Figure 4.16).

k relative errors {T } relative errors

No. of mea-
surement lo-
cations

Noise level
σ [%]

Avg. k er-
ror [%]

Max. k er-
ror [%]

Avg. {T }
error [%]

Max. {T }
error [%]

4 0.0 0.006 0.016 0.0001 0.0002
4 0.2 55.514 129.697 12.109 28.021
4 1.0 16.537 27.119 15.837 181.358
4 σ(T ) 55.514 129.697 15.511 28.672

8 0.0 4.829e-05 9.568e-05 1.29e-06 9.92e-06
8 0.2 5.252 7.964 0.51 1.122
8 1.0 16.537 27.119 4.027 16.329
8 σ(T ) 6.241 9.474 0.953 2.986

11 0.0 3.751e-05 1.458e-04 3.5e-07 9.73e-06
11 0.2 3.976 12.241 0.107 1.04
11 1.0 14.822 24.45 1.796 4.375
11 σ(T ) 8.807 22.251 2.237 34.25

17 0.0 6.8e-06 2.177e-05 3.4e-07 6.14e-06
17 0.2 3.646 6.545 0.195 2.614
17 1.0 6.348 9.474 1.067 8.411
17 σ(T ) 6.063 9.444 0.839 3.289

As expected, when the number of measurement locations is fixed, the relative construc-

tion errors generally increase with higher noise levels. This trend is further illustrated in

Figure 4.17, which display the time-dependent behaviour of the relative thermal conduc-

tivity errors. This is also the case for the stand-alone solution construction previously

discussed in Section 4.2.

The measurement noise is modelled as zero-mean Gaussian noise, where the standard de-

viation represents the measurement precision. For the case σ(T ), the noise level depends

on the local temperature and therefore varies in time and space. Importantly, σ(T ) does
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not correspond to the highest noise level at the highest temperatures, nor does it uni-

formly exceed the constant noise cases. As a result, the temperature-dependent noise

does not necessarily produce the largest relative error at all times. The reconstruc-

tion error is governed by the combined effects of the noise realisation and the number

of measurement locations. Consequently, depending on the measurement configuration

and time interval, σ(T ) may lead to either higher or lower errors compared to constant

noise levels, as observed in Figure 4.17.

(a) 4 measurement locations (b) 8 measurement locations

(c) 11 measurement locations (d) 17 measurement locations

Figure 4.17: The progress of relative thermal conductivity error with time for various
measurement locations (Figure 4.7).

All cases with zero noise achieve excellent results, with errors of the order of 10−3 or less.

However, the performance deteriorates rapidly for a certain number of measurements

once noise is introduced. The cases with 4 measurement locations fail to adequately

deal with noise even at 0.2%, with errors oftentimes exceeding 100%, which render the

constructed thermal conductivity and solution meaningless. On the other hand, the

performance of the construction process noticeably improves when more measurement

locations are introduced. The best results are achieved for 17 measurement locations,

with errors staying below 10% for all considered noise levels. These observations are
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supported by the spatial distributions of relative {T } error, which are displayed in

Figure 4.18. These error distributions bear some similarity to the distributions presented

in Section 4.2 (Figures 4.11 and 4.12). Particularly, as the number of measurement

locations increase the average relative {T } errors decrease with the maximum relative

errors starting to concentrate around the corners of the tile’s top surface.

(a) 4 measurement locations (b) 17 measurement locations

Figure 4.18: The spatial distribution of relative {T } error for 4 and 17 measurement
locations (Figure 4.7) for the TC-specific noise level.

4.4 Solution construction using experimental data

FE-based solution construction is trialled using experimental data collected for the

stainless-steel Sample 2 (Figure 3.3). This step is essential in the context of FE DT

development, as it tests its ability to assimilate real measurement data and construct

the underlying temperature field. By using experimental inputs rather than purely

simulated ones, the approach is validated under more realistic conditions where various

measurement limitations are present.

The experimental steady-state temperature values were collected at six locations shown

in Figure 4.20a and Table 4.8. The collected experimental values are listed in Table 4.7.

Table 4.7: Average and standard deviation of the experimental temperature
measurements.

TC number 1 2 3 4 5 6

Average [◦C] 233.9 173.4 163.7 163.7 236.4 161.8
Standard deviation [◦C] 1.259 0.157 1.466 0.202 1.238 0.158
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Table 4.8: Locations of the TCs used to collect the experimental measurements.

TC number 1 2 3 4 5 6

x [m] 0.0116 0.0138 0.0110 -0.0105 -0.018 -0.018
y [m] -0.0245 -0.0245 0.0245 0.0245 -0.0006 -0.004
z [m] 0.0194 0.0013 0.0031 -0.005 0.0164 -0.0085

Figure 4.19: Reference solution generated using COMSOL [4]. This is the solution
used to augment the experimental data and consequently calculate some relative errors.

Table 4.9: Solution construction errors for Sample 2 (Figure 3.3).

No. of measure-
ment locations

Avg. relative er-
ror [%]

Max. relative er-
ror [%]

Max. tempera-
ture relative error
[%]

6 7.213 32.634 15.991
9 1.887 16.480 1.287
12 1.436 7.967 1.149
15 1.005 6.252 1.073

The experimental data is augmented with the thermal solution generated using coil-

induced EM heating in COMSOL Multi-physics software [4]. Tetrahedral mesh is used

within COMSOL, therefore the modification of the regularisation component of a loss

function is required in Eq 3.29. The regularisation used in Eq 3.29 is suitable for a

surface of a hexahedral mesh as generally on such a surface each node is connected

to the constant number of nodes; consequently, an averaging function could be used

to encourage smoothness. However, in the case of a surface of a tetrahedral mesh,

the number of nodes the specific node is connected with could vary, which makes the

regularisation function in Eq 3.29 less effective.
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(a) 6 measurement locations. (b) 15 measurement locations.

Figure 4.20: Measurement locations used for Sample 2 (Figure 3.3).

In order to enable the method to work with a tetrahedral mesh, a more flexible regular-

isation component is formulated as follows:

{L}REG = {f}q − S({x}q) (4.13)

where S is an spatial interpolation function constructed using {f}q values, and {x}q
contains x, y, and z coordinates of {f}q. S is defined as Radial Basis Function (RBF)

interpolation with linear kernel. The regularisation is ensured through penalising de-

viations from a smoothed surface interpolated using the values of {f}q at the current

iteration. The gradients for the Jacobian matrix are approximated by assuming that

the values of S are constant for the current iteration.

The reference solution used to assess the solution construction results is displayed in

Figure 4.19.

The TC measurement locations used during the experiment are shown in Figure 4.20(a),

there are 6 locations. Initially, only these locations are used for the solution construc-

tion. Figure 4.21 shows the constructed temperature distributions together with the

relative errors. It can be seen that 6 measurements are not sufficient to capture the

complexity of the heat flux distribution produced by the coil. Particularly, the solution

construction process struggles to estimate the temperature in the region where the max-

imum temperature is observed. This could be attributed to the lack of TCs located in
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(a) Constructed temperature using 6 measurement lo-
cations.

(b) Relative error achieved 6 measurement locations.

Figure 4.21: Results achieved for 6 measurement locations used for Sample 2 (Fig-
ure 3.3), the maximum relative error is 32.634%.

(a) Constructed temperature using 15 measurement
locations.

(b) Relative error achieved 6 measurement locations.

Figure 4.22: Results achieved for 15 measurement locations used for Sample 2 (Fig-
ure 3.3), the maximum relative error is 6.252%.

the vicinity of this region.

This issue is resolved by including some measurements sampled from the COMSOL

solution and adding the temperature-dependent noise associated with typical TCs (Fig-

ure 4.8). The number of measurements are increased from 6 to 15 with Figure 4.20(b)

displaying 15 measurement locations. Table 4.9 lists the relative solution construction er-

rors including the errors for the maximum temperature within the domain. As expected
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the errors decrease with the increase in the number of measurements. Figure 4.21 shows

the constructed temperature distributions together with the relative errors for 15 mea-

surement locations shown in Figure 4.20(b). For this case, the constructed temperature

distribution bears significantly more similarity to the reference solution than the distri-

bution achieved for the initial 6 measurements. And, indeed, considerable improvement

could be observed in the relative errors with maximum relative error being around 6%

as opposed to around 33% for 6 measurements.

4.5 Summary

This chapter presents a FE-based framework for temperature field and thermal conduc-

tivity construction in the context of DT for high heat flux experiments conducted at the

HIVE facility. A detailed forward FE model is developed to represent the experimental

setup, incorporating surface heating, temperature-dependent material properties, and a

1D coolant model. The coolant model captures forced convection and nucleate boiling

regimes. The framework is implemented in NGSolve to enable efficient nonlinear matrix

extraction, flexible BC handling, and seamless integration with the DT workflow. Verifi-

cation against Code Aster, which was used in the previous work, demonstrated excellent

agreement for both steady-state and transient simulations, confirming the reliability of

the implementation.

The FE-based solution construction approach is then evaluated using computational

data under varying number of measurement locations and noise levels. The results show

that accurate reconstruction of the temperature field is achievable in near real time,

with average relative errors remaining low for moderate noise levels. While increasing

the number of measurement locations consistently reduced average errors, localised re-

gions of higher error persisted, particularly near the surface corners. The reconstructed

temperature fields enabled reliable estimation of the applied heat flux, with accuracy

improving markedly as additional measurements are introduced, especially under noisy

conditions.

The framework is further extended to thermal conductivity construction. Both linear

and nonlinear (i.e. temperature-dependent) conductivities are successfully reconstructed

from sparse measurements. For noise-free data, excellent accuracy is achieved even with
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a limited number of sensors. However, the nonlinear reconstruction proves sensitive to

measurement noise when few measurements are available. Increasing the number of

measurement locations significantly improved robustness, enabling accurate recovery of

both conductivity profiles and temperature fields across all considered noise levels.

Finally, the FE-based solution construction is applied to experimental data from a

stainless-steel HIVE sample. This demonstrates the framework’s ability to assimilate

experimental measurements and construct physically consistent temperature fields un-

der realistic conditions. The results confirm that sparse experimental measurements

alone may be insufficient to capture complex heating patterns, but that solution quality

improves substantially as additional measurement information is incorporated.

Overall, the chapter establishes the FE-based solution and material property construc-

tion as a robust and flexible foundation for FE-driven DT, suitable for both computa-

tional and experimental data assimilation.
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Temperature monitoring and

control

The methodology behind FE DT and PD-ML DT control loops are described in Sec-

tions 3.3 and 3.4, respectively. In this chapter the assembled FE DT loop with and

without ROM and PD-ML DT loop are tuned and tested, and the results are discussed.

The forward FE model is described in Section 4.1 in the previous chapter, and it is

used again in this chapter as a physical experiment imitation. The solution construction

discussed in the previous chapter form an essential part of FE DT.

5.1 Finite Element-based Digital Twinning control loop

tuning

In this work, the PID controller is adjusted using two traditional techniques: the ZN

and AH methods [81, 82]. This sub-section outlines the steps taken during the tuning

process. The controller operates with the same time step as the solution procedure,

specifically ∆t = 2.8s. The choice of this time step is dictated by the requirements of

near real-time solution construction within the DT framework. The FE-based solution

construction should operate fast enough to provide timely temperature estimates for

control purposes. Smaller time steps would compromise real-time feasibility, as the

solution construction code would not be able to deliver results at the required rate.

As demonstrated previously, the solution construction retains sufficient accuracy at this

85
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time step. Since the PID controller relies directly on the constructed solution to compute

control actions, it is therefore designed to operate at the same temporal resolution.

Moreover, the PID gains are explicitly tuned using this time step, ensuring consistent

and stable closed-loop behaviour despite the relatively coarse discretisation.

Although recent advancements have introduced RL-based methods for PID tuning [98,

99], these approaches often involve long training periods and require fine-tuning of the

RL model itself, which may introduce unnecessary complexity.

5.1.1 Ziegler–Nichols method

The ZN approach involves a two-step procedure [81, 82]. In the first step, the integral

and derivative components of the controller are disabled by assigning τI to ∞ and τD

to 0. The coolant flow velocity is maintained at its nominal value vc equal to 5 m/s.

Under a constant heat flux with a linear ramp-up period, specified in Eq 5.2, the system

is allowed to reach a steady state, where the peak temperature equals Tss sp. Following

this, a brief disturbance is introduced by altering the set point to:

Tdist sp = 1.1Tss sp (5.1)

q(t) =


21×105

80 t if t ≤ 80

21 × 105 if t > 80

(5.2)

The controller gain’s magnitude, |KC |, previously discussed in Sub-section 3.3.4, is grad-

ually increased until the system exhibits stable, repeating oscillations, referred to as

continuous cycling. This behaviour is illustrated in Figure 5.1, which shows that such

oscillations begin when KC is equal to -0.430. Therefore, the ultimate gain Kcu is de-

termined to be -0.258, and the ultimate period Pu, representing the duration of one full

oscillation cycle, is found to be 16.8s. The obtained values of Kcu and Pu are then used

to determine Kc, τI , and τD, as presented in Table 5.1.
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Figure 5.1: Continuous oscillations achieved for Kc = −0.430, τI = ∞, and τD = 0.
It is a response to the set point disturbance introduced by Eq. 5.1. The steady state
is reached by applying heat flux in the form of a constant with linear ramp-up period

(Eq 5.2).

Table 5.1: PID controller parameter values calibrated using ZN and AH
approaches.

Standard

Method Kcu Pu Kc = 0.600Kcu τI = 0.500Pu τD = 0.125Pu

ZN -0.430 16.800 -0.258 8.400 2.100
AH -0.444 11.200 -0.266 5.600 1.400

Modified τI

Method Kcu Pu Kc = 0.600Kcu τI = 3.000Pu τD = 0.125Pu

ZN -0.430 16.800 -0.258 50.400 2.100
AH -0.444 11.200 -0.266 33.600 1.400

5.1.2 Åström–Hägglund method

Another widely used method for tuning a PID controller is the AH technique [81, 82]. In

this method, the PID controller is temporarily replaced with a relay (on–off) controller,

where the output is constrained to two fixed values: a minimum and a maximum. In

the present work, the relay controller parameters are set to vcmin = 4.85 m/s and

vcmax = 5.15 m/s. The same set–point disturbance applied in the previously described

ZN method is used here as well. This relay configuration induces regular oscillations in

the controlled variable Tmax, as illustrated in Figure 5.2. The ultimate gain Kcu can
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then be estimated as:

|Kcu| =
4d

πa
(5.3)

d denotes the relay amplitude, which in this case is 0.15, and a represents the ampli-

tude of the controlled variable, measured as 0.43. The value of Pu corresponds to the

oscillation period of the controlled variable, found to be 11.2 s.

Figure 5.2: Continuous oscillations achieved using relay (on–off) controller with vc min

equal to 4.85 m/s and vc max equal to 5.15 m/s, as a response to the set point distur-
bance represented by Eq. 5.1. The applied heat flux defined by Eq. 5.2.

5.1.3 Modified tuned Proportional–Integral–Derivative parameters

Figures 5.3 and 5.4 present a comparison of system responses to a constant heat flux

q(t) (Eq. 5.2). The corresponding performance metrics are summarised in Table 5.2,

where the overshoot quantifies how much the peak temperature Tmax exceeds the set

point Tsp. In this work, Tsp is taken as 200◦C for all scenarios, except in the ZN and

AH tuning cases, where it is set to the steady–state maximum temperature. 200◦C is a

reasonable temperature limit for the HIVE maximum heat fluxes and sample materials,

as it ensures the system operates within a safe thermal range. This limit accounts for

the thermal gradients present between various sections of a sample, maintaining internal

stresses within safe margins and preventing degradation of the multi-material assembly.
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For ZN tuning under constant q(t), the overshoot is close to 7%, whereas for AH tuning

it is close to 4%. Furthermore, the values of τI and τD for both cases are insufficient to

fully suppress oscillations induced by the proportional term. To address this, the stan-

dard ZN relations are adjusted by increasing τI , yielding a more conservative controller

response. The updated PID parameters are listed in Table 5.1. The improved responses,

shown in Figures 5.3 and 5.4, confirm that the modification eliminates or reduces both

overshoot and oscillations (Table 5.2). The revised PID formulation triggers coolant

velocity adjustments earlier, which is advantageous given the imposed acceleration limit

on the coolant; this restriction prevents the velocity from changing as rapidly as required

by the standard ZN or AH tuned parameters. The modified ZN tuned parameters yield

a more conservative response with lower overshoot and no coolant velocity oscillations.

Hence, they are adopted for generating the remaining results.

Figure 5.3: System response to q(t) presented by Eq. 5.2 with standard and modified
ZN-tuned PID parameters (Table 5.1).

5.2 Physics-Driven Machine Learning-based Digital Twin-

ning control loop

5.2.1 Heat flux Neural Network training and testing

The dataset for training, testing, and validation is generated by performing 10000 steady-

state simulations using Sample 1 geometry (Figure 4.2). Coolant velocity is randomly
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Figure 5.4: System response to q(t) presented by Eq. 5.2 with standard and modified
AH-tuned PID parameters (Table 5.1).

Table 5.2: Average and maximum relative
solution construction errors; Table 5.9 and
Figure 5.21 detail the applied heat flux q(t)
options.

Sol. rec.

Case
Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

Overshoot
[%]

ZN tuning 0.25 1.04 2.15
AH tuning 0.12 1.04 0.37

Constant ( ZN
standard)

0.35 2.36 6.81

Constant (
AH standard)

0.35 2.36 3.90

Constant ( ZN
modified)

0.12 2.19 -1.09

Constant (
AH modified)

0.26 2.36 -0.03

varied between 1 and 10m/s, whilst the uniform heat flux is randomly varied between 0

and 2300kW/m2. Corresponding Reynolds numbers Re are between 12,477 and 124,768

thus making the flow highly turbulent. 90% of this dataset is used for testing and

10% for training and validation. Each input and output is normalised using Min-Max

normalisation as follows:

xnorm =
x− xmin

xmax − xmin
(5.4)
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Then the normalised NN output could be converted back to the original range as:

x = xnorm × (xmax − xmin) + xmin (5.5)

In order to mitigate overfitting, k-fold cross-validation is used to assess the NNs. The

training dataset is divided into k equal-sized subsets (or folds). The NN model is trained

k times, each time using a different fold as the validation set and the remaining k − 1

folds as the training set. This ensures that every data point is used once for validation

and k− 1 times for training. 4 subsets are used in this work. Three error types are used

during training, validation, and testing, RMSE, MAPE, and MSE:

RMSE(ypred, ytrue) =

√√√√ 1

n

n∑
i=1

(ytrue,i − ypred,i)
2 (5.6)

MAPE(ypred, ytrue) =
100

n

n∑
i=1

∣∣∣∣ytrue,i − ypred,i
ytrue,i

∣∣∣∣ (5.7)

MSE(ypred, ytrue) =
1

n

n∑
i=1

(ytrue,i − ypred,i)
2 (5.8)

where ypred and ytrue are the value predicted by the NN and the true value from the

dataset, respectively.

Due to its relatively low memory requirements and good performance across a wide range

of ML problems, Adam optimiser is often the default choice for MLtraining. Hence, it is

used in this work. The training dataset is split into 1064 batches and MSE loss is used

for backpropagation. After the training of a model for each fold is complete, the NNs

are assessed based on validation RMSE and MAPE. The learning rate is set to 0.001.

The hyperparameters explored are listed in Table 5.3. Sigmoid activation function is

selected for the output layer since the normalised output is limited to the range [0.0, 1.0].

NVIDIA RTX 6000 Ada Graphical Processing Unit (GPU) is used for training all NNs

in this work.

The best performing hyperparameter configuration is selected by comparing their aver-

age MAPEs achieved as shown in Table 5.4. Consequently, 64-32-16 NN configuration
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Table 5.3: NN hyperparameters explored for the heat flux and coolant NNs.

Layer No. Output dimension Activation function

1 8 32 64 16 8 16 32 tanh
2 4 8 32 8 8 16 32 tanh
3 2 4 16 4 8 16 32 tanh
4 1 1 1 1 1 1 1 sigmoid

is selected.

Table 5.4: Hyperparameter configuration results for the heat flux NNs.

Hyperparameter
configuration

Mean MAPE [%] Max. MAPE [%] Min. MAPE [%]

8-4-2 4.791 8.386 2.692
32-8-4 3.519 6.917 1.084
64-32-16 1.943 3.462 1.106
16-8-4 2.827 5.286 1.204
8-8-8 2.543 4.431 1.296
16-16-16 2.165 4.282 1.090
32-32-32 2.309 4.171 1.350

Figures 5.5 and 5.6 display the error convergence during training and validation for the

best performing fold.

Figure 5.5: Training process of heat flux NN - MAPE errors.

Figure 5.6: Training process of heat flux NN - RMSE errors.

During the testing process, the accuracy is assessed by computing MAPE errors for the

testing dataset and classifying them into the following categories:

True Positive (TP) =
N∑
i=1

1 (ei > 0 and |ei| < 2.5%) (5.9)
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True Negative (TN) =
N∑
i=1

1 (ei < 0 and |ei| < 2.5%) (5.10)

False Positive (FP) =

N∑
i=1

1 (ei > 0 and |ei| ≥ 2.5%) (5.11)

False Negative (FN) =
N∑
i=1

1 (ei < 0 and |ei| ≥ 2.5%) (5.12)

where 1(·) is the indicator function, which returns 1 if the condition is true, and 0

otherwise. The accuracy is estimated by using the following formula:

Accuracy =
TP + TN

TP + TN + +FP + FN
(5.13)

Figure 5.7 shows the testing error distribution, while Table 5.5 lists the number of errors

in each category. The overall accuracy is 0.976 with only 24 errors out of 1000 lying

outside of 2.5% limit.

Figure 5.7: Testing accuracy of heat flux NN - 0.976 accuracy.

Table 5.5: MAPE error classification for the heat flux NNs.

MAPE error classification Number of errors

TP 932
TN 44
FP 17
FN 7
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5.2.2 Coolant Neural Network training and testing

The process for training, validating, and testing a coolant NN follows the same procedure

as for the heat flux NN described in the previous sub-section. The hyperparameter

options explored are listed in Table 5.3. The corresponding training and validation

results are presented in Table 5.6. 32-32-32 NN is the best-performing configuration

based on average MAPE, therefore it is selected.

Table 5.6: Hyperparameter configuration results for the coolant NNs.

Hyperparameter
configuration

Mean MAPE [%] Max. MAPE [%] Min. MAPE [%]

8-4-2 20.665 36.144 8.079
32-8-4 16.254 29.227 4.960
64-32-16 14.51 30.774 2.928
16-8-4 14.931 28.625 6.076
8-8-8 14.568 25.011 4.307
16-16-16 13.280 27.309 2.818
32-32-32 10.209 17.566 2.092

Figures 5.8 and 5.9 display the error convergence during training and validation for the

best performing fold.

Figure 5.8: Training process of heat flux NN - MAPE errors.

Figure 5.9: Training process of heat flux NN - RMSE errors.

Figure 5.10 shows the testing error distribution, while Table 5.7 lists the number of

errors in each category. The overall accuracy is 0.902 with 98 out of 1000 errors lying

outside of 2.5% limit. The accuracy of coolant NN is lower than the accuracy of the

heat flux NN; however, it is still above 90%.
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Figure 5.10: Testing accuracy of coolant NN - 0.902 accuracy.

Table 5.7: MAPE error classification for the coolant NNs.

MAPE error classification Number of errors

TP 80
TN 822
FP 18
FN 80

5.2.3 Physics-Driven Machine Learning-based Digital Twinning con-

trol tuning

Once the two NNs are trained, validated, and tested, the whole PD-ML DT needs to be

tuned and the effect of the control parameters assessed. Primarily, there are two control

parameters, Nint and Next. These parameters are introduced in Section 3.4. These

parameters define the heat flux trend prediction module. It examines a sequence of

recently estimated flux values, qNint, where Nint specifies the length of the interpolation

window used to capture recent history. From these values, an interpolation function

ftrend is constructed. This function is then evaluated at a future point determined by

Next, the extrapolation horizon, to obtain the predicted heat flux value qfuture. Finally,

the maximum is selected between qfuture and the most recent values in qNint.

A range of Nint and Next parameters are explored on a constant heat flux scenario

expressed by Eq. 5.2. The performance is assessed based on the overshoot defined as:

Overshoot =
Tmax ref − Tsp

Tsp
× 100% (5.14)
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Firstly, Next is set to 0, and just Nint is varied. Regardless of Nint selected when

Next = 0, the overshoot stays constant at 2.42%. However, the difference between

these cases could be seen when analysing the system response, shown in Figure 5.11.

The coolant velocity stabilises and reaches steady state for all Nint values. The cases

exhibit exactly the same behaviour when the maximum temperature just reaches the

temperature set point. The difference between the cases lies in the fact that increasing

Nint increases the time it takes for the velocity to reach the steady state value.

Figure 5.11: System response constant heat flux with linear transition (Eq. 5.2) for
various Nint values and Next equal to 0.

Figure 5.12 shows the heat flux constructed by the heat flux NN and compares it with

the transient applied heat flux. This constructed heat flux can be referred to as the

steady-state equivalent heat flux. During the linear transition in the beginning of the

simulation, the constructed heat flux generally follows the true heat flux; however, at

one point in the beginning it deviates by 83.01%. the constructed heat flux approaches

the true heat flux as the sample reaches steady state.

Next, the system response is trialled for various non-zero combinations of Nint and

Next values. Figure 5.13 shows the obtained overshoots. All achieved overshoots are

below zero, meaning that the maximum temperature always stays below the set point

temperature. The lowest overshoot is achieved for Nint equal to 100 and Next equal to
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Figure 5.12: Heat flux constructed by the heat flux NN as a response to the heat flux
with linear transition (Eq. 5.2) for various Nint values and Next equal to 0.

120, while the overshoot closest to zero is achieved for Nint equal to 60 and Next equal

to 120.

Figure 5.13: Overshoots achieved for various non-zero Nint and Next values.

The difference in system response between various cases with Next equal to 60 is shown

in Figure 5.14. Figure 5.15 shows the corresponding constructed heat flux. The extrap-

olation assists in reducing the overshoot and keeping it negative; however, in all cases

it causes the constructed heat flux to fluctuate, which leads to the coolant velocity os-

cillating around its steady state value. In the cases with Next = 0, the coolant velocity

essentially consists of five main sections: 1. constant at 0m/s, 2. gradual increase to the

value above the steady state, 3. constant at the value above steady state, 4. gradual
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decrease to the steady state, 5. constant at the steady state. On the other hand, this is

not observed for the cases with Next = 60. For these cases, the coolant velocity consists

of four main sections: 1. constant at 0m/s, 2. rapid increase to the value above the

steady state, 3. rapid decrease to the value below steady state, 4. continuous oscil-

lations around the steady state point. Overall, the coolant velocity starts to increase

earlier and the changes are more rapid. It allows the control to react faster as it attempts

to estimate the future constructed heat flux. However, the extrapolation leads to the

constructed heat flux fluctuation, which in turn leads to coolant velocity oscillations.

Consequently, the temperature converges to the approximation of the steady state.

Figure 5.14: System response constant heat flux with linear transition (Eq. 5.2) for
various Nint values and Next equal to 60.

Similar system responses could be observed when considering the cases with Next = 80,

as displayed in Figures 5.16 and 5.17. The main difference lies in the case for when

Nint = 60. After the coolant velocity reaches its peak, it overcompensates, decreases to

the value below the steady state and only then it find its equilibrium fluctuating around

the steady state point.

An attempt could be made in reconciliation the cases with Next equal to 0 and the

cases with non-zero Next. The extrapolation could be switched off when the difference

between the two subsequent constructed heat flux values becomes less than a certain
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Figure 5.15: Heat flux constructed by the heat flux NN as a response to the heat flux
with linear transition (Eq. 5.2) for various Nint values and Next equal to 60.

Figure 5.16: System response constant heat flux with linear transition (Eq. 5.2) for
various Nint values and Next equal to 80.

limit:

qchange =

∣∣qn−1
rec − qnrec

∣∣
qnrec

× 100%

qchange < qchange,lim (5.15)



Chapter 5 100

Figure 5.17: Heat flux constructed by the heat flux NN as a response to the heat flux
with linear transition (Eq. 5.2) for various Nint values and Next equal to 80.

For example, the cases for when this limit is set to 1% could be considered. Figure 5.18

shows the corresponding overshoots. It is evident that the introduction of qchange,lim

does not improve the system response, but in fact makes it worse with all overshoots

being above 2%.

Figure 5.18: Overshoots achieved for various non-zero Nint and Next values when
qchange,lim = 1%.

Figures 5.19 and 5.20 provide more insight into the deterioration of the system response.

The coolant velocity starts to increase rapidly in the beginning which bears similarity to

the cases with non-zero Next. However, after the rapid increase it exhibits a downturn
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which prevents it from increasing fast enough to effectively limit the maximum temper-

ature as it approaches the set point. Overall, the system starts to behave more similar

to the cases with zero Next closer to the set point.

Figure 5.19: System response to constant heat flux with linear transition (Eq. 5.2)
for various Nint values and Next equal to 80 when qchange,lim = 1%.

Figure 5.20: Heat flux constructed by the heat flux NN as a response to the heat flux
with linear transition (Eq. 5.2) for various Nint values and Next equal to 80.

Consequently, the parameters are selected for further analysis are shown in Table 5.8.
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Table 5.8: Selected parameter sets for PD-ML DT control.

Parameter
set No.

Nint [−] Next [−] qchange,lim [%] Reason for selection

1 60 0 - Converges to steady state
2 120 0 - Converges to steady state
3 60 120 0.0 Closest to set point
4 100 120 0.0 Minimum overshoot

5.3 Testing parameters for Digital Twinning control loops

The control is tested using the heat flux options listed in Table 5.9 and Figure 5.21.

The constant q is used in the previous sections of this chapter in order to tune the

appropriate DT parameters. It is used to assess whether the controllers can bring the

system to a stable equilibrium and hold the maximum temperature at the desired set

point without significant oscillations or drift. Two sinusoidal waves are used as a stan-

dard test in control engineering. They check the ability of the control loops to handle

smooth, periodic variations in input, they also reveals how quickly and accurately the

controllers can track changes without. The triangular wave has constant ramp-up and

ramp-down slopes, hence it stresses the control loops with alternating linearly increasing

and decreasing inputs. It is used to check their ability to keep control during contin-

uous ramp conditions and whether the controller can minimise overshoots when faced

with sustained increases. Finally, the filtered Gaussian noise verifies the controllers’ ro-

bustness to unpredictable disturbances and checks how well they suppress temperature

fluctuations caused by random input variation.

Figure 5.21: Applied heat flux functions used for testing, defined in Table 5.9.
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Table 5.9: Applied heat flux functions used for testing, shown in Figure 5.21.

Function
name

Function definition

Constant q(t) =

{
21×105

80 t if t ≤ 80

2100000 if t > 80

Sine 1 q(t) =

{
21×105

80 t if t ≤ 80

21 × 105 + 2 × 105 sin (0.032π(t− 17.5)) if t > 80

Sine 2 q(t) =

{
21×105

80 t if t ≤ 80

21 × 105 + 2 × 105 sin (0.022π(t + 10.5)) if t > 80

Triangular
wave

q(t) =

{
21×105

80 t if t ≤ 80

21 × 105 + 2 × 105 2
π arcsin [sin (0.032π(t + 45))] if t > 80

Gaussian
noise

q(t) =


21×105

80 t if t ≤ 80

Gaussian noise with µ = 21 × 105, σ = 8 × 105

filtered using 1D Gaussian filter with σ = 30 if t > 80

In addition, the control is also tested by adding noise to the temperature measurements

in order to verify how robust the control stays under such conditions. The noise levels

are listed in Table 4.2 and Figure 4.8. They are described in Section 4.2.

5.4 Temperature control results analysis

The results are generated for three control strategies: 1. FE DT without ROM, 1. FE

DT with ROM, and 3. PD-ML DT. The results are grouped by the type of applied heat

flux as listed in Tables 5.9. The responses of each control strategy to each heat flux type

are produced utilising varying degrees of measurement noise (Table 4.2 and Figure 4.8).

Additionally, for FE DT, 4, 8, 11, and 17 measurement locations are used, whereas for

PD-ML DT the results generated from 4 parameter sets are analysed (Table 5.8). The

selected results are analysed in this section, the full results are available in Appendix C.

5.4.1 Best overshoots overview

Two types of overshoots are presented, primary and secondary. Primary overshoot

signifies the first (initial) overshoot achieved, whilst the secondary overshoot is defined
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as an overshoot occurring after the primary (first) overshoot. In this work, the primary

overshoot is defined as overshoot before t = 125s, and secondary overshoot is defined as

overshoot after t = 125s. This particular time is selected as it is located in the vicinity

of transition from the linear section of the applied heat flux. The purpose of this split is

illustrate the convergence of the maximum temperature towards the set point; moreover,

the primary overshoot occurs when the transition from the linear heat flux increase to

a different pattern happens.

Table 5.10 summarises the best (i.e. minimum) primary overshoots achieved across 3

DT approaches for each heat flux type and noise level. The primary overshoots for 3

approaches are compared revealing clear differences in performance, the best and worst

ones between three approaches for each heat flux type and noise level are highlighted.

Table 5.10: Minimum primary overshoots [%] achieved across 3 DT
approaches for each noise level and heat flux type (Table 5.9). The best results
for each noise level and heat flux type (row-wise) are highlighted in green
bold, while the worst results are highlighted with a red underline.

Applied heat flux
type

Noise level σ [%]
FE DT

without
ROM

FE DT with
ROM

PD-ML DT

Sine 1 wave 0.0 0.649 -1.856 -1.446
Sine 1 wave 0.2 1.939 0.584 4.709
Sine 1 wave 1.0 7.918 10.82 4.846
Sine 1 wave σ(T ) 3.375 2.67 4.627

Sine 2 wave 0.0 1.357 -1.749 -0.31
Sine 2 wave 0.2 0.388 1.54 3.202
Sine 2 wave 1.0 5.65 12.194 3.191
Sine 2 wave σ(T ) 2.973 3.94 2.942

Triangular wave 0.0 2.976 -1.987 -2.38
Triangular wave 0.2 0.992 0.243 3.629
Triangular wave 1.0 6.028 11.618 3.66
Triangular wave σ(T ) 3.161 2.701 3.478

Filtered Gaussian
noise

0.0 -0.219 -1.596 -0.098

Filtered Gaussian
noise

0.2 0.933 0.672 5.666

Filtered Gaussian
noise

1.0 4.47 10.569 5.637

Filtered Gaussian
noise

σ(T ) 2.597 2.912 5.399

Overall, FE DT with ROM demonstrates the best behaviour with 8 out of 16 overshoots

being minimum within approaches considered, whereas PD-ML DT frequently exhibits

the largest overshoots (8 out of 16). FE DT without ROM tends to fall in between (10
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out of 16 overshoots are neither the best nor the worst), meaning that the introduction

of ROM generally improves the behaviour of FE DT model.

FE DT with and without ROM show clear sensitivity to noise as primary overshoots

increase markedly as the noise level grows, reaching 7.9% and 12.1% for FE DT without

and with ROM, respectively. The results in Table 5.10 also indicate that ROM usage

makes FE DT more susceptible to the influence of noise. It seems that based on the

results from Table 5.10 FE DT with ROM behaves better than FE DT without ROM for

lower noise levels, even achieving undershoots (negative overshoots), while the opposite

is true for higher noise levels. However, for the TC-specific noise level σ(T ) both FE

DT variations achieve overshoots around 3%. In contrast, PD-ML DT displays limited

effect from the increasing noise level. Initially, at zero noise level PD-ML DT exhibits

undershoots. However, for all other explored noise levels, including TC-specific one, the

overshoots remain stable for a certain heat flux type, for example they fluctuate around

3% for the Triangular wave.

Table 5.11: Secondary overshoots [%] achieved across 3 DT approaches for
each noise level and heat flux type (Table 5.9). They are observed in the same
cases for which the primary overshoots listed in Table 5.10 are minimal. The
best results for each noise level and heat flux type (row-wise) are highlighted in
green bold, while the worst results are highlighted with a red underline.

Applied heat flux
type

Noise level σ [%]
FE DT

without
ROM

FE DT with
ROM

PD-ML DT

Sine 1 wave 0.0 0.649 0.82 -1.446
Sine 1 wave 0.2 1.939 3.566 4.347
Sine 1 wave 1.0 7.918 11.806 -0.463
Sine 1 wave σ(T ) 3.375 3.661 -0.759

Sine 2 wave 0.0 1.357 1.493 -0.31
Sine 2 wave 0.2 0.294 1.109 2.361
Sine 2 wave 1.0 3.358 10.82 -0.894
Sine 2 wave σ(T ) 2.973 4.406 0.51

Triangular wave 0.0 2.976 2.835 -2.383
Triangular wave 0.2 0.992 4.205 1.689
Triangular wave 1.0 5.29 12.168 -0.88
Triangular wave σ(T ) 2.8 3.723 -0.592

Filtered Gaussian
noise

0.0 -0.219 1.165 -0.098

Filtered Gaussian
noise

0.2 0.933 2.365 3.614

Filtered Gaussian
noise

1.0 4.304 10.085 -2.56

Filtered Gaussian
noise

σ(T ) 2.597 4.608 -1.312
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Distinct behaviours could be discerned when analysing the secondary overshoots ob-

served in the same cases for which the primary overshoots listed in Table 5.10 are mini-

mal. FE DT without ROM either maintains a constant overshoot (i.e. the primary and

secondary overshoots are equal) or exhibits a gradual decrease in overshoot over time.

This gradual decline is particularly noticeable at higher noise levels. Table 5.11 presents

a more pessimistic picture for FE DT with ROM compared to Table 5.10. In particular,

in a significant number of cases the secondary overshoot exceeds the primary overshoot,

which may indicate that FE DT with ROM requires more time than FE DT without

ROM to achieve convergence of the maximum temperature to the set point. Further-

more, the secondary overshoots produced by FE DT with ROM are almost always the

largest among the three DT models considered.

(a) Sine 1 wave heat flux (b) Sine 2 wave heat flux

(c) Triangular wave heat flux (d) Filtered Gaussian noise heat flux

Figure 5.22: Overshoot’s dependency on noise level for 3 DT approaches.

Finally, in spite of PD-ML DT’s tendency to frequently exhibit the largest primary

overshoots out of 3 DT models (Table 5.10), PD-ML DT oftentimes displays the lowest

secondary overshoots (11 out of 16 cases). This might mean that this model manages to
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achieve the fastest convergence of the maximum temperature to the the set point and

has the swiftest rate of response.

Figure 5.22 shows the example of overshoots’ dependency on the noise level for 3 DT

models. The results generated using 8 or 11 measurement locations are used for FE DT

approaches, while the results from cases with Nint equal to 60 and Next equal to 120 are

used for PD-ML DT. The cases shown in Figure 5.22 do not directly correspond with the

best overshoots achieved, previously shown in Table 5.10. This is due to the fact that

there is no setting for FE DT (number of measurement locations) and PD-ML DT(Nint

and Next) that produce best overshoots consistently for all noise levels and applied heat

flux types. However, Figure 5.22 serves as an illustration of the common patters observed

between the models. The trends seen in this figure confirm the observations made in the

previous section. The overshoots associated with PD-ML DT tend to fluctuate slightly

around a certain value for all noise levels apart from zero. On the other hand, FE DT’s

overshoots increase with the noise level.

More insights into the models’ behaviour are provided in the subsequent sub-sections.

5.4.2 Finite Element-based Digital Twinning control without Reduced

Order Modelling

The results for FE DT without ROM are generated by varying the number of measure-

ment locations, thus its influence on the control is explored. Table 5.12 lists primary

and secondary overshoots as well as relative errors under the applied heat flux in the

form of Sine wave 1. These results indicate the general trend for the data obtained for

the other heat fluxes.

As expected, for the same number of measurement locations the relative construction er-

rors increase with the noise level. Therefore, the results indicate that more measurement

locations are needed to combat this increase. And, indeed, as the number of measure-

ment locations increase the average relative solution construction errors tend to decrease.

However, the maximum relative error improvement does not directly correlate with the

increase in measurement locations. The similar trend could be noticed with the primary

overshoot not always improving with the measurement location increase. Consequently,

Figure 5.23 shows the correlation between the primary overshoot and maximum relative
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Table 5.12: System response under FE DT control without ROM and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Sine wave 1
(Table 5.9 and Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 0.649 0.649 2.221e+00 2.454e+00 0.184 2.192
4 0.2 1.939 1.939 2.224e+00 2.438e+00 0.244 4.769
4 1.0 15.956 14.242 2.216e+00 2.390e+00 0.697 24.52
4 σ(T ) 4.722 4.722 2.238e+00 2.575e+00 0.33 8.109

8 0.0 0.736 0.736 2.272e+00 2.528e+00 0.177 2.352
8 0.2 3.223 3.223 2.289e+00 2.610e+00 0.247 5.825
8 1.0 10.305 8.678 2.288e+00 2.523e+00 0.563 25.958
8 σ(T ) 4.995 4.995 2.273e+00 2.513e+00 0.301 10.072

11 0.0 1.392 1.392 2.293e+00 2.553e+00 0.148 4.871
11 0.2 2.189 2.189 2.291e+00 2.547e+00 0.199 5.629
11 1.0 7.918 7.918 2.293e+00 2.621e+00 0.468 22.276
11 σ(T ) 6.021 6.021 2.270e+00 2.487e+00 0.263 7.248

17 0.0 0.816 0.816 2.268e+00 2.482e+00 0.141 5.629
17 0.2 2.49 2.49 2.288e+00 2.596e+00 0.187 6.21
17 1.0 13.024 10.159 2.286e+00 2.535e+00 0.48 21.744
17 σ(T ) 3.375 3.375 2.291e+00 2.500e+00 0.227 8.223

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

error. The linear trendline with coefficient of determination R2 equal to 0.783 illustrates

a reasonable fit between these two variables. The linear fit is better for the cases with

lower noise including the TC-specific σ, and it noticeable deviates for the noise level

of 1%. Overall, the increase in the number of measurement locations improves relative

errors during the solution construction causing the average relative errors to decrease.

However, at the same time, this measurement location increase might negatively affect

the localised maximum relative errors, which causes the control deterioration and thus

the overshoot increase.

Figures 5.24a, 5.25a, 5.26a, and 5.27a show the system response examples to the various

heat fluxes including the maximum temperature and the coolant velocity change over

time. Maximum temperature is a variable to be controlled by adjusting the coolant

velocity, hence they are plotted on the same chart to show how the coolant velocity

changes influence the corresponding maximum temperature.
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Figure 5.23: The dependency between the primary overshoot and the maximum
relative error for FE DT without ROM; the heat flux is in the forms of Sine 1 an 2

waves.

The introduction of inaccuracies to the constructed solution mainly caused by the pres-

ence of noise, from which the maximum temperature is derived, alters the obtained

coolant velocity values and hence the overshoots. The coolant velocity transitions tend

to be smooth when there is no noise in the measurements; however, the noise induces

more abrupt changes in the coolant velocity limited by the imposed coolant acceleration.

In spite of this, FE DT still successfully maintains the control of the system.

The maximum temperature convergence to the set point occurs slower than the time

observed for PD-ML DT, as it is noted in Sub-section 5.4.4. It could be explained by the

fact that for PD-ML DT the constructed heat flux value, defining the coolant velocity, is

selected out of the range of values (previous and future), which assists in mitigating the

effect the noise has on the accuracy of the constructed heat flux. However, in the case

of FE DT only one maximum temperature is used to define the velocity; consequently,

the accuracy of the solution construction at one particular time step plays a higher role

in the control strategy.

Finally, the additional information derived from the measurements comes at the cost

of longer run times, as listed in Table 5.12. The time step runtimes are comprised of

two parts: the time it takes to construct the solution from the measurements and the

time it takes for the PID controller to adjust the coolant velocity. The control part is a
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(a) FE DT without ROM, 8 measurement locations

(b) FE DT with ROM, 8 measurement locations

(c) PD-ML DT, Nint equal to 60 and Next equal to 120

Figure 5.24: System responses to Sine wave 1 heat flux (Table 5.9 and Figure 5.21).
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(a) FE DT without ROM, 11 measurement locations

(b) FE DT with ROM, 11 measurement locations

(c) PD-ML DT, Nint equal to 60 and Next equal to 120

Figure 5.25: System responses to Sine wave 2 heat flux (Table 5.9 and Figure 5.21).
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(a) FE DT without ROM, 8 measurement locations

(b) FE DT with ROM, 8 measurement locations

(c) PD-ML DT, Nint equal to 60 and Next equal to 120

Figure 5.26: System responses to Triangular wave heat flux (Table 5.9 and Fig-
ure 5.21).



Chapter 5 113

(a) FE DT without ROM, 8 measurement locations

(b) FE DT with ROM, 8 measurement locations

(c) PD-ML DT, Nint equal to 60 and Next equal to 120

Figure 5.27: System responses to Filtered Gaussian noise heat flux (Table 5.9 and
Figure 5.21).
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negligible part of the time step runtime, as the majority of time is taken by the solution

contraction process. Consequently, the solution construction time should be should be

taken into account when selecting the appropriate time step size used for the solution

construction process and PID controller. It should be less or equal than time step size.

This is necessary in order to ensure that the control process happens in near real time

with a constant delay. Moreover, the mesh size might altogether limit the application

of FE DT to a particular problem or geometry.

5.4.3 Finite Element-based Digital Twinning control with Reduced

Order Modelling

As with FE DT without ROM discussed in the previous sub-section, the results for

FE DT without ROM are generated by varying the number of measurement locations,

thus its influence on the control is explored. Table 5.13 lists primary and secondary

overshoots as well as relative errors under the applied heat flux in the form of Sine wave

1. These results indicate the general trend for the data obtained for the other heat

fluxes.

Figure 5.28: The dependency between the primary overshoot and the maximum
relative error for FE DT with ROM; the heat flux is in the forms of Sine 1 an 2 waves.

As expected, the solution construction accuracy has deteriorated as compared with FE

DT without ROM (Table 5.12) due to the inaccuracies introduced by using only a limited

amount of eigenvectors and keeping the convective FE components fixed during the
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Table 5.13: System response under FE DT control with ROM and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Sine wave 1
(Table 5.9 and Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 -1.856 0.82 3.123e-01 4.268e-01 0.75 3.768
4 0.2 0.584 3.566 3.150e-01 4.134e-01 0.839 4.706
4 1.0 23.335 16.868 3.129e-01 4.148e-01 1.241 22.735
4 σ(T ) 2.67 3.661 3.163e-01 3.825e-01 0.875 7.354

8 0.0 -1.786 1.1 3.024e-01 4.409e-01 0.694 4.123
8 0.2 2.122 8.072 3.151e-01 4.003e-01 0.768 5.558
8 1.0 16.052 14.287 3.030e-01 3.852e-01 1.008 24.897
8 σ(T ) 3.941 3.432 3.119e-01 4.595e-01 0.788 9.573

11 0.0 3.944 5.213 2.225e-01 2.912e-01 0.622 6.815
11 0.2 5.31 3.824 2.575e-01 3.904e-01 0.615 6.945
11 1.0 15.396 13.529 2.377e-01 3.769e-01 0.928 26.62
11 σ(T ) 7.428 4.731 2.712e-01 3.916e-01 0.651 9.917

17 0.0 4.019 5.093 3.162e-01 4.118e-01 0.652 9.607
17 0.2 3.472 9.748 3.157e-01 4.272e-01 0.679 11.998
17 1.0 10.82 11.806 3.171e-01 4.073e-01 0.909 27.681
17 σ(T ) 5.759 11.241 3.108e-01 3.892e-01 0.717 14.806

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

iterative solution process. For a fixed number of measurement points, higher noise levels

lead to larger relative errors. Increasing the number of measurement points generally

reduces the average relative error.

However, similarly to FE with ROM (Sub-section 5.4.2), the reduction in the maximum

relative error does not scale directly with the number of measurement points. The

overshoot seems to be correlated with the maximum relative error, as it is displayed

in Figure 5.28. The linear trendline with a coefficient of determination of R2 = 0.768

indicates a reasonable fit between the two variables, R2 is lower than the value achieved

for FE DT without ROM (Sub-section 5.4.2). The fit is stronger for lower noise levels,

including the TC-specific σ but shows noticeable deviation at a 1% noise level. In general,

increasing the number of measurement locations reduces the average relative error in

the solution. However, this increase can also lead to higher localised maximum relative

errors, which in turn deteriorates control performance and contributes to overshoot.

Furthermore, the slope of the trendline shown in Figure 5.28 is higher than the slope of
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the trendline in Figure 5.23, meaning that the overshoot tends to increase at a higher

rate when ROM is introduced.

Figures 5.24b, 5.25b, 5.26b, and 5.27b show the system response examples to the various

heat fluxes including the maximum temperature and the coolant velocity change over

time. Overall, the coolant velocity patterns are similar to the ones displayed for FE DT

without ROM (Sub-section 5.4.2). In the absence of measurement noise, coolant velocity

changes smoothly, the presence of noise introduces sharper fluctuations, constrained by

the imposed coolant acceleration. However, the inaccuracies associated with the intro-

duction of ROM can induce some abrupt coolant velocity changes even in the scenarios

with no noise (Figure 5.25b).

As it is noted in Sub-section 5.4.1, the secondary overshoots tend to be higher than the

primary overshoots, which could potentially indicate a loss of control. Nevertheless, the

system responses displayed in Figures 5.24b and 5.26b prove this assumption incorrect,

as it is evident that the maximum temperature converges to the set point albeit at a

lower pace than the one displayed for FE DT without ROM (Figures 5.24a and 5.26a).

Finally, Table 5.13 lists time step runtimes. The runtimes are significantly decreased

when compared with runtimes for FE DT without ROM (Table 5.12).

This is achieved by reducing the system (calculating 100 eigenvectors) and updating the

matrices and vectors corresponding to convection from the coolant every second time

step using the temperature distribution from the previous time step. The run times

when using ROM in conjunction with solution construction are 6-9 times shorter than

when not applying ROM. However, these improved computational times still cannot

compete with near instantaneous speeds achieved by PD-ML DT with the trained NNs,

as it is discussed in the subsequent sub-section.

5.4.4 Physics-Driven Machine Learning-based Digital Twinning con-

trol

The PD-ML DT results are generated by varying Nint and Next, thus their influence on

the control is explored. Table 5.14 lists primary and secondary overshoots under the

applied heat flux in the form of Sine wave 1. These results indicate the general trend

for the data obtained for the other heat fluxes.
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Table 5.14: PD-ML DT system response under PD-ML DT control and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Sine wave 1
(Table 5.9 and Figure 5.21).

Parameter set Overshoot [%] Control time

Nint Next
Noise level
σ [%]

Primary Secondary
Avg. time step
runtime [s] a

Max. time step
runtime [s] a

60 0 0.0 4.476 4.289 3.643e-04 5.991e-04
60 0 0.2 4.709 4.347 3.830e-04 9.775e-04
60 0 1.0 5.078 3.822 3.630e-04 8.943e-04
60 0 σ(T ) 4.743 4.320 3.742e-04 8.216e-04

120 0 0.0 4.476 1.078 3.734e-04 1.022e-03
120 0 0.2 4.812 0.880 3.647e-04 6.154e-04
120 0 1.0 5.202 0.527 3.651e-04 5.813e-04
120 0 σ(T ) 4.743 0.983 3.690e-04 7.968e-04

60 120 0.0 -1.446 -1.446 1.063e-03 1.828e-03
60 120 0.2 5.179 -0.708 1.065e-03 1.820e-03
60 120 1.0 4.851 -0.158 1.031e-03 1.807e-03
60 120 σ(T ) 4.627 -0.759 1.107e-03 1.565e-03

100 120 0.0 -0.037 -1.647 1.786e-03 3.057e-03
100 120 0.2 4.958 -1.574 2.268e-03 3.416e-03
100 120 1.0 4.846 -0.463 1.978e-03 3.006e-03
100 120 σ(T ) 5.019 -1.181 1.861e-03 3.154e-03

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

Comparing the first two parameter sets, where Next is set to 0, an increase in Nint

from 60 to 120 generally leads to a marked reduction in secondary overshoot. The

primary overshoot stays similar both for Nint = 60 and Nint = 120. And, indeed, when

analysing the system responses shown in Figures 5.29 and 5.30, it is evident that for

a regular heat flux pattern Nint = 60 cases maintain a constant overshoot for each

cycle. Whereas Nint = 120 cases induce the reduction in overshoot at each cycle thus

steadily bringing the maximum temperature closer to the set point. This suggests that

reasonably higher Nint value contributes to better system stability. On the other hand,

the system responses to heat flux in the form of the Filtered Gaussian noise prove to

be an exception to this observation (Figures C.42 and C.43). The unexpected heat

flux increase after t = 200 induces similar system responses from both Nint = 60 and

Nint = 120 cases.

A notable difference in the system response could be observed when analysing cases

involving non-zero Next. With the added extrapolation the PD-ML DT is able to react

quicker to the changes in the heat flux and hence reduce the overshoot faster. The

secondary overshoot becomes negative for non-zero Next (Table 5.14), meaning that the
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Figure 5.29: PD-ML DT system response Sine wave 1 (Table 5.9 and Figure 5.21)
for Nint equal to 60 and Next equal to 0.

Figure 5.30: PD-ML DT system response Sine wave 1 (Table 5.9 and Figure 5.21)
for Nint equal to 120 and Next equal to 0.

maximum temperature stays below the set point at all the times after the initial heat flux

transition from linearity. This observation is supported by the system responses shown

in Figures 5.24c, 5.25c, 5.26c, and 5.27c. Most importantly, unlike for cases with zero

Next, this is true even for the Filtered Gaussian noise heat flux, which means that the

Next introduction improves the control when encountering random heat flux changes

(Figure 5.27c). On the contrary, there is no significant improvement in the primary

overshoot when analysing cases with non-zero noise percentage.

For PD-ML DT, the noise-induced disruption to the coolant velocity is noticeable, es-

pecially when comparing the results from the non-zero noise cases with the zero noise
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scenarios (Figures 5.24c, 5.25c, 5.26c, and 5.27c). When there is no noise, the coolant

velocity changes are sharp, only limited by the imposed coolant acceleration. Noise

substantially smooths out the velocity shape making the transitions more gradual. At

zero noise level, both primary and secondary overshoots tend to be negative, whereas

the primary overshoots tend to become positive once the noise is introduced. On the

other hand, the secondary overshoots are influenced by the noise level only slightly.

However, the impact of noise has a different effect on PD-ML DT when Next is equal

to 0, i.e. when there no extrapolation is present, as it is shown in Figure 5.30. The

coolant velocity pattern over time stays approximately the same, for these cases, the

noise induces approximately parallel translation to the velocity’s shape. The noise does

not introduce significant changes neither in the primary nor in the secondary overshoots.

Finally, Table 5.14 lists the typical time step runtimes achieved by PD-ML DT. Unlike

with FE DT, there is no solution construction stage, hence the run time is comprised

only of the time it takes to adjust the coolant velocity, i.e. control time. The time step

run time is vanishingly small as is common for the trained NNs models.

5.5 Summary

This chapter investigates temperature monitoring and control using three DT approaches:

a FE DT, with and without ROM, and a PD-ML DT. The forward FE model is employed

as a virtual experiment to ensure a consistent and physically grounded basis for con-

troller tuning and performance evaluation. Particular emphasis is placed on achieving

near real-time feasibility while maintaining sufficient accuracy for closed-loop tempera-

ture control.

For the FE DT frameworks, classical PID control is adopted and tuned using the ZN

and AH methods. The controller is designed to operate at a relatively coarse time

step, dictated by the computational requirements of real-time FE-based solution con-

struction. It is demonstrated that this time step preserves sufficient solution accuracy

and that stable closed-loop control can be achieved when the PID gains are explicitly

tuned at this temporal resolution. Standard ZN- and AH-tuned parameters are found

to induce oscillatory responses and relatively large overshoots under constant heat flux

conditions. By modifying the integral time constant to produce a more conservative
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controller, overshoot and oscillations are significantly reduced or eliminated, while re-

specting practical actuator constraints such as coolant acceleration limits. The modified

ZN-tuned controller is found to provide the most robust and stable performance and is

therefore adopted for subsequent analyses.

The PD-ML DT approach replaces the explicit solution construction step with NN-

based estimators for heat flux and coolant velocity. Extensive datasets generated from

steady-state FE simulations enable accurate training and validation of both NNs. The

heat flux network achieves high predictive accuracy, while the coolant network exhibits

lower but still acceptable performance. These results confirm that the learned models

are sufficiently reliable to support closed-loop control decisions within the PD-ML DT

framework.

Control tuning for the PD-ML DT focuses on the parameters governing heat flux trend

estimation, namely the interpolation window length Nint and the extrapolation horizon

Next. When extrapolation is disabled Next = 0, system overshoot remained positive but

insensitive to the choice of Nint, with differences primarily affecting the speed at which

the coolant velocity reached steady state. Introducing extrapolation led to consistently

negative overshoots, ensuring that the maximum temperature remained below the set

point. However, this benefit came at the cost of increased oscillations in the constructed

heat flux and coolant velocity, particularly for larger extrapolation horizons. While

extrapolation enabled earlier and faster control action, it also introduced fluctuations

that prevented smooth convergence to steady state. Attempts to reconcile extrapolated

and non-extrapolated behaviour by conditionally disabling extrapolation based on heat

flux variation did not improve performance and instead resulted in larger overshoots.

A comparative analysis of overshoot behaviour reveals clear differences between the in-

vestigated approaches. FE DT with ROM often achieves the lowest primary overshoots

at low to moderate noise levels and can even produce undershoot. However, it is more

susceptible to noise, with secondary overshoots frequently exceeding primary ones, in-

dicating slower convergence to the temperature set point. In contrast, FE DT without

ROM exhibits more stable and predictable behaviour, typically maintaining similar pri-

mary and secondary overshoots and showing gradual convergence over time, albeit at

the cost of significantly longer runtimes that may hinder real-time applicability.
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The inclusion of ROM substantially reduces computational cost, with runtimes decreas-

ing by a factor of approximately 6-9 compared to the full FE DT. This efficiency gain is

achieved through system size reduction and less frequent updates of convection-related

terms, but it also increases sensitivity to noise, leading to larger localised errors and

stronger overshoot growth under noisy conditions. Consequently, the ROM-based ap-

proach presents a clear trade-off between computational efficiency and robustness.

The PD-ML DT demonstrates superior responsiveness and robustness. While it may

exhibit larger primary overshoots in some cases, it consistently achieves the lowest sec-

ondary overshoots and the fastest convergence to the set point across most scenarios. Its

performance remains relatively insensitive to noise, and the inclusion of extrapolation

enables anticipatory control, further reducing overshoot under irregular and stochastic

heat flux variations.

From a computational standpoint, the PD-ML DT offers near-instantaneous runtimes

after training, as control actions rely solely on NN inference rather than solution re-

construction, making it well suited for real-time applications. However, this advantage

comes with substantial upfront costs for data generation and training, and retraining

is required if the control objective changes. By contrast, FE DT provides a detailed

physics-based representation without prior training and allows flexible adaptation to

alternative control objectives, while remaining compatible with a wide range of control

strategies beyond the PID formulation used in this work.
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Conclusions and future work

6.1 Conclusions

This thesis set out to develop and evaluate DT methodologies for monitoring and con-

trolling the thermal behaviour of samples in the HIVE fusion energy experimental fa-

cility. Two distinct approaches are investigated. The first is a FE DT, which captured

thermal responses under different loading scenarios and enabled FE-driven temperature

monitoring and control. The second is a PD-ML DT, designed to provide temperature

monitoring and control through the application of NNs. A comparative assessment of

these methods is carried out, focusing on accuracy in terms of control error, computa-

tional efficiency with respect to real-time or near-real-time performance, and robustness

under uncertainties such as measurement noise. Through this study, valuable insights

are gained into the trade-offs between FE DT and PD-ML DT, offering guidance for

selecting appropriate strategies for future DT applications in thermal systems.

FE DT is founded upon the FE-based solution construction process, where a full ther-

mal solution is constructed from a sparse number of measurements. This solution con-

struction process is coupled with a PID controller in order to enable the control of

temperature field using the information recovered from the constructed solution. The

solution is constructed by minimising a loss vector consisting of three components: the

residual, measurement, and regularisation (smoothing). Two variations of FE DT are

explored. The first one does not use any ROM, and the second one combines the solution

construction process with the thermal eigenvalue-based ROM.

122
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PD-ML DT employs a combination of two NNs in order to achieve control. The first

one is the heat flux NN, the goal of which is to estimate the heat flux from the provided

temperature measurements and the current value of the coolant velocity. The second

NN is called the coolant NN; as an input it takes the estimated heat flux and the set

point temperature and as an output it provides the coolant velocity for the future time

step. Both NNs are trained using a steady-state data, which significantly reduces the

training and validation time and simplifies the whole process. In order to compensate

for the fact the transient data is not used for training, the heat flux extrapolation is

added to the algorithm in order to estimate the future heat flux value. This future value

is used as a part of the range of estimated heat fluxes to choose the maximum value

from; the maximum value is used as an input to the coolant NN.

The analysis of overshoot behaviour reveals clear differences between the methods. FE

DT with ROM frequently achieves the lowest primary overshoots, particularly at low

or moderate noise levels. It even produces undershoots in certain cases. However,

it is also the most susceptible to degradation at higher noise levels, with secondary

overshoots often exceeding primary ones, suggesting slower convergence to the maximum

temperature set point. By contrast, FE DT without ROM demonstrates more stable and

predictable performance, generally maintaining overshoots at comparable levels between

primary and secondary phases and showing gradual convergence to the set point over

time. Although this method avoids the excessive secondary overshoots observed with

ROM, its runtimes are significantly longer, which may hinder real-time applicability.

The introduction of ROM provides a substantial reduction in computational cost, with

runtimes reducing by a factor of 6 to 9 compared with the full FE DT. This efficiency

gain is achieved by reducing the system size and updating convection-related terms less

frequently. However, the simplifications introduce also increased sensitivity to noise,

leading to higher localised errors and a stronger correlation between noise level and

overshoot growth. This trade-off highlights an important limitation of the ROM-based

approach: while computationally efficient, its robustness is compromised under noisy

measurement conditions.

The PD-ML DT approach displays distinct advantages in terms of responsiveness and

robustness. While it tends to exhibit larger primary overshoots than FE DT in some

cases, its secondary overshoots are consistently the lowest of the three approaches, with
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11 out of 16 cases showing the best performance. This indicates that PD-ML DT achieves

the fastest convergence of the maximum temperature to the set point and maintains the

swiftest rate of response. Importantly, the model proved less sensitive to noise than the

FE DT approaches, with overshoot values fluctuating only slightly around stable levels

for most noise conditions. The inclusion of extrapolation improves its performance,

allowing it to anticipate changes in the applied heat flux and thereby reduce overshoots,

even under irregular and random loading scenarios such as Gaussian noise.

From a perspective of computational speed, PD-ML DT offered a decisive advantage. As

no solution reconstruction is required, runtimes after training are vanishingly small, con-

sisting only of the control adjustments executed by trained NNs. This near-instantaneous

performance makes PD-ML DT particularly well-suited for real-time applications where

both accuracy and speed are critical. On the other hand, prior to the experiment, a

significant time needs to be allocated for data generation together with NNs training

and validation. Moreover, if the objective of the experiment shifts from controlling the

maximum temperature to regulating another property of the temperature field, the NNs

would need to be retrained.

Contrary to PD-ML DT, FE DT is able to provide an valuable detailed physics-based

representation throughout the experiment. It does not require time-consuming data

generation or training. Furthermore, once the solution construction process is set up,

changing the experiment’s objective is straightforward, as a different property of the

temperature field can simply be extracted from the constructed solution. Also, it should

be noted that although a standard PID controller is used in conjunction with the FE-

based solution construction in this work, it is not intrinsically integrated into the overall

FE DT workflow. This means it can be relatively easily substituted with other forms of

control, such as RL [74], or with hybrid approaches that combine PID control and RL

[98].

Overall, the aims and objectives set out at the beginning of this thesis have been suc-

cessfully achieved. The key outcomes of the work can be directly linked to the stated

objectives as follows:

1. FE DT development. A FE DT of a representative component prototype was

successfully constructed and demonstrated. The framework enabled physics-based
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temperature field construction, heat flux estimation, and closed-loop thermal con-

trol under a wide range of loading scenarios. This is representative of experiments

conducted at the HIVE facility. Near real-time operation was achieved through ap-

propriate temporal discretisation and, where applicable, ROM, while maintaining

sufficient accuracy for control purposes.

2. PD-ML DT development. A PD-ML DT was developed and validated to

enable data-driven temperature monitoring and control. Trained NNs provided

accurate heat flux and coolant velocity estimates, allowing control actions to be

computed without explicit solution reconstruction. After training, the approach

achieved near-instantaneous runtimes and demonstrated strong responsiveness and

robustness to measurement noise. Particularly, it exhibited rapid convergence of

the maximum temperature to the set point.

3. Comparative evaluation of DT approaches. The FE DT with and without

ROM as well as PD-ML DT were systematically compared in terms of control

accuracy, computational efficiency, and robustness to uncertainty. The FE DT

without ROM exhibited the most stable and predictable behaviour but incurred

higher computational cost. The inclusion of ROM significantly improved efficiency

at the expense of increased noise sensitivity. The PD-ML DT delivered the fastest

convergence and highest computational efficiency, though at the cost of substan-

tial upfront data generation and retraining requirements when control objectives

change.

Together, these achievements demonstrate the feasibility of both methodologies for DT

of thermal systems and provide a solid foundation for future work aimed at extending

their capabilities and integration into more complex experimental scenarios.

6.2 Future work

Future work should primarily focus on broadening the scope of both DT approaches

beyond purely thermal behaviour. A natural next step is to extend the methodology

to simulations involving thermo-mechanical responses, where stresses arise as a result

of thermal loads. This would enable the monitoring and control of both temperature
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fields and stress distributions within the sample, providing a more comprehensive rep-

resentation of system behaviour. Achieving this will require incorporating displacement

measurements alongside temperature measurements and developing control strategies

that act on both variables simultaneously.

Integrating the DT approaches with physical experiments can be a complex process, but

alternative avenues for their evaluation exist. The Python Validation Engine (Pyvale)

project [100] seeks to create a virtual engineering laboratory that facilitates sensor setup

analysis, optimises experimental design, and supports the calibration and validation of

simulations. One of its primary objectives is to enable the planning of validation experi-

ments without requiring direct access to experimental facilities. Although Pyvale cannot

fully replace real experimental data, it can generate computational measurements that

closely replicate experimental observations, including data from various imaging sensors

such as digital image correlation and infrared thermography. These simulated measure-

ments can provide invaluable support for evaluating the DT approaches developed in

this work.

In addition to thermo-mechanical coupling, future studies should also consider the inte-

gration of these approaches into more complex facilities. Whereas the HIVE facility was

used as a representative case in this work, the CHIMERA facility will introduce new

challenges, including pulsed magnetic loads and magnetohydrodynamic effects. This

presents an opportunity to test whether the proposed DT frameworks can be adapted

to account for transient electromagnetic phenomena. Assessing the suitability and lim-

itations of these approaches under such multi-physics conditions will provide valuable

insights into their generalisability and robustness.

Finally, as it is mentioned previously, although a standard PID controller is employed in

conjunction with the FE-based solution construction in this work, it is not intrinsically

embedded within the FE DT workflow. As such, future research could explore replacing

it with alternative control strategies, such as previously mentioned RL [74], or various

hybrid methods [98].



Appendix A

Transformer- and Long

Short-Term Memory-based

Machine Learning methods

A.1 Introduction

Computational engineering encompasses transient inverse analysis as a specialized re-

search domain focused on resolving time-dependent inverse problems, particularly solu-

tion reconstruction from sparse measurements. Inverse problems fundamentally contrast

with conventional forward problems. Transient forward problems typically exhibit well-

posed characteristics, enabling numerical solution computation with specified accuracy

when provided with suitable initial and boundary conditions [23]. Conversely, certain

transient inverse problems require reconstructing complete domain data from available

sparse observations or measurements. In contrast to standard forward problems, inverse

problems are ill-posed [23]. Thus, solution non-uniqueness and inherent instability create

significant modelling challenges that often render problems computationally intractable,

particularly for complex scenarios.

To address limitations inherent in traditional transient solution reconstruction approaches,

this study investigates two ML model types for obtaining solutions within acceptable

uncertainty bounds. The emergence of advanced GPUs has popularised ML across sci-

entific and engineering disciplines due to its adaptability and capacity for processing
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large datasets within practical time frames. Recently, Transformer-based ML models

have gained prominence through exceptional performance in Natural Language Pro-

cessing (NLP) applications, exemplified by the renowned ChatGPT chatbot [101], and

various time-series analysis challenges [102–106]. These achievements in temporal se-

quence transformation suggest their optimal suitability for transient inverse analysis

applications. This study evaluates novel complex Transformer-based models against

simple LSTM models [5], which represent the traditional ML approach for sequential

data processing [107], for reconstructing transient 1D and 2D thermal fields.

This research demonstrates the applicability of increasingly prevalent Transformer-based

models for transient solution reconstruction. This is a challenge common in industrial

applications. They are compared with the more established ML models such as LSTM.

A.2 Background

A.2.1 Transient inverse problem

A transient forward problem can be broadly defined as calculating time-dependent conse-

quences of specified causes through an appropriate physical system model. Solving tran-

sient forward problems to achieve complete domain solutions via conventional methods

requires prescribed system parameters, boundary conditions, and initial system condi-

tions. In contrast, transient inverse problems encompass two distinct categories. The

first one is identifying system parameters based on observed causes and effects. This

represents the classical inverse problem definition [23]. The second category is identi-

fying causes from observed time-dependent effects. This essentially involves utilizing

available sparse domain data (observations or measurements) to reconstruct complete

solution datasets.

Numerous methodologies have been developed to address inverse problems throughout

the years; nevertheless, historically, greater emphasis has been placed on first-type in-

verse problems. Traditional approaches encompass functional analytic regularisation and

statistical regularisation, with Bayesian inversion serving as the most recognised exam-

ple [23, 24]. Search-and-optimization methodologies represent an alternative approach

for obtaining transient problem solutions. For example, [108] addressed the inverse 2D



Chapter 6 129

natural convection problem in steady state employing a PSO algorithm [109]. Mean-

while, [24] and [35] offer comprehensive surveys of diverse methodologies employed for

inverse problem resolution.

This research concentrates on second-type transient inverse problems, specifically tran-

sient thermal field reconstruction. Physical experimental data likely represents the most

prevalent source of sparse domain observations. Fusion energy research facilities, en-

gineered to evaluate component performance under extreme fusion reactor conditions,

routinely face transient inverse problems arising from sparse experimental datasets. The

HIVE experimental facility [18] exemplifies this challenge: inverse analysis must be

conducted to reconstruct complete temperature fields from temperature measurements

obtained by limited thermocouples.

A.2.2 Long Short-Term Memory

Sequential data processing applications widely employ RNNs across numerous tasks

[107]. RNNs are generally composed of multiple standard recurrent cells (Figure A.1),

whose mathematical formulation can be expressed as:

ht = σ (Whht−1 + Wxxt + b)

yt = ht (A.1)

where y, x, and h represent the output, input, and the hidden state (containing the

recurrent information), respectively. Wx and Wh are the cell weights, and b is the cell

bias.

Figure A.1: RNN standard cell.
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Nevertheless, RNNs constructed with standard recurrent cells commonly encounter

training challenges due to vanishing or exploding gradient problems between tempo-

rally distant inputs [110]. To resolve these long-term dependency issues, the LSTM cell,

an RNN variant, was introduced over twenty years ago [5] and has been successfully

implemented across diverse sequential applications, including speech recognition [111],

trajectory prediction [112], and remaining useful life prediction [113], among others. The

initial LSTM cell architecture incorporates only input and output gates (Figure A.2) and

can be described by the following mathematical expressions:

it = σ (Wihht−1 + Wixxt + bi)

c̃t = tanh (Wc̃hht−1 + Wc̃xxt + bc̃)

ct = ct−1 + it ⊙ c̃t

ot = σ (Wohht−1 + Woxxt + b0)

ht = ot ⊙ tanh (ct) (A.2)

where c is a cell state. Wih, Wix, Wc̃h, Wc̃x, Woh, Wox are the weights, bi, bc̃, bo are

the biases. The input gate controls which information gets stored within the cell state,

while the output gate selects which information from the cell state should be used for

the output.

Figure A.2: Initial LSTM cell [5].

This work employs an LSTM network utilising a modified variant of the original LSTM

cells. The modification includes a forget gate that determines which information should

be removed from the cell state [114]. Figure A.3 illustrates the modified LSTM cell,
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with the cell represented by the subsequent equations:

ft = σ (Wfhht−1 + Wfxxt + bf )

it = σ (Wihht−1 + Wixxt + bi)

c̃t = tanh (Wc̃hht−1 + Wc̃xxt + bc̃)

ct = ft ⊙ ct−1 + it ⊙ c̃t

ot = σ (Wohht−1 + Woxxt + b0)

ht = ot ⊙ tanh (ct) (A.3)

where ft is a forget gate value.

Figure A.3: LSTM cell modified with forget gate.

It is important to note that within this sub-section, t represents the tth time step in

a sequence, following standard RNN notation; conversely, t denotes the total sequence

length in following subsections.

A.2.3 Transformers

Google’s research team developed the classic Transformer model in 2017, successfully im-

plementing it for NLP applications including natural language generation and machine

translation [6]. Currently, Transformers are regarded as the optimal models for diverse

NLP tasks [115], with Chat Generative Pre-trained Transformer (ChatGPT) [101], an
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Artificial Intelligence (AI) chatbot, representing perhaps the most renowned demon-

stration of Transformer capabilities. Since NLP fundamentally constitutes sequence-

to-sequence transformation tasks, where model inputs and outputs typically consist of

ordered element series, Transformers prove well-suited for time-series prediction appli-

cations. Recently, numerous Transformer-based models have been effectively applied to

various temporal tasks, including weather, electricity consumption, and exchange rate

forecasting. Wen et al. [116] examined state-of-the-art Transformer-based models for

time-series analysis, while Lim and Zohren [106] surveyed Deep Learning (DL) method-

ologies for time-series forecasting. These surveys may not be entirely comprehensive

since Transformers’ growing popularity drives annual creation of new Transformer-based

models and variations of existing architectures. Consequently, tracking all developments

proves challenging, particularly as advances occur across diverse research domains, from

weather prediction [117] to computer vision [118]. This cross-domain development com-

plicates model comparison processes, as testing occurs on research-specific datasets,

making optimal engineering application selection less apparent.

Transformer-based models’ principal benefit stems from eliminating recurrent connec-

tions present in RNNs [5]. Removing recurrent connections substantially reduces training

duration and enhances parallelisation capabilities, advantageous for GPU-based model

training. Additionally, these models excel at identifying long- and short-term sequence

dependencies, potentially improving accuracy [6].

Figure A.4 presents a simplified transformer block representation. This paper omits

detailed Transformer operational explanations. Readers should consult Bloem [119] and

Vaswani et al. [6] for comprehensive self-attention and classic Transformer introductions.

However, the following subsection provides a concise classic self-attention overview.

A.2.4 Self-attention

Self-attention operations, or their variants, form the fundamental component of all

Transformer-based models. Figure A.5 illustrates the classic self-attention mechanism

employed in the original Transformer [6]. The system receives t input vectors of dimen-

sion K and produces a distinct set of t output vectors with identical dimensions. These

input vectors are utilised to compute queries, keys, and values through corresponding
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Figure A.4: General transformer block.

query, key, and value weight matrices:

{qi} = [Wq]{xi}

{ki} = [Wk]{xi}

{vi} = [Wv]{xi} (A.4)

where {ki}, {qi}, {vi}, and {xi} are ith key, query, value, and input vectors, respec-

tively. [Wk], [Wq], and [Wv] are the key, query, and value weight matrices, respectively.

Key [K], query [Q], and value [V ] matrices could be derived by concatenating all key,

query, and value vectors. The scaled [W ]′ is as follows:

[W ]′ =
[Q] [K]T√

K
(A.5)

It is normalised as follows:

[W ] = softmax
(
[W ]′

)
(A.6)

where softmax is a softmax function [42].

Lastly, the output [Y ] is obtained:

[Y ] = [W ] [V ] (A.7)
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[Y ] consists of output vectors {yi}.

Key, query, and value weight matrices represent learnable parameters. Transformer-

based architectures typically utilise multiple parallel self-attention operations (Figure A.6),

enabling more effective feature extraction from time series data. Self-attention mecha-

nisms consist of matrix multiplication operations, which proves advantageous since these

can be executed using highly optimised and efficient matrix multiplication implementa-

tions.

Figure A.5: Conventional self-attention[6].

Figure A.6: Conventional multi-head (self-)attention operation.
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A.3 Methodology

A.3.1 Selected models

This work applies an LSTM model alongside four Transformer-based architectures to 1D

and 2D heat conduction problems. Table A.1 summarises these models, with the classic

Transformer subsequently referred to simply as the Transformer. The self-attention

mechanism employed in the Transformer [6] is detailed in Sub-section A.2.4. Informer

[103], Autoformer [104], and FEDformer [105] were designed to enhance Transformer

efficiency through complexity reduction and architecture optimization specifically for

time-series applications (Table A.1).

Table A.1: All models analysed in this work.

Model type LSTM Transformer Informer Autoformer FEDformer

Original purpose Sequential data Linguistic data Temporal data Temporal data Temporal data
Self-attention type N/A Classic self-attention Sparse self-attention Auto-Correlation Discrete Fourier

Transform (DFT)

A.3.2 Model structure

Table A.2 displays the hyperparameters employed for Transformer-based models in this

work. The architecture utilises three layers comprising two encoder layers and one

decoder layer; input and output time-series length (sequence length hyperparameter) is

evaluated at three values: 25, 50, and 100. For enhanced clarity, sequence length l is

designated as the prediction window size, where the prediction window represents the

temporal interval over which model predictions are generated. Hyperparameters No.

4-9 adopt values established in existing literature [6, 103–105].

Table A.3 shows the hyperparameters applied to the LSTM model in this research. A

single layer configuration is implemented with model dimension fixed at 512 to align

with Transformer-based architectures. Prediction window size l is examined at three

values: 25, 50, and 100. Additionally, a feed-forward layer follows the LSTM layer to

reshape outputs and enable direct temperature prediction across multiple time steps

within a single inference operation.
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Table A.2: Transformer-based model hyperparameters.

No. Hyperparameter Value(s)

1. Encoder layers 2
2. Decoder layers 1
3. Prediction window size (sequence length) l 25, 50, and 100
4. Model dimension dmodel 512
5. Multi-head (self-)attention heads h 8
6. Feed-forward network dimension 2048
7. Dropout rate 0.05
8. Activation function GELU
9. Attention factor 3

Table A.3: LSTM model hyperparameters.

No. Hyperparameter Value(s)

1. LSTM layers 1
2. Prediction window size (sequence length) l 25, 50, and 100
3. Model dimension dmodel 512
4. Dropout rate 0.05

A.3.3 Training

Adam optimiser [120] is employed for training all Transformer-based models. Further-

more, a warm-up phase is implemented for the learning rate since it has been demon-

strated to enhance the training process of Transformer-based architectures [121]. The

learning rate throughout the warm-up phase is defined by:

lr(it) =
it

Twarmup
lrmax for it ≤ Twarmup (A.8)

where it and lr are iteration number and learning rate, respectively.

The learning rate with the warm-up is calculated as follows:

lr(it) =
lr(it− 1)

√
Twarmup√

it
for it > Twarmup (A.9)

Training of Transformer-based models employs lrmax and Twarmup values specified in

Table A.4 over 500 epochs with a batch size of 32. Subsequently, the optimal configu-

ration is chosen for each model type presented in Table A.1 based on Normalised Root
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Mean Squared Error (NRMSE) as the evaluation metric:

NRMSE =
RMSE

utrue mean
and RMSE =

√∑Ntotal
k=1 (utrue k − upred k)2

Ntotal
(A.10)

where utrue mean and upred k are the true temperature mean and the kth predicted tem-

perature value, respectively. utrue k and Ntotal are the kth true temperature value and

total data point number, respectively.

Table A.4: Learning rates used to train the models.

Option No. Constant lr or with warm-up lrmax Twarmup

1. Constant lr = 1e−4 N/A N/A
2. With warm-up 1e−3 4000
3. With warm-up 1e−3 2000
4. With warm-up 1e−3 500
5. With warm-up 5e−4 4000
6. With warm-up 5e−4 2000
7. With warm-up 5e−4 500

LSTM model training employs only the Adam optimiser [120] across 500 epochs. Train-

ing of all ML models discussed in this study utilises an NVIDIA A100 40GB GPU.

Figure A.7 illustrates training convergence, displaying optimal configurations for Trans-

former, Informer, Autoformer, and FEDformer.

Fixed random seed initialisation is applied to all models to ensure result reproducibil-

ity. This methodology ensures consistent initial weights and stochastic processes within

training algorithms across multiple runs. Therefore, performance variability from ran-

dom initialisation is eliminated, enabling fair architectural comparison between models.

Figure A.7: Model convergence during the training process.
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A.4 Results and discussion

A.4.1 1D transient heat conduction

The 1D transient heat conduction is defined as:

∂u(x, t)

∂t
= α

∂2u(x, t)

∂x2
(A.11)

where u and α are temperature and thermal diffusivity, respectively. α is equal to

8.6e−4m2/s. ICs and BCs are:

Boundary Conditions: u(x = xA, t) = 255.372K and
∂u(x = xB, t)

∂x
= 0

Initial Conditions: u(x, t = 0) = 272.039K (A.12)

The GT solution is generated using the FDM, which is implemented with the PyPDE

Python package [122]. This GT is created on the grid displayed in Figure A.8 and is

shown in Figure A.9. The simulation itself ran for a total of 1000s, with temperature

readings taken every second. This dataset is strategically partitioned for the ML model:

the first 700s are allocated for training, the next 100s for validation, and the final 200s for

testing. The model’s six input channels, which are randomly selected (Figure A.8), are

used to provide temperature data. The model’s task is to then predict the temperature

values for the remaining 194 output channels (Figure A.10).

For training, validation, and testing, a single input-output sample is created by advanc-

ing the prediction window by one second. If the prediction window size, denoted by

l, is 50s, the first window for the 200s used in testing would be from 1s to 50s. The

next window would be from 2s to 51s, and so on. As a result, when l = 50, there

are 200 − 50 + 1 = 151 prediction windows for testing. For each of these windows,

a predicted temperature matrix, [Upred], and a true temperature matrix, [Utrue], are

created. Both matrices have dimensions of ((50 · 151) ×Nout), whereNout represents the

number of output channels, which is 194.

Therefore, for Eq. A.10, Ntotal can be calculated as:

Ntotal = (50 · 151) ·Nout = (50 · 151) · 194 (A.13)
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Similar procedures are applied for the calculation for other values of l and Nout.

Figure A.8: The grid employed to produce the GT for 1D heat conduction.

Figure A.9: The GT for 1D heat conduction produced utilising the FDM.

Figure A.10: ML model outline employed for the transient thermal field reconstruc-
tion.

Table A.5 presents the NRMSE for testing, which were calculated using Eq. A.10 with

Eq. A.13, along with the training times. To visualise how these errors are distributed

over time and space, four consecutive prediction windows are selected out of the 151

total windows for a window size of 50. These windows span from 1s to 50s, 51s to

100s, 101s to 150s, and 151s to 200s within the 200s used for testing. The top row

of Figure A.11 shows the prediction error distribution defined by Eq. A.14, while the

bottom row displays the prediction errors averaged at each time step using Eq. A.15.

PEi,n =
|upred i,n − utrue i,n|

utrue i,n
(A.14)

PEi =

∑Nout
n=1 PEi,n

Nout
(A.15)



Chapter 6 140

where PEi is a prediction error averaged at time step i; upred i,n, PEi,n is a predic-

tion error at node n at time step i. upred i,n and utrue i,n are the predicted and true

temperatures, respectively.

According to Table A.5, the LSTM model demonstrated the most efficient training,

requiring the least amount of time for all three l values, in contrast to the FEDformer

model, which took the longest to train. In terms of accuracy, the LSTM model had the

lowest NRMSE for window sizes l = 25 and l = 50, a result corroborated by the error

distributions in Figure A.11. While the Transformer model performed slightly better for

l = 100 with the lowest NRMSE, the LSTM’s result was very close, only 0.004% higher.

The Autoformer model consistently underperformed, with an NRMSE over two times

greater than the LSTM model’s.

Table A.5: Testing errors and training times for the 1D heat conduction (Eq. A.10).
The best results are highlighted in green bold, while the worst results are
highlighted with a red underline.

Model type LSTM Transformer Informer Autoformer FEDformer

Prediction window size l = 25
NRMSE (Eq. A.10) [%] 0.188 0.189 0.192 0.497 0.362
Training time [min] 35.9 39.1 40.2 40.9 46.4

Prediction window size l = 50
NRMSE (Eq. A.10) [%] 0.189 0.190 0.190 0.493 0.365
Training time [min] 36.0 38.5 39.8 42.4 52.3

Prediction window size l = 100
NRMSE (Eq. A.10) [%] 0.196 0.192 0.195 0.468 0.371
Training time [min] 36.3 38.5 40.9 43.8 65.2

A.4.2 2D transient heat conduction

The linear 2D transient heat conduction is defined as:

∂u(x, y, t)

∂t
= αx

∂2u(x, y, t)

∂x2
+ αy

∂2u(x, y, t)

∂y2
(A.16)

where αx and αy are the thermal diffusivities in x and y directions. αx is equal to

13.9e−4m2/s, αy is equal to 3.3e−4m2/s. The BCs and ICs are defined by Eq. A.17.

Figure A.12 displays the domain’s boundaries.
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Figure A.11: Error distribution (Eq. A.14) and errors averaged at each time step
(Eq. A.15) for the 1D heat conduction for models with l = 50. Four consecutive

prediction windows are shown; the green crosses show input channels.

Boundary Conditions:

1. u(x, y, t) = 255.372K for x, y ∈ [AB] ∪ [BC]

2. ∇u(x, y, t) = 0 for x, y ∈ [CD] ∪ [DA]

Initial Conditions: u(x, y, t = 0) = 272.039K (A.17)

To establish GT, FEM is used within the open-source software Code Aster [7]. The

GT is created using the mesh in Figure A.12 and is presented in Figure A.13 for model

testing. The simulation runs for 1000s, with temperature readings taken every second.

This dataset is partitioned for ML: the first 700s for training, the following 100s for

validation, and the last 200s for testing. The model receives temperature data from

twelve randomly selected input channels and then predicts temperatures for 1142 output

channels (Figures A.10 and A.12). The process for generating input-output samples by

shifting the prediction window by one second is the same as in the 1D case (Sub-section

A.4.1), as are the calculations for the total number of prediction windows and NRMSEs.

Table A.6 summarises the testing NRMSEs, derived from Eq. A.10 and Eq. A.13, and the

corresponding training times. The prediction error distributions for a prediction window

size of l = 50 are visualised in a manner similar to the 1D case (Sub-section A.4.1). The
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top row of Figure A.14 displays the time-averaged error distribution using Eq. A.18,

while the bottom row shows the errors averaged at each time step using Eq. A.15. It is

important to note that the scales in Figure A.14 are different from those in Figure A.11.

PEn =

∑200
i=1 PEi,n

200
(A.18)

where PEn is a error averaged at node n. The error distribution change with time is

shown in Figure A.15.

Figure A.12: The 2D mesh utilised to produce the GT for 2D transient heat conduc-
tion.

Figure A.13: The GT for 2D transient heat conduction problem produced utilising
the FEM implemented in Code Aster [7]. .

According to Table A.6, the FEDformer model had the best performance in terms of

NRMSEs for all three l values, but this came at the cost of the longest training times.

The LSTM model offered a more balanced trade-off, with NRMSEs only 0.1-0.2% higher

than the FEDformer, but with a training speed that was 20-41% faster. The LSTM’s
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one-layer architecture also makes it simpler and more manageable for troubleshooting

compared to the more complex FEDformer structure.

Surprisingly, all models, regardless of their architecture, produced similar prediction

error distribution patterns, as shown in Figures A.14 and A.15. While this might be

expected among the self-attention-based Transformer models, the fact that the LSTM

model, which lacks this mechanism, also follows a similar pattern is unexpected. This

observation could challenge the perceived superiority of Transformer-based models.

Table A.6: Testing errors and training times for the 2D heat conduction (Eq. A.10).
The best results are highlighted in green bold, while the worst results are
highlighted with a red underline.

Model type LSTM Transformer Informer Autoformer FEDformer

Prediction window size l = 25
NRMSE (Eq. A.10) [%] 2.197 2.208 2.218 2.543 2.015
Training time [min] 37.9 38.3 40.9 42.7 47.5

Prediction window size l = 50
NRMSE (Eq. A.10) [%] 2.170 2.191 2.193 2.415 2.015
Training time [min] 39.7 39.6 41.5 44.2 67.0

Prediction window size l = 100
NRMSE (Eq. A.10) [%] 2.127 2.155 2.157 2.430 1.979
Training time [min] 42.0 42.0 43.6 48.1 66.9

Figure A.14: Time-averaged prediction error distribution (Eq A.18) and prediction
errors averaged at each time step (Eq. A.15) for the 2D heat conduction for five models
with l = 50. Four consecutive prediction windows are chosen. The twelve green crosses

show the input channels.



Chapter 6 144

A.5 Conclusions

In this work, popular Transformer-based ML models were compared against simple one-

layer LSTM models for transient thermal field reconstruction. Traditionally, Transformer-

based models are considered advantageous over RNNs like LSTM for sequence processing

for three main reasons [6]. The first one is their superior accuracy: their self-attention

mechanism is expected to be better at capturing long-range dependencies, leading to

higher accuracy. The second reason is the ability to train faster: the absence of recur-

rent connections makes them more parallelisable, which should result in shorter training

times. The third and final reason is the enhanced interpretability: attention maps

(Appendix B) are thought to make them less of a ”black box” [123], thus increasing

confidence in their predictions.

However, the results of this research challenge these assumptions for the thermal prob-

lems examined, offering the following counterarguments. Firstly, the Transformer-based

models showed either lower or comparable prediction accuracy compared to the simple

LSTM model. Secondly, transformer-based models had training times that were either

longer than or similar to the simple LSTM model. Thirdly, the interpretability advan-

tage is negated. While attention maps are useful for tasks like NLP [6] and computer

vision [124], where the relationships between words or image parts are intuitive, this

is not the case for purely temporal data. The relationships between values at different

time steps are not as easily interpreted, especially for problems based on differential

equations. Furthermore, LSTM layer weights can be visualised similarly (Appendix B),

providing a similarly low level of interpretability for these problems.

Overall, the work concludes that there is no significant benefit to using complex Transformer-

based ML models over simpler alternatives like the classic LSTM network for solving

transient thermal field reconstruction problems. The application of these models to

practical problems (such as those in Sub-section A.2.1) would require either a sufficient

number of reliable forward simulations or a large amount of experimental data, which

is often difficult to obtain. Additionally, the computational and memory demands in-

crease with the length of the input time sequence (Table A.7), meaning that for more

complex scenarios, more time is needed for training, and GPU memory (VRAM) must

be carefully managed through batching.



Chapter 6 145

Table A.7: Models’ computational complexity and memory usage.

Model type LSTM Transformer Informer Autoformer FEDformer

Computation complex-
ity (training)

O(L) O(L2) O(LlogL) O(LlogL) O(L)

Memory usage (train-
ing)

O(L) O(L2) O(LlogL) O(LlogL) O(L)

* L denotes the input time sequence length.
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Figure A.15: Prediction error distribution dependence on time for the 2D heat con-
duction for five models with the prediction window size l = 50.



Appendix B

Attention maps and weight

visualisations

B.1 Attention maps for Transformer-based models

The self-attention mechanism, or its variants, enables a model to focus on specific parts

of an input vector sequence to produce an output vector sequence [6]. This means

the model gives greater importance to selected input vectors it considers more relevant

when generating a particular output vector. As noted in Sub-section A.2.4, a weight

matrix, referred to as an attention matrix, is created by combining queries and keys

produced from weight matrices. Each element of this attention matrix, an attention

score, represents its contribution to a specific output vector.

To illustrate this, the NLP example in Figure B.1 could be considered [119]. Here, the

key, representing a book’s qualities, is matched with the query, representing a reader’s

preferences, using a dot product. The resulting attention score indicates how well the

book aligns with the reader’s preferences. In general, an attention score measures the

relevance between a key and a query, showing the degree to which a particular output

vector is influenced by a particular input vector.

For the transient thermal field reconstruction problems discussed in this work, an input

vector i contains information from the input channels at the ith time step, while an out-

put vector i holds information from the output channels at the same time step (Figures

147
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A.8 and A.12). With a classic Transformer model, the attention score that shows how

much output vector i is influenced by input vector j is calculated using the dot product

of query i and key j (Eq. B.1).

Attention score (i, j) = {qi}T · {kj} i, j = 1, 2, ..., t (B.1)

where {kj} is the key vector j corresponding to the input vector j. {qi} is the query

vector corresponding to the output vector i. t is a sequence length (Table A.2).

Figure B.1: In the book example, the self-attention operation works by matching a key
(representing the book’s qualities) with a query (representing the reader’s preferences)
using a dot product. The result is an attention score that indicates how relevant the
book is to the reader’s preferences. More broadly, the attention score measures the
degree of relevance between a key and a query, showing how much a specific output
vector is influenced by a particular input vector. For the transient thermal problems
in this paper, an input vector i contains data from the input channels at time step i,
while an output vector i contains data from the output channels at the same time step

(Figures A.8 and A.12).

An attention matrix, which holds the attention scores, can be visualised as an image

where each cell (i, j) corresponds to the attention score calculated for query vector i and

key vector j. As an example, Figure B.2 shows a single attention score (i, j) on such a

map.

The Transformer-based models in this study use multi-head attention (Figure A.6),

which performs several self-attention operations in parallel (Sub-section A.2.4). This

means that each multi-head attention operation generates multiple attention maps, one

for each attention head. This work uses eight attention heads (Table A.2), so eight

maps are produced per operation. It is crucial to note that attention scores should only
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be compared within a single map, not across different heads. The size of the attention

matrix varies by model: for Transformer [6] and Informer [103], it is l× l, where l is the

prediction window size (Table A.2). For Autoformer [104] and FEDformer [105], it is

sequence length by dmodel/h because keys are projected in the sequence length direction

before scores are calculated.

Figures B.3 and B.4 display four of the eight attention maps from the first layer of

each model for l = 50. The scores in each map are scaled between 0 and 1, with the

scaling done independently for each map. These attention maps reveal some distinct

characteristics. The maps for Transformer and Informer show diversity, with different

heads focusing on different parts of the input sequence. This diversity is beneficial as

it suggests the heads are extracting unique features from the data. The Transformer’s

maps are smoother than the Informer’s, likely because Informer uses a sparse version of

the self-attention mechanism. In contrast, Autoformer’s attention maps look very similar

despite minor differences. This is undesirable, as it suggests the heads are redundantly

attempting to extract the same features. This similarity in attention maps could be a

reason for Autoformer’s lower performance compared to the other models.

Figure B.2: Attention score example. The attention matrix comprised of the attention
scores can be visualised as a map. Each cell (i, j) corresponds to the attention score

computed for query vector i and key vector j.

The ability to generate attention maps makes Transformer-based models more inter-

pretable than other ML models. These maps visually demonstrate how the model fo-

cuses on different sections of the input vector sequence. By visualising the attention

scores in this way, it is possible to see which parts of the input sequence the model

”pays attention” to at each time step.
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Figure B.3: Attention maps for Encoder layer No. 1 for 1D heat conduction for
l = 50. Four out of eight attention maps for multi-head attention in the first layer of

each model are shown. The attention scores are normalised to be between 0 and 1.
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Figure B.4: Attention maps for Encoder layer No. 1 for 2D heat conduction l = 50.
Four out of eight attention maps for multi-head attention in the first layer of each model

are shown. The attention scores are normalised to be between 0 and 1.
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B.2 Weight visualisations for Long Short-Term Memory

models

The purpose of this section is to demonstrate that a weight visualisation similar to an

attention map can be created for a one-layer LSTM model. For the transient thermal

field reconstruction problems examined in this paper, these LSTM visualisations offer

the same low level of intuitive interpretability as those for the Transformer-based models.

Figure B.5 displays the values of ht for each time step l (Eq. A.2) for LSTM models with

a prediction window size of 50. These values, referred to as ”attention scores” in Figure

B.5 for consistency, are individually scaled between 0 and 1 for each visualisation.

Figure B.5: LSTM model weight visualisations for 1D and 2D heat conduction for
l = 50. ht value for each time step l (Eq. A.2) is shown. The attention scores are

normalised to be between 0 and 1.



Appendix C

Extended temperature control

results

This appendix provides extended tables and figures related to Chapter 5. The results

are grouped by the heat flux type (Table 5.9) and 3 DT approaches.

C.1 Heat flux in the form of Sine wave 1

C.1.1 Finite Element-based Digital Twinning control without Reduced

Order Modelling

Table C.1 shows the overshoots and control run times as a response to Sine wave 1 heat

flux shape. Figures C.1, C.2, C.3, and C.4 display the corresponding system responses.

C.1.2 Finite Element-based Digital Twinning control with Reduced

Order Modelling

Table C.2 shows the overshoots and control run times as a response to Sine wave 1 heat

flux shape. Figures C.5, C.6, C.7, and C.8 display the corresponding system responses.
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Table C.1: System response under FE DT control without ROM and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Sine wave 1
(Table 5.9 and Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 0.649 0.649 2.221e+00 2.454e+00 0.184 2.192
4 0.2 1.939 1.939 2.224e+00 2.438e+00 0.244 4.769
4 1.0 15.956 14.242 2.216e+00 2.390e+00 0.697 24.52
4 σ(T ) 4.722 4.722 2.238e+00 2.575e+00 0.33 8.109

8 0.0 0.736 0.736 2.272e+00 2.528e+00 0.177 2.352
8 0.2 3.223 3.223 2.289e+00 2.610e+00 0.247 5.825
8 1.0 10.305 8.678 2.288e+00 2.523e+00 0.563 25.958
8 σ(T ) 4.995 4.995 2.273e+00 2.513e+00 0.301 10.072

11 0.0 1.392 1.392 2.293e+00 2.553e+00 0.148 4.871
11 0.2 2.189 2.189 2.291e+00 2.547e+00 0.199 5.629
11 1.0 7.918 7.918 2.293e+00 2.621e+00 0.468 22.276
11 σ(T ) 6.021 6.021 2.270e+00 2.487e+00 0.263 7.248

17 0.0 0.816 0.816 2.268e+00 2.482e+00 0.141 5.629
17 0.2 2.49 2.49 2.288e+00 2.596e+00 0.187 6.21
17 1.0 13.024 10.159 2.286e+00 2.535e+00 0.48 21.744
17 σ(T ) 3.375 3.375 2.291e+00 2.500e+00 0.227 8.223

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

Figure C.1: FE DT without ROM system response Sine wave 1 (Table 5.9 and
Figure 5.21) for 4 measurement locations; the overshoots are listed in Table C.1.
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Figure C.2: FE DT without ROM system response Sine wave 1 (Table 5.9 and
Figure 5.21) for 8 measurement locations; the overshoots are listed in Table C.1.

Figure C.3: FE DT without ROM system response Sine wave 1 (Table 5.9 and
Figure 5.21) for 11 measurement locations; the overshoots are listed in Table C.1.

C.1.3 Physics-Driven Machine Learning-based Digital Twinning con-

trol

Table C.3 shows the overshoots and control run times as a response to Sine wave 1

heat flux shape. Figures C.9, C.10, C.11, and C.12 display the corresponding system
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Figure C.4: FE DT without ROM system response Sine wave 1 (Table 5.9 and
Figure 5.21) for 17 measurement locations; the overshoots are listed in Table C.1.

Table C.2: System response under FE DT control with ROM and average and maximum
time step runtimes; applied heat flux q(t) is in the form of Sine wave 1 (Table 5.9 and
Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 -1.856 0.82 3.123e-01 4.268e-01 0.75 3.768
4 0.2 0.584 3.566 3.150e-01 4.134e-01 0.839 4.706
4 1.0 23.335 16.868 3.129e-01 4.148e-01 1.241 22.735
4 σ(T ) 2.67 3.661 3.163e-01 3.825e-01 0.875 7.354

8 0.0 -1.786 1.1 3.024e-01 4.409e-01 0.694 4.123
8 0.2 2.122 8.072 3.151e-01 4.003e-01 0.768 5.558
8 1.0 16.052 14.287 3.030e-01 3.852e-01 1.008 24.897
8 σ(T ) 3.941 3.432 3.119e-01 4.595e-01 0.788 9.573

11 0.0 3.944 5.213 2.225e-01 2.912e-01 0.622 6.815
11 0.2 5.31 3.824 2.575e-01 3.904e-01 0.615 6.945
11 1.0 15.396 13.529 2.377e-01 3.769e-01 0.928 26.62
11 σ(T ) 7.428 4.731 2.712e-01 3.916e-01 0.651 9.917

17 0.0 4.019 5.093 3.162e-01 4.118e-01 0.652 9.607
17 0.2 3.472 9.748 3.157e-01 4.272e-01 0.679 11.998
17 1.0 10.82 11.806 3.171e-01 4.073e-01 0.909 27.681
17 σ(T ) 5.759 11.241 3.108e-01 3.892e-01 0.717 14.806

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.
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Figure C.5: FE DT with ROM system response Sine wave 1 (Table 5.9 and Fig-
ure 5.21) for 4 measurement locations; the overshoots are listed in Table C.1.

Figure C.6: FE DT with ROM system response Sine wave 1 (Table 5.9 and Fig-
ure 5.21) for 8 measurement locations; the overshoots are listed in Table C.1.

responses.
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Figure C.7: FE DT with ROM system response Sine wave 1 (Table 5.9 and Fig-
ure 5.21) for 11 measurement locations; the overshoots are listed in Table C.1.

Figure C.8: FE DT with ROM system response Sine wave 1 (Table 5.9 and Fig-
ure 5.21) for 17 measurement locations; the overshoots are listed in Table C.1.
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Table C.3: PD-ML DT system response under PD-ML DT control and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Sine wave 1
(Table 5.9 and Figure 5.21).

Parameter set Overshoot [%] Control time

Nint Next
Noise level
σ [%]

Primary Secondary
Avg. time step
runtime [s] a

Max. time step
runtime [s] a

60 0 0.0 4.476 4.289 3.643e-04 5.991e-04
60 0 0.2 4.709 4.347 3.830e-04 9.775e-04
60 0 1.0 5.078 3.822 3.630e-04 8.943e-04
60 0 σ(T ) 4.743 4.320 3.742e-04 8.216e-04

120 0 0.0 4.476 1.078 3.734e-04 1.022e-03
120 0 0.2 4.812 0.880 3.647e-04 6.154e-04
120 0 1.0 5.202 0.527 3.651e-04 5.813e-04
120 0 σ(T ) 4.743 0.983 3.690e-04 7.968e-04

60 120 0.0 -1.446 -1.446 1.063e-03 1.828e-03
60 120 0.2 5.179 -0.708 1.065e-03 1.820e-03
60 120 1.0 4.851 -0.158 1.031e-03 1.807e-03
60 120 σ(T ) 4.627 -0.759 1.107e-03 1.565e-03

100 120 0.0 -0.037 -1.647 1.786e-03 3.057e-03
100 120 0.2 4.958 -1.574 2.268e-03 3.416e-03
100 120 1.0 4.846 -0.463 1.978e-03 3.006e-03
100 120 σ(T ) 5.019 -1.181 1.861e-03 3.154e-03

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

Figure C.9: PD-ML DT system response Sine wave 1 (Table 5.9 and Figure 5.21)
for Nint equal to 60 and Next equal to 0; the overshoots are listed in Table C.3.

C.2 Heat flux in the form of Sine wave 2

C.2.1 Finite Element-based Digital Twinning control without Reduced

Order Modelling

Table C.4 shows the overshoots and control run times as a response to Sine wave 2 heat

flux shape. Figures C.13, C.14, and C.15 display the corresponding system responses.
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Figure C.10: PD-ML DT system response Sine wave 1 (Table 5.9 and Figure 5.21)
for Nint equal to 120 and Next equal to 0; the overshoots are listed in Table C.3.

Figure C.11: PD-ML DT system response Sine wave 1 (Table 5.9 and Figure 5.21)
for Nint equal to 60 and Next equal to 120; the overshoots are listed in Table C.3.

C.2.2 Finite Element-based Digital Twinning control with Reduced

Order Modelling

Table C.5 shows the overshoots and control run times as a response to Sine wave 2 heat

flux shape. Figures C.16, C.17, and C.18 display the corresponding system responses.
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Figure C.12: PD-ML DT system response Sine wave 1 (Table 5.9 and Figure 5.21)
for Nint equal to 100 and Next equal to 120; the overshoots are listed in Table C.3.

Table C.4: System response under FE DT control without ROM and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Sine wave 2
(Table 5.9 and Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 1.357 1.357 2.286e+00 2.469e+00 0.173 2.192
4 0.2 1.755 1.755 2.289e+00 2.526e+00 0.246 4.928
4 1.0 18.061 11.795 2.297e+00 2.595e+00 0.693 24.693
4 σ(T ) 3.497 3.497 2.295e+00 2.635e+00 0.331 8.109

8 0.0 1.391 1.391 2.283e+00 2.534e+00 0.166 2.352
8 0.2 3.32 3.32 2.282e+00 2.493e+00 0.253 5.825
8 1.0 9.053 4.787 2.296e+00 2.512e+00 0.562 25.999
8 σ(T ) 4.962 4.962 2.306e+00 2.494e+00 0.306 10.072

11 0.0 1.97 1.97 2.282e+00 2.466e+00 0.166 4.871
11 0.2 2.99 2.99 2.290e+00 2.538e+00 0.21 5.629
11 1.0 5.65 3.358 2.277e+00 2.502e+00 0.452 22.267
11 σ(T ) 3.503 2.604 2.289e+00 2.548e+00 0.261 7.248

17 0.0 1.983 1.983 2.278e+00 2.505e+00 0.143 5.629
17 0.2 0.388 0.294 2.269e+00 2.507e+00 0.176 6.21
17 1.0 14.728 10.579 2.279e+00 2.542e+00 0.491 21.744
17 σ(T ) 2.973 2.973 2.286e+00 2.556e+00 0.227 8.223

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.
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Figure C.13: FE DT without ROM system response Sine wave 2 (Table 5.9 and
Figure 5.21) for 4 measurement locations; the overshoots are listed in Table C.1.

Figure C.14: FE DT without ROM system response Sine wave 2 (Table 5.9 and
Figure 5.21) for 8 measurement locations; the overshoots are listed in Table C.1.

C.2.3 Physics-Driven Machine Learning-based Digital Twinning con-

trol

Table C.6 shows the overshoots and control run times as a response to Sine wave 2 heat

flux shape. Figures C.19, C.20, and C.21 display the corresponding system responses.
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Figure C.15: FE DT without ROM system response Sine wave 2 (Table 5.9 and
Figure 5.21) for 17 measurement locations; the overshoots are listed in Table C.1.

Table C.5: System response under FE DT control with ROM and average and maximum
time step runtimes; applied heat flux q(t) is in the form of Sine wave 2 (Table 5.9 and
Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 -1.749 1.493 3.086e-01 4.190e-01 0.723 3.696
4 0.2 1.54 1.109 3.126e-01 4.387e-01 0.822 4.801
4 1.0 21.699 10.437 3.135e-01 3.995e-01 1.208 22.976
4 σ(T ) 3.94 4.406 3.142e-01 3.975e-01 0.879 7.354

8 0.0 -1.694 1.545 3.086e-01 3.914e-01 0.661 4.064
8 0.2 2.103 2.354 3.171e-01 4.110e-01 0.743 5.558
8 1.0 16.722 7.348 3.143e-01 4.017e-01 0.962 25.009
8 σ(T ) 4.103 3.836 3.098e-01 4.242e-01 0.802 9.573

11 0.0 2.738 2.835 2.568e-01 4.131e-01 0.628 6.815
11 0.2 5.271 3.79 3.130e-01 3.862e-01 0.629 6.945
11 1.0 14.487 14.352 2.899e-01 3.946e-01 0.935 26.555
11 σ(T ) 7.211 7.919 2.750e-01 3.789e-01 0.692 9.917

17 0.0 2.809 3.034 3.131e-01 4.296e-01 0.658 9.607
17 0.2 2.362 1.684 3.201e-01 4.443e-01 0.649 11.998
17 1.0 12.194 10.82 3.093e-01 4.154e-01 0.907 27.681
17 σ(T ) 4.775 4.236 3.123e-01 4.001e-01 0.671 14.806

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.
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Figure C.16: FE DT with ROM system response Sine wave 2 (Table 5.9 and Fig-
ure 5.21) for 4 measurement locations; the overshoots are listed in Table C.1.

Figure C.17: FE DT with ROM system response Sine wave 2 (Table 5.9 and Fig-
ure 5.21) for 8 measurement locations; the overshoots are listed in Table C.1.
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Figure C.18: FE DT with ROM system response Sine wave 2 (Table 5.9 and Fig-
ure 5.21) for 17 measurement locations; the overshoots are listed in Table C.1.

Table C.6: PD-ML DT system response under PD-ML DT control and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Sine wave 2
(Table 5.9 and Figure 5.21).

Parameter set Overshoot [%] Control time

Nint Next
Noise level
σ [%]

Primary Secondary
Avg. time step
runtime [s] a

Max. time step
runtime [s] a

60 0 0.0 3.477 3.477 3.674e-04 5.908e-04
60 0 0.2 3.415 3.415 3.851e-04 9.041e-04
60 0 1.0 3.550 3.550 3.679e-04 8.273e-04
60 0 σ(T ) 3.773 3.773 3.606e-04 5.920e-04

120 0 0.0 2.862 2.862 3.709e-04 5.944e-04
120 0 0.2 3.202 2.361 3.637e-04 5.896e-04
120 0 1.0 3.644 1.149 3.627e-04 5.894e-04
120 0 σ(T ) 3.096 2.466 3.646e-04 5.996e-04

60 120 0.0 -0.310 -0.310 1.003e-03 1.980e-03
60 120 0.2 3.750 -0.429 1.058e-03 1.781e-03
60 120 1.0 3.197 -0.507 1.062e-03 1.660e-03
60 120 σ(T ) 2.942 0.510 1.062e-03 1.539e-03

100 120 0.0 -0.041 -0.628 1.979e-03 3.058e-03
100 120 0.2 3.391 -1.279 2.227e-03 3.266e-03
100 120 1.0 3.191 -0.894 2.073e-03 3.753e-03
100 120 σ(T ) 3.516 -1.241 2.015e-03 3.147e-03

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

C.3 Heat flux in the form of Triangular wave

C.3.1 Finite Element-based Digital Twinning control without Reduced

Order Modelling

Table C.7 shows the overshoots and control run times as a response to Triangular heat

flux shape. Figures C.22, C.23, C.24, and C.25 display the corresponding system re-

sponses.



Chapter 6 166

Figure C.19: PD-ML DT system response Sine wave 2 (Table 5.9 and Figure 5.21)
for Nint equal to 60 and Next equal to 0; the overshoots are listed in Table C.6.

Figure C.20: PD-ML DT system response Sine wave 2 (Table 5.9 and Figure 5.21)
for Nint equal to 120 and Next equal to 0; the overshoots are listed in Table C.6.

C.3.2 Finite Element-based Digital Twinning control with Reduced

Order Modelling

Table C.8 shows the overshoots and control run times as a response to Triangular wave

heat flux shape. Figures C.26, C.27, C.28, and C.29 display the corresponding system

responses.
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Figure C.21: PD-ML DT system response Sine wave 2 (Table 5.9 and Figure 5.21)
for Nint equal to 100 and Next equal to 120; the overshoots are listed in Table C.6.

Table C.7: System response under FE DT control without ROM and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Triangular wave
(Table 5.9 and Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 3.158 3.158 2.289e+00 2.554e+00 0.212 2.192
4 0.2 2.881 2.881 2.283e+00 2.470e+00 0.261 4.855
4 1.0 15.125 12.898 2.287e+00 2.675e+00 0.697 24.51
4 σ(T ) 4.515 4.515 2.283e+00 2.650e+00 0.328 8.109

8 0.0 3.437 3.437 2.284e+00 2.563e+00 0.205 2.352
8 0.2 3.996 3.996 2.290e+00 2.531e+00 0.245 5.825
8 1.0 9.49 6.22 2.285e+00 2.481e+00 0.552 25.842
8 σ(T ) 3.161 2.8 2.288e+00 2.471e+00 0.292 10.072

11 0.0 3.714 3.714 2.289e+00 2.575e+00 0.173 4.871
11 0.2 0.992 0.992 2.307e+00 2.495e+00 0.195 5.629
11 1.0 6.028 5.29 2.283e+00 2.522e+00 0.46 22.262
11 σ(T ) 3.789 3.45 2.288e+00 2.594e+00 0.26 7.248

17 0.0 2.976 2.976 2.283e+00 2.474e+00 0.164 5.629
17 0.2 4.35 4.35 2.287e+00 2.500e+00 0.196 6.21
17 1.0 14.324 10.078 2.290e+00 2.509e+00 0.489 21.744
17 σ(T ) 4.843 4.843 2.279e+00 2.532e+00 0.239 8.223

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.
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Figure C.22: FE DT without ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 4 measurement locations; the overshoots are listed in Table C.1.

Figure C.23: FE DT without ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 8 measurement locations; the overshoots are listed in Table C.1.

C.3.3 Physics-Driven Machine Learning-based Digital Twinning con-

trol

Table C.9 shows the overshoots and control run times as a response to Sine wave 2

heat flux shape. Figures C.30, C.31, C.32, and C.33 display the corresponding system
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Figure C.24: FE DT without ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 11 measurement locations; the overshoots are listed in Table C.1.

Figure C.25: FE DT without ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 17 measurement locations; the overshoots are listed in Table C.1.

responses.
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Table C.8: System response under FE DT control with ROM and average and maximum
time step runtimes; applied heat flux q(t) is in the form of Triangular wave (Table 5.9 and
Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 -1.987 2.835 3.035e-01 3.973e-01 0.765 3.875
4 0.2 0.243 4.205 2.897e-01 3.718e-01 0.826 4.737
4 1.0 22.387 19.609 3.114e-01 4.018e-01 1.266 22.903
4 σ(T ) 2.701 3.723 2.931e-01 4.219e-01 0.869 7.354

8 0.0 -1.928 2.964 2.933e-01 4.004e-01 0.709 4.24
8 0.2 2.086 5.524 3.045e-01 3.989e-01 0.761 5.558
8 1.0 15.219 12.97 3.137e-01 4.571e-01 0.98 24.815
8 σ(T ) 4.023 2.396 3.141e-01 4.085e-01 0.783 9.573

11 0.0 3.205 3.724 2.874e-01 4.325e-01 0.623 6.815
11 0.2 6.053 4.84 3.204e-01 4.293e-01 0.623 6.945
11 1.0 14.336 12.18 3.126e-01 4.184e-01 0.936 26.552
11 σ(T ) 6.492 6.068 3.183e-01 4.418e-01 0.663 9.917

17 0.0 3.279 3.634 3.139e-01 4.187e-01 0.652 9.607
17 0.2 2.657 7.568 3.161e-01 4.680e-01 0.671 11.998
17 1.0 11.618 12.168 3.107e-01 3.947e-01 0.9 27.681
17 σ(T ) 4.732 7.029 3.198e-01 4.257e-01 0.706 14.806

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

Figure C.26: FE DT with ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 4 measurement locations; the overshoots are listed in Table C.1.



Chapter 6 171

Figure C.27: FE DT with ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 8 measurement locations; the overshoots are listed in Table C.1.

Figure C.28: FE DT with ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 11 measurement locations; the overshoots are listed in Table C.1.
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Figure C.29: FE DT with ROM system response Triangular wave (Table 5.9 and
Figure 5.21) for 17 measurement locations; the overshoots are listed in Table C.1.

Table C.9: PD-ML DT system response under PD-ML DT control and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Triangular wave
(Table 5.9 and Figure 5.21).

Parameter set Overshoot [%] Control time

Nint Next
Noise level
σ [%]

Primary Secondary
Avg. time step
runtime [s] a

Max. time step
runtime [s] a

60 0 0.0 3.897 3.897 3.701e-04 5.932e-04
60 0 0.2 3.968 3.968 3.830e-04 8.121e-04
60 0 1.0 3.851 3.159 3.596e-04 6.039e-04
60 0 σ(T ) 3.91 3.91 3.613e-04 7.958e-04

120 0 0.0 3.352 1.866 3.694e-04 5.851e-04
120 0 0.2 3.629 1.689 3.622e-04 6.032e-04
120 0 1.0 3.952 0.805 3.633e-04 6.013e-04
120 0 σ(T ) 3.573 1.843 3.615e-04 5.848e-04

60 120 0.0 -2.38 -2.383 1.045e-03 1.546e-03
60 120 0.2 3.929 -0.488 1.067e-03 1.554e-03
60 120 1.0 3.664 -0.563 1.037e-03 1.513e-03
60 120 σ(T ) 3.478 -0.592 1.093e-03 1.562e-03

100 120 0.0 -0.65 -2.392 1.889e-03 3.437e-03
100 120 0.2 3.75 -1.617 2.258e-03 3.479e-03
100 120 1.0 3.66 -0.88 2.050e-03 3.130e-03
100 120 σ(T ) 3.799 -1.368 1.840e-03 3.182e-03

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

C.4 Heat flux in the form of Filtered Gaussian noise

C.4.1 Finite Element-based Digital Twinning control without Reduced

Order Modelling

Table C.10 shows the overshoots and control run times as a response to Filtered Gaussian

noise heat flux shape. Figures C.34, C.35, C.36, and C.37 display the corresponding



Chapter 6 173

Figure C.30: PD-ML DT system response Triangular wave (Table 5.9 and Fig-
ure 5.21) for Nint equal to 60 and Next equal to 0; the overshoots are listed in Table C.9.

Figure C.31: PD-ML DT system response Triangular wave (Table 5.9 and Fig-
ure 5.21) for Nint equal to 120 and Next equal to 0; the overshoots are listed in Ta-

ble C.9.

system responses.
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Figure C.32: PD-ML DT system response Triangular wave (Table 5.9 and Fig-
ure 5.21) for Nint equal to 60 and Next equal to 120; the overshoots are listed in

Table C.9.

Figure C.33: PD-ML DT system response Triangular wave (Table 5.9 and Fig-
ure 5.21) for Nint equal to 100 and Next equal to 120; the overshoots are listed in

Table C.9.

C.4.2 Finite Element-based Digital Twinning control with Reduced

Order Modelling

Table C.11 shows the overshoots and control run times as a response to Filtered Gaussian

noise heat flux shape. Figures C.38, C.39, C.40, and C.41 display the corresponding
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Table C.10: System response under FE DT control without ROM and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Filtered Gaussian
noise (Table 5.9 and Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 0.276 0.276 2.279e+00 2.525e+00 0.224 2.192
4 0.2 3.954 3.954 2.270e+00 2.560e+00 0.279 5.055
4 1.0 12.903 11.937 2.299e+00 2.544e+00 0.7 25.083
4 σ(T ) 7.771 7.771 2.307e+00 2.585e+00 0.364 8.109

8 0.0 0.297 0.297 2.285e+00 2.423e+00 0.216 2.352
8 0.2 4.404 4.404 2.270e+00 2.540e+00 0.285 5.825
8 1.0 8.566 2.929 2.281e+00 2.514e+00 0.563 25.853
8 σ(T ) 8.471 8.471 2.284e+00 2.461e+00 0.34 10.072

11 0.0 -0.115 -0.115 2.282e+00 2.485e+00 0.188 4.871
11 0.2 0.933 0.933 2.276e+00 2.602e+00 0.202 5.629
11 1.0 4.47 4.304 2.285e+00 2.513e+00 0.466 21.915
11 σ(T ) 4.122 4.122 2.270e+00 2.463e+00 0.269 7.248

17 0.0 -0.219 -0.219 2.280e+00 2.498e+00 0.18 5.629
17 0.2 2.203 2.203 2.281e+00 2.490e+00 0.215 6.21
17 1.0 9.523 6.815 2.293e+00 2.468e+00 0.491 21.744
17 σ(T ) 2.597 2.597 2.280e+00 2.520e+00 0.251 8.223

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

system responses.

C.4.3 Physics-Driven Machine Learning-based Digital Twinning con-

trol

Table C.12 shows the overshoots and control run times as a response to Filtered Gaussian

noise heat flux shape. Figures C.42, C.31, C.44, and C.45 display the corresponding

system responses.
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Figure C.34: FE DT without ROM system response Filtered Gaussian noise (Ta-
ble 5.9 and Figure 5.21) for 4 measurement locations; the overshoots are listed in

Table C.1.

Figure C.35: FE DT without ROM system response Filtered Gaussian noise (Ta-
ble 5.9 and Figure 5.21) for 8 measurement locations; the overshoots are listed in

Table C.1.
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Figure C.36: FE DT without ROM system response Filtered Gaussian noise (Ta-
ble 5.9 and Figure 5.21) for 11 measurement locations; the overshoots are listed in

Table C.1.

Figure C.37: FE DT without ROM system response Filtered Gaussian noise (Ta-
ble 5.9 and Figure 5.21) for 17 measurement locations; the overshoots are listed in

Table C.1.
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Table C.11: System response under FE DT control with ROM and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Filtered Gaussian
noise (Table 5.9 and Figure 5.21).

Overshoot [%] Sol. rec. + Control time Sol. rec.

No. of
mea-
sure-
ment
loca-
tions

Noise
level
σ [%]

Primary Secondary

Avg. time
step run-
time [s]
a

Max. time
step run-
time [s]
a

Avg. rel-
ative error
[%]

Max. rel-
ative error
[%]

4 0.0 -1.596 1.165 3.043e-01 3.912e-01 0.782 4.259
4 0.2 1.814 4.954 3.116e-01 4.068e-01 0.873 4.955
4 1.0 17.416 12.263 3.194e-01 3.966e-01 1.24 23.084
4 σ(T ) 17.416 12.263 3.194e-01 3.966e-01 1.24 23.084

8 0.0 -1.583 1.354 2.808e-01 3.560e-01 0.718 4.693
8 0.2 0.672 2.365 2.419e-01 3.629e-01 0.761 5.558
8 1.0 12.397 8.485 2.840e-01 3.733e-01 0.981 24.96
8 σ(T ) 2.912 4.608 2.257e-01 2.828e-01 0.858 9.573

11 0.0 4.805 5.154 3.141e-01 3.936e-01 0.65 6.815
11 0.2 5.303 7.981 3.117e-01 3.832e-01 0.66 6.945
11 1.0 10.569 10.085 3.150e-01 4.110e-01 0.892 25.365
11 σ(T ) 5.92 3.523 3.153e-01 4.148e-01 0.69 9.917

17 0.0 4.518 4.499 3.164e-01 4.088e-01 0.677 9.607
17 0.2 3.466 4.68 3.185e-01 3.971e-01 0.674 11.998
17 1.0 10.952 7.774 3.195e-01 4.416e-01 0.901 27.681
17 σ(T ) 3.663 8.505 3.180e-01 4.690e-01 0.721 14.806

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.

Figure C.38: FE DT with ROM system response Filtered Gaussian noise (Table 5.9
and Figure 5.21) for 4 measurement locations; the overshoots are listed in Table C.1.
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Figure C.39: FE DT with ROM system response Filtered Gaussian noise (Table 5.9
and Figure 5.21) for 8 measurement locations; the overshoots are listed in Table C.1.

Figure C.40: FE DT with ROM system response Filtered Gaussian noise (Table 5.9
and Figure 5.21) for 11 measurement locations; the overshoots are listed in Table C.1.
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Figure C.41: FE DT with ROM system response Filtered Gaussian noise (Table 5.9
and Figure 5.21) for 17 measurement locations; the overshoots are listed in Table C.1.

Table C.12: PD-ML DT system response under PD-ML DT control and average and
maximum time step runtimes; applied heat flux q(t) is in the form of Filtered Gaussian
noise (Table 5.9 and Figure 5.21).

Parameter set Overshoot [%] Control time

Nint Next
Noise level
σ [%]

Primary Secondary
Avg. time step
runtime [s] a

Max. time step
runtime [s] a

60 0 0.0 5.183 3.73 3.710e-04 6.251e-04
60 0 0.2 5.666 3.632 3.825e-04 9.189e-04
60 0 1.0 5.948 1.897 3.559e-04 5.898e-04
60 0 σ(T ) 5.559 3.482 3.723e-04 5.958e-04

120 0 0.0 5.183 3.831 3.808e-04 6.118e-04
120 0 0.2 5.666 3.614 3.636e-04 5.972e-04
120 0 1.0 6.106 1.901 3.635e-04 6.015e-04
120 0 σ(T ) 5.56 3.536 3.681e-04 6.106e-04

60 120 0.0 -0.074 -0.074 1.006e-03 1.528e-03
60 120 0.2 6.185 -0.87 1.103e-03 1.727e-03
60 120 1.0 5.643 -2.56 1.015e-03 1.714e-03
60 120 σ(T ) 5.399 -1.312 1.166e-03 1.559e-03

100 120 0.0 -0.098 -0.098 1.860e-03 3.108e-03
100 120 0.2 5.855 -0.872 2.165e-03 3.344e-03
100 120 1.0 5.637 -2.56 2.135e-03 3.193e-03
100 120 σ(T ) 5.962 -1.299 1.817e-03 3.124e-03

a Times are given for AMD Ryzen 7 5800X 8-Core CPU.
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Figure C.42: PD-ML DT system response Filtered Gaussian noise (Table 5.9 and
Figure 5.21) for Nint equal to 60 and Next equal to 0; the overshoots are listed in

Table C.12.

Figure C.43: PD-ML DT system response Filtered Gaussian noise (Table 5.9 and
Figure 5.21) for Nint equal to 120 and Next equal to 0; the overshoots are listed in

Table C.12.
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Figure C.44: PD-ML DT system response Filtered Gaussian noise (Table 5.9 and
Figure 5.21) for Nint equal to 60 and Next equal to 120; the overshoots are listed in

Table C.12.

Figure C.45: PD-ML DT system response Filtered Gaussian noise (Table 5.9 and
Figure 5.21) for Nint equal to 100 and Next equal to 120; the overshoots are listed in

Table C.12.
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[25] David Lehký, Zbyněk Keršner, and Drahomı́r Novák. Framepid-3pb software

for material parameter identification using fracture tests and inverse analysis.

Advances in Engineering Software, 72:147–154, 2014. ISSN 0965-9978. doi:

https://doi.org/10.1016/j.advengsoft.2013.10.001. Special Issue dedicated to Pro-
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